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NMPEJUCJIOBHUE K WECTOMY H3JAHUID

BoJsiee TpeTd Beka NpOLDIO CO BPeMEHH BBIXOAA B CBET M€ PBOTO U3[IAHH S Ha-
crosiiedl kHUru. C Tex MOp B HallleH CTpaHe W 3a ee IpefieflaMH BbIULUTH MHOIO-
YMCIIeHHbIe Y4e GHUKH 10 TeOPUH BEPOSAITHOCTEH , 32Ci1y KUBAlOLIME CAMOH BbICOKOH
OoueHKH. OTNHUMTENbHAA YepTd IOJABIAOILETO OOJBIIMHCTBA ITUX KHUI —
CTpeMJleHHe JaTb BO3MOXHO 60jiee CTpOroe B TEOPETHYECKOM IIJIaHe H3JI0XKEeHHe
TEOPHU M 1OKA34aTb CUITy MATEMATHUECKOM abcTpakuvu. Hacrosimas kHura cra-
BUT Ilepen cOOOH COBCEM MHYI0 LieJlb: BOCXOMsS OT HHTYHTUBHBIX Ipe ICTaBJ1e HUH
U p4aCCMATpHBAsA OOMbllOe UMCIO NPUMEPOB, MOJOHTH XOTA O6bl K HEKOTOPbIM
HCCNeJOBAHUAM, AKTUBHO Pa3BHBAIOLUMMCS B HALLM [IHH.

ITO M304HHE 3HAUMTE]IbPHO OTIMY4aeTCs OT IpefllecTBYIOLIEro: BBEJEH psfl
naparpados, co/IepXalMX H37105KEHHEe HEKOTOPbIX HOBbBIX PE3YyJIbTATOB, BIOJIHE
OOCTYIHBIX YATATEJIAM HACTOsLlEH KHUIU: BHOBb IIOMeLleHa HeBoJbLIas riaBa,
collepikalas JIeMeHTbI MaTeMaTHUYeCKOH CTaTUCTUKH; INpUBeneHO Jo0aBiieHHe,
u3jlaraiuiee JOBOJIBHO NMOAPOGHO MepHO BO3ZHUKHOBEHHMA U Pa3BUTHsL TEOPHU
BEPOATHOCTeH. ITOT OuepK Ga3sMpyeTcs Ha UCCAe[JOBaHUAX MOCIeHHUX JIeT aBTO-
pa U ero yueHnkoB. CJlefyeT cka3aTh, YTO MHOTHE BOIPOCHI HCTOPHH TEOPUH
BePOATHOCTEH eLle OXUIAKT CBOMX HccllefoBaTesled. B uyacTHOCTH, B Takom
COCTOSAHMHM HAaXOAUTCA TeOpHs ClyuyaiHbIX NpoueccoB. OTHAKO MHOroe eule
TpeDyeT BbIsACHEHHA U B KJTACCHYECKON TEOPHU BEPOATHOCTEH.

BceM xopolo HM3BeCTHO, 4TO aOCTpAKTHOE H3TOXEHHE NpedmeTa paaeT
BO3MOXHOCTb ObICTpee NO/IBECTH YUTATE/S K COBPEMEHHOMY COCTOSIHHIO HayKH,
a4 TAK)X€ BBIMTPaTb CTPAHHMILBI, KOTOPbiE HEOOXOOUMbI [Ulsl U3J10KEHUA MaTepUa-
j1a. /1 cuMTaro, yToO IpH NEPBOHAYAIBPHOM 3H4KOMCTBE C MATEMATHUECKUMH IUC-
UMIUIMHAMH, a OCODEHHO ¢ TeopHeH BepOATHOCTeH, HeOGXOAMMO paccMOTpeHHe
GoJIBILIOrO wWicna NPHMEPOB, KOTOpPbIE LIOMOMIM Obl Pa3BHUTh CBOEOOpa3HYIO
TEOPEe THKO-BEPOATHOCTHYI0 HMHTYMUHMIO, CIIOCOBHOCTH YBA3BIBATH aOCTpPAKTHbBIE
HAEH U METOAb] C NPAKTHYECKHUMH CUTYyALUAMH. ITO NpHoOpeTeHHe Heo 6X0AUMO
K4XIOMY MATEMATUKY, 4 OCOOEHHO NOJ4BJIAKOLIEMY OONBILMHCTBY CTYAEHTOB-
MaTeMATHKOB, KOTOPBIM Ipe/CTOUT pabGoTaTh B Hay4HO-UCCI/IE€IOBATENBCKHUX
MHCTUTYTaxX NpHKIagHoro miana. K ToMy e B jacrtosilee BpeMs C TeOpHeH
BEPOATHOCTEH BBIHYXIEHbl 3HAKOMHUTBCH MHOTHE CIHEUHAJIUCThI, OCKOMbKY
B HUX IIGBCEJHEBHOH pPaboTe TeopeTHKO-BEPOSITHOCTHBIE KOHUEHUHH KpaiHe



8 Npenycnoeue

Heob6xomumbl. UM 3HakOMUTBCA ¢ HEOBXOOMMBIM PA3ENOM HAyKH MO aBCTPaKT-
HbIM KHHTaM U TPYIHO, M He HYXHO, NOCKONbKY TAKKHE KHUTU He CO3JanyT TaK
HEOBXOAUMOT0 MOCTHKA MeXAy HOTPeSHOCTAMH NpPaK THKH H MAaTEMATHYECKOH
Teopueil. BiapoueM, 115 3TO#A KaTerOpUH uMTatesned, ObITh MOXKeET, HYXHbI COBCEM
0coOble KHUIY, HANUCAHHBIE B CMIELHAJIBHOM METOTHYECKOM U NICHXOROTHYECKOM
KJlove.

