
43a Äîêàçàòü, ÷òî ïîñëåäîâàòåëüíîñòü xn = (−1)nn ÿâëÿåòñÿ áåñêîíå÷íî
áîëüøîé.

Â äàííîì ðàçäåëå ýòî ïîíèìàåòñÿ òàê: äëÿ âñÿêîãî E>0 ñóùåñòâóåò N,
÷òî äëÿ âñåõ n>N âûïîëíÿåòñÿ |xn| > E

Àíàëèç çàäà÷è. Ìîæíî óïðîñòèòü |xn| = |(−1)n| ·n = 1 ·n = n Èç êàêîãî
íåðàâåíñòâà òèïà n>N (N öåëîå) ñëåäóåò n > E(òî åñòü, âûðàçèòü N ÷åðåç

Å)?
Ñàìî ðåøåíèå. Ìîæíî âçÿòü íàèìåíüøåå âîçìîæíîå N ïî ôîðìóëå

N = [E](êâàäðàòíûå ñêîáêè -çíàê öåëîé ÷àñòè, íàèáîëüøåå öåëîå ÷èñëî,
íå ïðåâîñõîäÿùåå Å. Òîãäà åñëè n>N, òî îáÿçàòåëüíî n ≥ N +1(îáà öåëûå)
, à N + 1 = 1 + [E] > E, çíà÷èò è |xn| = n > E. Òàáëèöà çàâèñèìîñòè N îò

E:
E 10 100 1000 10000 10153,2 ...

N 10 100 1000 10000 10153
(ïðèìåð äðîáíîãî Å âçÿò ñïåöèàëüíî,

÷òîáû ïîêàçàòü, ÷òî íå âñåãäà N=E)

51.Ïðåäïîëàãàÿ, ÷òî n íàòóðàëüíîå, íàéòè
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n→∞
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)
Àíàëèç çàäà÷è. ×èñëî ñëàãàåìûõ â ýòîé ñóììå n-1. Îíè îáðàçóþò

ïðè êàæäîì ôèêñèðîâàííîì n àðèôìåòè÷åñêóþ ïðîãðåññèþ. Ôîðìóëà äëÿ
åå ñóììû �ïåðâûé ïëþñ ïîñëåäíèé ÷ëåí, ïîïîëàì, óìíîæåííûå íà ÷èñëî
÷ëåíîâ�(
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Âûâåëè êîìïàêòíóþ ôîðìóëó äëÿ ïîñëåäîâàòåëüíîñòè, ó êîòîðîé íàäî íàéòè
ïðåäåë.

Ñàìî ðåøåíèå

lim
n→∞
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)
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(ïî ôîðìóëå ðàçíîñòè ïðåäåëîâ)
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n→∞
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n
=

(ðàíåå â çàäà÷íèêå äîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü 1
n ÿâëÿåòñÿ áåñêîíå÷íî

ìàëîé, ïîýòîìó åå ïðåäåë ðàâåí 0)
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Îòâåò: 1
2

58. Äîêàçàòü

lim
n→∞

n

2n
= 0

Àíàëèç çàäà÷è. Äëÿ äîêàçàòåëüñòâà ïî îïðåäåëåíèþ ïðèøëîñü áû ðåøàòü

íåðàâåíñòâî îòíîñèòåëüíî n
n

2n
< ε

, ñ÷èòàÿ ε ïðîèçâîëüíûì ïîëîæèòåëüíûì ïàðàìåòðîì. Îäíàêî ýòî íåðàâåíñòâî
òðàíñöåäåíòíîå è íå èìååò òî÷íîãî ðåøåíèÿ. Ïîýòîìó íàäî ïðèìåíèòü

îöåíêó

Ðåøåíèå. Ïóñòü n ≥ 2. Òîãäà â ôîðìóëå Áèíîìà Íüþòîíà íå ìåíåå

òðåõ ñëàãàåìûõ è âñå îíè ïîëîæèòåëüíûå, çíà÷èò, ñóììà âñåõ ñëàãàåìûõ,
íà÷èíàÿ ñ 4-ãî, ≥ 0

2n = (1 + 1)n = 1 + n+
n(n− 1)

2
+ ... ≥ 1 + n+

n(n− 1)

2
= 1 +

n

2
+
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2

Ïîýòîìó
n

2n
<

n
n2

2

=
2

n

Èìååì äâóñòîðîííåå íåðàâåíñòâî (ïðè n=1 îíî òîæå âåðíî)

0 <
n

2n
<

2

n

Ïðè÷åì ìû ëåãêî íàõîäèì

lim
n→∞

2

n
= 2 lim

n→∞

1

n
= 2 · 0 = 0

Ïî ïðèçíàêó 1 ñóùåñòâîâàíèÿ ïðåäåëà (ïðèâåäåííîìó â íà÷àëå ðåøàåìîé
ãëàâû), ïîñëåäîâàòåëüíîñòü n

2n çàêëþ÷åíà ìåæäó äâóìÿ ïîñëåäîâàòåëüíñòÿìè,
èìåþùèìè îäèíàêîâûé ïðåäåë 0, ïîýòîìó ïðåäåë åå ñóùåñòâóåò è ðàâåí 0

101 Íàéòè inf xn, supxn, lim
n→∞

xn, lim
n→∞

xn

xn = 1− 1

n

Ðåøåíèå. n ìîíîòîííî âîçðàñòàåò

2



Òîãäà 1
n ìîíîòîííî óáûâàåò

Òîãäà 1− 1
n ìîíîòîííî âîçðàñòàåò

Äëÿ ìîíîòîííî âîçðàñòàþùèõ ïîñëåäîâàòåëüíîñòåé inf xn = x1 = 1− 1
1 =

0

supxn = lim
n→∞

(
1− 1

n

)
= lim

n→∞
1− lim

n→∞

1

n
= 1− 0 = 1

Òàê êàê

lim
n→∞

xn = 1

ñóùåñòâóåò, òî âåðõíèé è íèæíèé ïðåäåëû ðàâíû åìó

lim
n→∞

xn = 1

lim
n→∞

xn = 1

Îòâåòû: 0,1,1,1

102.

xn =
(−1)n

n
+

1 + (−1)n

2

Ðåøåíèå. Åñëè n ÷åòíîå, òî (−1)n = 1 è

xn =
1

n
+ 1 (n = 2k)

Ýòà ïîñëåäîâàòåëüíîñòü óáûâàþùàÿ, åå ïðåäåë ðàâåí 1, íàèáîëüøèé
÷ëåí

x2 =
1

2
+ 1 =

3

2

Åñëè n íå÷åòíîå, òî (−1)n = −1 è

xn = − 1

n
(n = 2k − 1)

Ýòà ïîñëåäîâàòåëüíîñòü âîçðàñòàþùàÿ (êàê è â ïðåäûäóùåé çàäà÷å), åå
ïðåäåë ðàâåí 0, íàèìåíüøèé ÷ëåí

x1 = −1

Ïîýòîìó

inf xn = −1

supxn =
3

2

Ïîñëåäîâàòåëüíñòü xn ðàçáèëàñü íà äâå ïîäïîñëåäîâàòåëüíîñòè, êàæäàÿ
èç êîòîðûõ èìååò ïðåäåë: ïîäïîñëåäîâàòåëüíîñòü ñ ÷åòíûìè íîìåðàìè èìååò

3



ïðåäåë 1, ñ íå÷åòíûìè - ïðåäåë 0. Îáà îíè ÿâëÿþòñÿ ÷àñòè÷íûìè ïðåäåëàìè,
à äðóãèõ ÷àñòè÷íûõ ïðåäåëîâ íå ìîæåò áûòü, ïîòîìó ÷òî òîãäà áûëà áû
åùå áîëåå ðåäêàÿ ïîäïîñëåäîâàòåëüíîñòü ñ íîìåðàìè òîëüêî ÷åòíûìè èëè

òîëüêî íå÷åòíûìè, èìåþùàÿ ýòîò ïðåäåë. Ïðîòèâîðå÷èå, òàê êàê ñ ÷åòíûìè
- ïðåäåë òîëüêî 1, ñ íå÷åòíûìè -ïðåäåë òîëüêî 0. Âåðõíèì ïðåäåëîì ÿâëÿåòñÿ
íàèáîëüøèé èç ÷àñòè÷íûõ ïðåäåëîâ

lim
n→∞

xn = 0

lim
n→∞

xn = 1

Îòâåòû −1, 3
2 , 0, 1
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