Koroa xHura yke HandcaHa, BHAMLIb, KdK MHOTO B HeM HEJOCTATKOB, KaK
MHOTO MeCT cIepoBalo Obl B Hel nepedenars. OQHAKO MPUXOANTC CMHPHUTHCS
1 OTJIOXKUTH NepelelIKU 10 BO3MOXKHOTO Ile peU3faHUA. B CBsi3u ¢ 3THM 5 npoiuy
uuTarTesIAd HANPABIIATh MHE KDUTHYECKHE 3dMEYEHHA U MUXKENAHMs, K KOTOPhIM
1 OTHECYCh €O BCEM HEOOXOAUMBIM BHUMAHHEM.

Sl cuacrnue no6naropaputs H0.B. [1poxoposa, b.A. CeBacrosnoBa u JILM. Un-
OMCOBa 34 0ONLUIOE YMC/IO 3aMEYAHHHA, KOTOpBIE OHU MHe CIejlany B pe3yJibTaTe
3HAKOMCTBA C pyKOIHCbI. K coxajleHHIo, st He MMeJl BO3MOXHOCTH B IIOMHOM
Mepe MCHO1b30BaTh BCE MX MOKETAHU s, IOCTAPAIOCH 3TO CHAEJIATh BIOC/IEICTBYM.



U3 NMPEOUCIIOBHUA KO BTOPOMY M3OAHMI0

Hacrosee M3gaHMe 3HAUMTENIBHO OTIMuYaeTcss OT HepsBoro. 1 mocrapaics
BO3MOXHO [l0JIHEe yuecTb B HeM 3dMEUaHMs U IMOXKeJIaHHs, KOTOPbIE COAepxKa-
JMCb B MEYATHBIX PELEH3UAX HA NepBOE M3[IaHMe KHHTH, a TAKXe ObUIM coODIe-
Hbl MHE YCTHO W MHMcbMeHHO. [loxanyH, Haubosnee CylecTBEHHbIM U3MEHEHHEM
sABJIsieTC HOOABIIeHMe 3374y jU1S YIIPAKHEHUIT B NepBbIX OeBATH [JIaBaX.

3HauuTesbHble 106aBNeHUs caenalpl B rnaBe 10: OHM KAcCROTCA TNIaBHBIM 00-
pa3oM pacUIMpeHUs CBeJIeHHH 110 TeOPHH CTALMOHAPHBIX CyYaHHbIX TPOLECCOB.
BonpluMM u3MelleUuaM [oABepriach NOCIeqHsAs [N1aBa, MOCBALIEHHAA MaTeMa-
THYECKOH CTATHCTHKE. B 3TOH rnaBe vMeTcA HEKOTOpbIe HOBbIe naparpadsl, HO B
TO XXe BpeMsA HUCKIIIOUEH YaCTHUHO MATEepPHUaJl, COAe P >KABILMACS B [1€PBOM HU3[IaHUH.
[lonb3yrock crnyuaeM cepeyHo 1o61aronapuTh TOBapHileH, BbICKa3aBIMX OTKpPO-
BeHHOe MHeHMe O HeJJOCTaTKaX KHUIH U CMOCOGCTBOBABUMX CBOEH KPUTHKOM HX
ucnpasneduo. OcobeHHo a Onarogaped H0.B. JIMHHMKY 34 ero noCTOAHHBI
HHTEpeC K HacTofAleH KHHUre, OONbLIOE YUCAO 3aMEUaHMH K fIepBOMY H3[AHHIO
M 33 JUCKYCCHIO O PYKOIHCH BTOPOro U3/IAHUSL.

U3 NMPEOUCIIOBHUA K IEPBOMY HM3JAHHH

Hactoammit kypc pa3OuBacTca HA [IBe YaCTH — JIEMEHTApHYI0 (IJ1aBsl 1 --6)
M cheuMansHylo (miaBel 7—11). Tlocneguue 1ATh 1N1dB MOTYT CHYXHTb Ga30i
OIS CIENKYPCOB — TEGOPHH CYMMHPOBAHMs CYUdfHbIX BC/HUMH, TEOPHH
CTOX4CTHYECKH X [1POLECCOB, 3/IEMEHTOB MAdTEMATHUCCKON CTATUCTHUKH.

Teopuss BepOATHOCTEM pPACCMATPHBAETCA B KHHIEC MCKIJIIOUMTEIBHO KakK
MATEMATHYECKAS JUCHHMITIMHA, 1103TOMY I10JlyYeHHE KOHKPETHBIX eCTEeCTBEHHO-
HAayYHbIX HJIM TeXHHUECKHX pe3y)IbTATOB B HeH He sABAfeTICsi camollcibio. Bee
flpMMepbl B TeKCTe. KHHUIM MMEKT UE/IbI0 TOJILKO pasbsiCHEHHEe OBWMX NoJoXKe-
HU{ TEOPUU M YKa3dHHE HA CBSA3b ITHX 1OJIOXEHHH C 3aJd9aMH CCTECTBO3HAHUA.
Koneuno, 0iHOBpeMEHHO DTH 1IpUMepbl JAIOT YKA3dHUA Hd BO3MOXHDIC O0IICTH
NPUIIOKEHUST OOLIETEOPETHUECKHUX PE3YNbTATOB, 4 TAKXE PA3ZBUBUKT YMCHHE
NPUMEHATb JTH PE3YJIbTAThl B KOHKPETHBIX 3dfauax. XOpoLlo, CCIU U3y Uaronmi



10 Ilpenucnosus

TEOPHI0 BEpOATHOCTEH MMeeT INepell IjlazaMM KaKue-HMOydb ABJIEHHA MaTe-
PUANBHOrO MHUpa IS TOro, yToOsl OOIAA MaTeMaTHYeCKasa cxema HaloJHANACh
olnpefeseHHbIM CMbICIIOM. Takoe HAIpaBlieHHe M3YYeHHs JaeT BO3MOXHOCTh
WITATeN0 BblpaboTaTh CBOEOOPA3HYH TEOPETHKO-BEPOATHOCTHYI0 MHTYHIHIO,
KOTOpas HO3BONAET NpeaBUAeTh B ODIMX yepTax BbIBO/BI paHblile, YeM NPUME-
HeH AHWIMTMYECKHMH annapat. 3aMeTHM Jajiee, YTO 6€3 CHCTeMAaTUYEeCKOTO pelile-
HMA 3a[jay M3yyaTb TEOPHUI0 BEPOATHOCTEH HENb3A, B OCOOEHHOCTH Ha NEpPBbIX
nopax.

IlepBbie ueThipe maparpapa rnaBbl | ABJIAITCA He3HAYMTEIbHOM HepepaboT-
KO# HeonyBrMKoRaHHbIX pykonHced A.H.Konmoroposa.

Sl cuactnMB NOBGRAaromapMTh 3hech MOMX Aoporux yuuTened A.H. Konmoro-
poBa U A fl. XMHUMHA, MHOTO NOMOT4BIIMX MHe CBOMMH COBEeTaMM H Oecelamu,
KACABIUMMMCH Y3JIOBBIX BOIIPOCOB TEOPHUH BEPOATHOCTEH.



BBEREHME

Heny macTonite#t KHAH COCTOHT B M3IOXEHHH OCHOB TEOPUU 8 EDOATHOCTEN —
METEMATHYECKOH HaYy KM, HIYUalotie# 3aKOROMEPHOCTH €Ty YaifHbIX ABJICHHH.

Bo3HHKHOBEHHE TeUDHH BepOATHOCTEH OTHOCHTCH K cepelduie XVII Beka n
cBa3ano ¢ MmeHaMu Fiofrerca (1629-1695), Tackans (1623—1662), ®ep-
ma (1601-1665) n fixo6a BeprHynmn (1654--1705). B nepenucke Hackans u
Gepma, BBI3BRHHOW JANEYAMH,; HOCTABJICHHBIMH a¥APFHBIMH HrpOKaMH H He
YKIIEABIBAIOHHMHCA B PAMKM MATeMaTHKH TOFO BPEMEHH, BbiK pHCTA/UIHIOBBY-
BaJIHEh FIOCTETIEHHO TaKMe BajkHbIC NOHATHA; KAK BEPOSITHOCTY ¥ MdTeMaTHUee-
Koe Oxunaune. [lpn 3TOM, KOHETHO, HYKHO OTHABarL cebe ACHBIH OTUEE; YTO
Bhifgloigneca yueHbte, JFHHMAACE 3alauaMy d3apTHHIX HIPOKOB; Pe[IBHACTH H
dyHpaMeHTAILHY 10 Haty POHIOCODCKYH pofih HAYKH, HIYUSIOIMEH c/TyyaiHble
sinteHust. O GbUTH yGexmetnl B 10M, YTO Ha 6a3€ MICCOBBEX cIry YSHHMX cOOBI-
THR MOTYT BO3HMKATH YeTKHE 33KOHOMEPHOCTH M TONBKO COCTOAHHE €€TE-
CTBO3HAHUA HPUBENO K TOMY, YTO #33pTHbIE MIPbI elle HOJIFO HPOXOTDKATH
OCTaBaTBCH TEM MOYTH eXHHCTBEHHBIM KOHKPETHEIM MatepHasioM, Ha 6ade KOTO-
POYo CO3RABANHCh {IOHATHA B METOIbI TCOPHH BEPOATHOCTEH. IFO OOCTOATEND-
CTBO HaKJambiBalio OTIEYaTtok ¥ Ha (OpPMANIbHO-MATCMATHYECKHA anmapar,
HOCpeACTBOM KOTOPOTO peHIdiHCh BO3HHKABHIME B TCOPHUH BEPOATHOCTEH 3a-
HEun: OH CBOOWIICH HCKITIOUUTEITBHO K JIeMEHTapHO #pipMETHIECKHM M KOMGH-
HaropHpim Metogam. Hoenenympomiee pasEHTHE TeOPHM BEPOATHOETEH, 2 TaKke
HIHDOKO€ FDHBIIEYEHHE €e pe3y/IhTaTtoOs H METOROB HCCIeHOBAHUA B ECTECTHO-
3HaHMe, H B HEPBYI0 ouepe/ls B ¢)ﬁ3m<y, MOKF3ANH,; FTO KNICCHISCKHE TTOHATHS
H KJIACCHUYECKHE METOMBI He HOTEPAJIY CBOCFO HHTEPECa Y B HACTOSILIES BPEMSE.

Cepresnpte TpeGOBaHHA CO CTOPOHBI €CTECTBOIHANMA K O6IIECT BEHHOM npak-
THKH (teopust oumbok HAGMIOfeHHA, 3afdun Teopud CTpesinbbi, HpobIEMBE
CTATHETHKH, B HIePBY 0 OYe pellb CTaTHCTHKH HAPONOHACe eI ) NPHBESIH K Heo6-
XOIMMOCT ¥ JAaNbHERUIErO PA3BATHA TeOPUM BEPOATHOCTEH U APpHBIICUCHU#A BoTtee
PA3BHTONO 2HAa/IHTHUECKOTO afifiapara. OcOGeHHO 3HAUMTeNbHYIO POSiE B PAIBH-
THH dHATHTHUCCKHX METOIOB TEOPHH BepOsTHOETeH chirpaitd Myasp (1667—
1754y, Jamiac (1749-1827), Taycc (1777—-1855). Hyaccou (1781 -1840).
€ dopmiaibHO-aHATHTHUCCKOH CTOPOHBI K 3TOMY K€ HANPABIICHHIO HPHMBIKAET
paboTa TBOpHa HeeBKNHI0BOH reomerpunt H.H. Jlobatesckoro (1792—1856),
HOCBANIEHHAA TeOPHH OWMGOK INpH HIMEPEHUSIX Ha cepe W BHIIOIHEHHANA
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C HE/IbI0 YCTAHOBJIEHUsI TreOMeTPHYECKON CHUCTEMBI, TOCHOJACTBYIOLEH BO
BCEJIEHHOH.

C monoBunel XIX cToneTus W NpUOTU3UTENBHO O ABAaAUATBIX FOJOB HALIEFO
BEKa Pa3BMTHUE TEOPHHM BEPOATHOCTEH CBS3AHO B 3HAYUTENBHOH Mepe C MMEHAMH
pycekux yuenmix — I1JI. Ye6ouueBa (1821-1894), A.A. MapxoBa (1856—
1922), AM. Jlanynosa (1857—1918). D10T ychex pycckoil Hayku Gbul HOI-
roToBIeH JesTenbHOCThI0 B.A. ByHakoBckoro (1804—1889), miMpoko KynbTH-
BUPOBABLIErO B PoccHM HCCIENOBAHHMA IO IPUMEHEHHIO TEOPHM BEPOSTHOCTEH
K CTaTHCTHKe, B OCODEHHOCTH K CTPaxoBoMYy Helly H gemorpaduu. UM Gbun Ha-
mucaH nepBeiii B Poccun Kype TeopuM BepOATHOCTeH, OKasaBIUMH GOJIblIOe
BIIMsIHME Ha pa3BUTHE MHTEPECa K 3TOH o6nacTu Hayku. OCHOBHOe Helpexofsi-
uree 3HaueHHe pabot UebbieBa, MapkoBa u J/IanyHoBa B 06IacTu TeOpUH BEPOAT-
HOCTEH COCTOHMT B TOM, YTO UMM ObUIO BBe[EHO B KauecTBe 0ObeKTa CUCTEMATH-
YECKOTO +M3yYeHHA M LIMPOKO HCNOIb30BAHO IMOHATHE CJIYYAHHOH BeJMUYHHBI.
C pesynbraramu YeObillieBa OTHOCHTENIBHO 3aKOHa GOJNBIIMX uuces, ¢ ~UeNSAMH
MapxoBa™ u ¢ npepenpHOR TeopeMO# JIAMyHOBa Mbl TO3HAKOMMMCS B COOTBET-
CTBYIOUIMX pa3fenax HaCTOALIeH KHHIH.

CoBpemMeHHOe pa3BUTHE TEOPHM BEPOATHOCTEH XapaKTepu3yeTcs BCeoBUIHUM
NOABEMOM HHTEpeca K Heil, a TAKXKe pACIIMpPEHHEM KpYyra ee HPaKTHUeCKHX
IpwioxxeHHA. B 9Toi HanpsxkeHHOM HayuHoM paBoTe COBETCKAA IIKOJIA TEOPHH
BEPOATHOCTEH [1POJIOSIKAET 3aHUMATh BbLjlatoieecs nonoxeHue. Cpeu rpeacTaBy-
TeJled NepBOro MOKOJIEHHA COBETCKHUX YUEHBIX NpeXKe BCero JOJIKHbI ObITh Ha-
3paHpt uMeHa C.H.Bepnuiureitna (1880—1968), A.H.Konmoroposa (1903—
1987) u Al Xunuuna (1894-1959). B mpouecce H3/0xeHHs Mbl 6yleM
BBIHY>XZEHBI CAMHM CYLIECTBOM fiejla BBOAUTH UMTATeNIs B KypC NpeoOpa3oBas-
INMX JIMUO TEOPHUH BEPOATHOCTEH Mied M pe3ysibTaToB. Tak, yXe B 1lepBOH IJla-
Be 6ygemM roBoputh o dyHaaMeHTanbHbIX paborax C.H. BepHuuteiiHa, P. Mu3seca
(1883-1953) u A.H. KonmoropoBa il0 OCHOBAHHAM TeOPHUH BePOSATHOCTEM.
B pmBaguateix ropgax Hawero croietus A.fl. Xunuun, A.H. Konmoropos,
E.E. Cayukui (1880-1948) u I1. JleBu (1886—-1971) yCTaHOBUIM TeCHYIO
CBA3b MEXOY TeopHeHd BEepOATHOCTEH M MeTpUUecKol Teopued QyHKuun. Jra
CBA3b OKAa3aJlach BecbMa IUIOAOTBOPHON. Ha atoM myTH ymanoch HaHTH OKOHYa-
TeJlbHOE pelleHHe KIAacCHYeCKHUX 3agauy, nocraBneHHslx eme [1.J1. YeGpnueppim,
4 TAK)Xe 3HAUUTEJIBHO PACHIMPHUTb COJEp)KaHHe TeOpHH BepOoATHoCTed. IlosHo-
CTbI0 K COBETCKOMY MNepuHojy OTHocuTca co3sfaHue A.H. KommoropoeeiM u
A.SI. XHHUHHBIM B TPHAHATHIX TOaX OCHOB TEOPHH CTOXACTHYECKHX (BepOsITHO-
CTHBIX, CITYY4alHBIX ) IPOHECCOB, KOTOPAs Tellepb CTajla OCHOBHBIM HallpaBJleHHEM
MCCIIeJOBAHUN B TEODHH BEPOATHOCTEH. YKAa3aHHAA TEOPHUS CITYXKMT IpeK paclHbiM
0bpa3ygoM TOI'0 OpraHHuYecKoro CHHTe3a MAaTeMaTHuYecKoro M ecTecTBeH-
HOHAayYHOrO MBIIVIEHHs, KOI/la MAaTeMaTUK, OBJ1afeB GH3HUECKHM CYIECTBOM
y3/l10BOH Npo6iiemMbl €CTECTBO3HAHMsA, HAXOMNT 1 Hee aJIeKBATHBIH MaremMaTH-
yecKMil A3bIK. HaM BaXkHO 3aMeTHTb, YTO pelleHHe KJIaCCHYECKHX 3a[ay TeO PHH
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BEPOATHOCTEH OKa3aJloCh TECHO CBS3aHHBIM C TEOPHEH CTOXaCTHYECKHX Mpolec-
COB. JJIEMEHTBbI ITOH BaXXHOH IJ1aBbl TEOPUM BEPOSTHOCTEH GYmyT H3/OXKEeHbI
HAMH B [T1aBe JeCATOH.
3a nocnepHue MECATWIETHA HEM3MEPHUMO BBIPOCTIA POJIb, KOTOPYI0 MrpaeT
TEOpUA BEPOATHOCTEH B COBpeMEHHOM ecTecTBO3HaHMHU. [locile TOro Kak moje-
KyJIsipHble NPENCTABJIEHUs] O CTPOEHMH BelnecTBa NOJYyYWIH Bceobuiee NpHU3Ha-
HHe, CTAMO HeH30eXHbIM INMPOKOE HCIONIb30BAHHE TEOPUH BEPOATHOCTEH U B
¢bu3nKe M B XHMHH. 3aMeTHM, YTO C TOYKH 3peHHA MOJIEKYAPHOH BU3MKH
KaXf0e BEUIECTBO COCTOMT W3 OTPOMHOTO UMc/Ia MabIX YacCTHI, HAXOMALIHXCS
B HETPEephIBHOM ABMXKEHHH W B NIPOLECCE 3TOTO ABHXKEHHA BO3MEHCTBYIOUIUX
Apyr Ha fpyra. [Ipy 3ToM O NMpHPOAE 3THX YACTHL, O CYLIECTBYIOIIEM MEXIY
HHAMH B3aMMO/IEHCTBHH, XapaKTepe X JBHXEHHMA U NP. H3BECTHO MAJIO. B ocHOB-
HBIX YepTax 3TH CBEOEHHSA HCUEPNBIBAIOTCA TEM, UTO YACTHL, U3 KOTOPBIX COCTOHT
BELIECTBO, OYeHb MHOTO M YTO B OJIHOPOTHOM TeJle OHH GIIM3KH TI0 CBOMM CBOM-
CTBaM. ECTECTBEHHO, YTO TIpH TAKHX YCIOBHAX OGbIuHBIE I (H3MYECKUX
. TEOpPHA MeTOIbl MATEMAaTHYeCKHX HCCIIEIOBAaHMA CTaHOBWIMCh 6GecCHIbHBIMH.
Tak, Hanpumep, anmapat oudbepeHUHAIbHBIX YpABHEHHA He MOT NPHBECTH B
yKa3aHHOH OOCTAHOBKe K CEpPbe3HbIM pe3yjibTaTam. JleidCTBUTENBHO, HH CTpOe-
HHe, HM 3aKOHbl B3aUMOJEHCTBUA MeXHY YacTHIUAMH BelleCTBa B HOCTATOYHOH
Mepe He M3YueHbl, W IIDH TaKHX YCIOBHMAX IpHUMeHeHHe anmapara auddepeH-
LUHATBHBIX YPABHEHMA MHOJSIXKHO HOCHTb JMIeMEHTbl IpyGoro mnpoussona. Ho
paxke ecau 6bl 3TOH TPYHOHOCTH He CYL{eCTBOBAIIO, Y€ OJHO KOJHYECTBO ITHUX
YaCTHL NPEACTaBsAeT cOG0N TaKyl TPYIHOCTh B M3YYEHHH MX JBUIXKEHHUS, KOTO-
PY10 IIPEOAOJIETD C NOMOIIbI OOBIYHBIX YPABHEHHH MeXaHHUKH HET BO3MOXHOCTH.
K TomMy e M MeTOHONOruyecKH TAKO# JIOAXOH HeyNOBNeTBOpHTeseH. Jleit-
CTBMTEJIbHO, 3a[1aya, KOTOPas 3[1eChb BOIHHUK@ET, COCTOMT He B HM3YYEHHHM HHIH-
BHIYaNlbHBIX IBMXEHHH YaCTHLl, 8 B U3YYEHHH TeX 3aKOHOMEPHOCTEH, KOTO pble
BO3HMKAIT B COBOKYIHOCTAX GOJILILIOrO YMCT1a ABMXKYLIMXCA U B3aHMO/IEACTBY I0-
KX Y4CTHU. 3aKOHOMEPHOCTH >Xe, BO3HMKAIOIIKE BCIIENCTBHH YYaCTBY HOIIMX
B MX BO3HHKHOBEHHH HHIDETHEHTOB, UMEIOT CBOE€ COOCTBEHHOe cBOeoOpasue U
He CBOIATCA K NMPOCTOMY CyMMHPOBAHHI HHIMBUAYAIbHBIX ABMXEHHH. Bosee
TOIO, 3TH 3aKOHOMEPHOCTH B M3BECTHBIX IIpefieslaX OKa3bIBAIOTCA He 3aBUCALLU-
MH OT HUHIOMBHMOYAJIbHBIX OCOGEHHOCTEH Y4YaCTBYIOIIMX B MX TOPOXIEHHM Yac-
THl. KOHEYHO, [71A M3YYeHHA 3THX HOBRIX 3aKOHOMEPHOCTEH [OJIXHBI ObITh
Hai[IeHbl U COOTBETCTBYIOLLHE HOBbIE MAaTEMAaTHYECKHE METOMbl MCCeIOBAHUA.
Kakue xe TpeGoBaHus [OJKHBI ObITh B MEPBYI0 OYEpeMdb MPEABABIIEHBI K ITUM
Metopam? JIOHATHO, YTO B TepBYI0 OYepedb OHH JOJXKHbI YUMTHIBATH TO, UTO
n3yuaemoe SIBJIEHHE HOCHT MACCOBBI X4paKTep; TaKMM OGpa3om, mid 3THX
METOZIOB Haluyue GOJIBIIOTO YHCIa B3aUMOJEHCTBY IOLINX YACTHIL JOJIKHO Npef-
CTaBJIsITb He JONOJIHUTENIbHYI0 TPYJHOCTb, d@ OBMleruaTh H3yueHHe BO3HUKAIOLIMX
33KOHOMEpHOCTed. [lantee, HENOCTATOYHOCTb 3HAHMA O NPUPONIE M CTPOEHHH
4acTyll, 3 TaK3Ke O XapaKTepe X B3AHMOMCICTBHA TAKIKE He [JOJDKHA OrpaHH-
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ynBaTh 3G HEK THBHOCTH UX PUMeHEHHA. ITUM TpeGOBaHHAM JIyYllle BCEro yIoB-
NIeTBOPAIOT METO[bl TEOPHH BepOATHOCTEH.

UYrobbl ckazaHHOe He Oby10 MOHATO OWMO0YHO, MBI ellle pa3 MoavepKHeM
crnepyiowee 06cToATENbCTBO. ['OBOPA, YTO annapar TEOPUH BEPOATHOCTEH JIyy-
e NpucnocoGeH fia H3y4eHWsA MGJIEKYJIAPHBIX ABIEHHH, Mbl HH B KaKOH
Mepe He XOTHM CKa3aTh, 4To GWIOCOPCKHe NpPeAnochUIKH HCTIOJIb30BaHHA TEO-
pMH BEpOATHOCTEH B €CTECTBO3HAHWM JIeXaT B ~HeJOCTaTOYHOCTH 3HAHMMA™.
OCHOBHOM NMpPUHUMII COCTOMT B TOM, YTO NpPH HU3YYEHHH ”MaccoOBbI X’ fiBle-
HUH BO3HHKAWT c80eobpasHble Hosble 3aKoHOMepHOCTU. TIpH M3yueHMH sABIe-
HHH, OO6yCIOBIeHHbIX HEeHCTBHEM GOJIBINIOrO YMCIa MOJEKyJl, yvyeT CBOWCTB
Kax[IO# MOJIeKYIIbl He Hy>XeH. JJeACTBUTENIbHO, NPH M3y YeHHH SIBJIEHHH IPHPOAbI
HeOBXOOHMO OTBIIEKATBCH OT Y4eTa Hecy € CT B € HH bl X NOOPOGHOCTEH.
PaccmoTpenme ke Bcex ferasniefl, BCeX CymIeCTBYIOUIMX CBA3eH, B TOM YHCIIE
H HeCYUIeCTBEHHBIX i OAHHOTO ABJIEHWs, IPHBOAMT JIMIIb K TOMY, YTO CaMo
siB/leHHe 3aTeMHSeTCA W OBJIafeHHe MM OTOIBHUIaeTcs BBUAY TAKOM MCKYCCTBEH-
HO# yCnoXXHEHHOH 06CTAdHOBKH.

Hackosnbko yna¥Ho Mpou3BefeHa CXeMaTH3aluA ABJIEHHH, HACKOJIBKO Ya4HO
BbIGpaH MaTeMAaTHYeCKUH anmapaT i ero HM3yYeHHM, Mbl MOXeEM CYOUTb MO
COIJIACHI0 TEOPHMH € OMNBITOM, C NMPaKTHKOH. PasBUTHe eCTeCTBO3HAHHUA, B YdCT-
HOCTH (U3MKH, MOKa3blBaeT, YTO ammnapaT TEOPHH BEpOATHOCTEH OKa3alcd
BECbMa XOPpOLLIO MPUCMOCOGIEHHBIM K H3YYeHHI0 MHOTOYMCIIEHHbIX ABJICHHH
npUpoObt.

YxazaHHasi CBA3b TeOPUH BePOATHOCTEH C MOTPEGHOCTAMH COB pe MEHHOH PH3H-
Kl NIyJileé B&ero NOsICHAT Te HPUUMHBE, B CHITY KOTODBIX B IIOCiI€IHHe OECATHIIE-
THA TeOPUA BepOATHOCTEN NipeB paTHiIach B OfdHy U3 Haubonee ObICTPO pasBHBAIO-
uMxcsi obnacteit Matemarukk. HoBbie -TeopeTHYecKHe pe3yibTaThl OTK pbIBAIOT
HOBbie BO3MOHOCTH Il €CTéCTBEeHHOHayYHOTO HCITONIb30BAHUA METOJA TEOPHH
BepOAITHOCTeH. BcecTopoHHee M3yueHHe ABJICHHA MPHPOMBI TOIKAeT TEODHIO Be-
pOATHOCTEH Ha pa3bicKaHHe HOBBIX 3aKOHOMEPHOCTEH, MOPOXKAAEMBIX CIIYYaeM.
Teopust BepoATHOCTEH He OTMeXXeBbIBaeTCA OT 32MPOCOB [APYIHX HayK, a MOeT
B HOry ¢ oGiuM pa3BHTHeM ectecTBO3HaHMA. [lOHATHO, YTO cKa3aHHOe HE 03-
HayaeT, YTO TeOpUSA BEPOATHOCTEH ABNAETCA JIMIHD BCMOMOFaTelbHbIM Cpell-
CTBOM [UIfl pellleHHs TeX WIH MHBIX MpakTiHueckux 3agady. HaoBopor, crnenyer
NOMYEPKHYTH, 4YTO 3d NOCHECOHHE TPH [AECATWIETHA TEOpHA BEPOATHOCTEH
NpeBpaTWiach B CTPOMHYI0 MATEMAaTHUECKYH OMCHHMIUIMHY C COGCTBEHHBIMH
npobriemamMn B METO/IaMHM AOKA34aTe/INCTB. B TO ke Bpems BbIACHWIOCH, 4TO
HanboTiee CyllecTBeHHbIE NPOBIEMbl TEOPUM BEPOATHOCTEN €Ny XaT Jiety peike-
HMA pas3IMyHBIX 3324 €CTECTBO3ZHAHHUA. ’

MbI onpenenwin B caMOM Hayarle TEOPHIO BEpOATHOCTEN KaK HAYKY, U3y ualo-
Wy clyyYaiiHbie SBIeHUs. OTII0XKHB BhisICHEHHE CMBbIC/Ia MOHATHA “’CilyYaHoe
aprenue (cobbitre)” /10 BEPBOH IJtaBbl, Mbl CEHYaC OrpAHHYHUMCSH HECKOJIbK HMH
3amevaHuAMH. Eciin B o6biieHHbIX MPEOCTABIEHHAX, B >KHTEHCKON MpaKTHKe
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CUMTAETCA, UTO CllyyaiHble COOBITUA NpencTaBiAT COOON HeYTO KpaHHe pelKoe.
uayllee Bpa3pe3 YCTAHOBMBLIEMYC NOPALKY Bellei, 38KOHOMEePHOMY Pa3BUTHIO
COOBITHI, TO B TEOPUH BEPOATHOCTEH Mbl OTKAXKEMCH OT 3THX MPENCTABJIEHUM.
CryyaiiHple COGBITHSA, KAK OHM MOHUMAIOTCA B TEOPHH BEPOATHOCTEM, 0ONanaroT
PSOM XapaKTepHbIX OCOBEHHOCTEH; B YACTHOCTH, BCE OHH IPOUCXOIAT B Mac-
COBBIX sIBJIeHUAX. [101 MacCOBBIMH SIBIeHUAMM MbI IIOHKMaeM TaKHe, KOTOpble
HMEKT MECTO B COBOKYIHOCTAX OOJBLIOr0 YUCHa PABHONPABHBIX WIM NOUYTH
PaBHONPpPABHBIX OOGBEKTOB M OIpPEHEsIATCs HMEHHO 3THMM MacCOBBIM Xapak-
TepoM fIBJIeHUH M JIMib B HE3HAYUTENbHONW Mepe 3aBUCAT OT NPHPOMAbI COCTAB-
AAKMKAX OOBEKTOB.

Teopusi BeposATHOCTei, NONOOHO ApPYrMM pasfieflaM MaTeMAaTHKH, Pa3BUIIaCh
M3 NOTpeBGHOCTEM NMPAaKTUKY; B aGCTPaKTHOH ¢dopme OHa OTpaxiaeT 3aKOHOMep-
HOCTH, TIPUCYLUHE CTYYaiHBIM COOBITMAM MacCOBOTO XapakTepa. JTH 3aKOHO-
MEpHOCTH MTIPAIOT MCKIIKOYMTENBHO BaxKHY posb B (u3HKe M Opyrux obnac-
TAX eCTeCTBO3HaHMs, BOEHHOM [eJie, pa3’HOOOpa3HeMIIMX TeXHHYECKHMX MIHUC-
IMIUIMHAX, 9KOHOMMKe U T.0. B mocnenHee Bpems B CBA3U C LUKPOKHUM pa3BH-
THEM IpeanpuATHi, MPOU3BOOAIIMX MACCOBYK IMPOAYKUMIO, Pe3yJbTaTbl Teo-
pHH BEpOATHOCTEH MCHOJIB3YIOTCA He TONbKO s GPAKOBKH YXKe M3TOTOBJICH-
HOW NpOJYyKUMH, HO, YTO BaxkHee, /sl OPraHM3aUMH CaMOTo npoluecca npous-
BOICTBA (CTATUCTHYECKHMA KOHTPOJb B NPOM3BOMCTBE). Bonbuioe 3HaueHue B
3TOM Kpyre uiedl HMeeT pa3pabOTKa CTATHCTHYECKHMX METO[IOB YMpaBJleHUA
KayecTBOM INpOAYKUMH B mpoliecce MPOM3BOACTBA. sl BCero MHXEHEPHOTO
mena cepbe3HYHW posib MpuoGpesia TeOPUA HaeXHOCTH, LUMPOKO HCMOJIb3Y0Ias
MeTO/Ib! TEOPHUH BEPOATHOCTEH. 37eCh yMECTHO 3aMeTHTb, YTO B CBOIO Odepelb
TEOPUS HAMeHOCTH BBIIBUHYNA Mepeld TeOpHed BEpOATHOCTEH psJl HOBBIX
TEOPETHYECKHX BONpOcOB. (BA3b TeOPUH BEPOATHOCTEH C TPAKTHYECKHUMH
NOTPeBHOCTAMMU, KaK yxe BbIIO OTMeYeHO, GblIa OCHOBHON NpPHYMHOW By pHOTO
pa3BUTHA ee B MOCNeOHHe OecATWwIeTuss. MHorme ee pasfennl GbUTH pa3BMTHI
KaK pa3 B CBA3M ¢ OTBETAMMU HA 3alpoChl MPAKTHKOB. 30eCh KCTATH BCIOMHHTb
3aMeyaresibHble CJIOBA OCHOBATeNA HaHleH OTeYeCTBEHHOH LIKOJIbI T€O PUM BEpPOSAT-
Hocteit I1.J1. UeGblieBa: “COnmkeHHe TeOpUH ¢ NMPaKTUKOH JaeT caMble Gnaro-
TBOPHbIE Pe3YJIbTaThl, U He OJIHA TOJIIbKO MPAaKTHKA OT 3TOTO BBLIMTPBIBAET; CAMH
HAYKH pPa3BUBAKOTCA MOJ BJIMAHHMEM €e: OHa OTKDBIBAET MM HOBBIE MpeIMETDI
VI MCCIIeIOBaHWA WIH HOBBIE CTOPOHBI B Tpe[MeTaX [IaBHO U3BECTHBIX. . .
Ecnu TeOpuUs MHOTO BBIUTPBIBAET OT HOBbIX MPWIOXEHHUH CTAPOH METONbI WIH
OT HOBBIX pa3BMUTHAl ee, TO OHa eule Gonmee NMpHOBpeTaeT OTKPBITHEM HOBbBIX
MeTOMl, U B 3TOM Cjlydyae HayKa HAXOOMT ceGe BEPHOTO PYKOBOMMTEA B MpaK-
THKe”.



FrTABA 1
CJIYUAHHBIE COBLITUA Y1 UX BEPOATHOCTH

§ 1. UHTYHTHBHbIE IPEJCTABICHHS O CIY4YaiHBIX COOBITHIX

Ha npoTsikeHMM IUIMTENIBHOTO BpPEMeHH YelOBEYeCTBO M3Yyaio H MCIOJb30-
Bajio M)A CBOeH [eATeNIbHOCTH JIMIUb TaK HAa3bIBaeMble [eTEPMHUHHCTHYECKHE
3akoHoMepHOcTH. [lofapisomas yacTh CBEEHHH, NOJIyyYaeMbIX YYaIIMMHCA
B LIKOJIbHBIX Kypcax (pH3MKHU, MaTeMaTHKH, XUMHH, OTHOCHTCA MMEHHO K
3TOMy Kpyry uaei. [IpuBenem npumepsr.

Eciiu B OCHOBaHMH NMPAMHUIbI HAXOJUTCA KBaJpaT CO CTOPOHOM @ M e¢ BbICO-

1
Ta paBHa /1, TO 06bEM [IMPAMHU[Ibl PABEH Eazh.

Ecnu Teno cBoGOJHO NajaeT Ha 3eMHYI0 NOBEPXHOCTb, TO NyTb, IPOHICHHbBIHA

MM 3a ! CeKYHJI NOC/le Hayaja nafeHus, paBeH s =g/> /2.

Ecnu XMMHYECKH YUCTYi0 BOAY NpH aTMOchepHOM AaBiieHuH 760 MM prT. CT.
Harpeth 10 100 °C, To BOJI2 HayHeT PEeBpPAIIATLCA B MAp.

[Ipy mMBbIX XUMHYECKHMX pEAKIMAX KaKUX YromHO BellecTB 6e3 0GMeHa
C OKpyXawieid cpenoi oO6uiece KOJIMYECTBO BELIECTBA OCT4€TCH HEW3MEHHBIM
(34KOH COXpaHeHHUs BeliecTsa).

Yucno nomgo6HbIX NMPUMEPOB MOXHO YBEJTMUHBATh HeOT paHMueHHO. OpHako
3aKOHOMEPHOCTH 3TOFO THIA He B COCTOSIHMM OMUCATh BCE Pa3HOOGDPA3HE CUTYd-
UM, ¢ KOTOPbIMH NPUXOAUTCA CTANIKHUBATbCA B HAYYHOH M NPAKTHYECKOM [efl-
TeNbHOCTH. JL1A npumepa copocuM ceBa: CKOJIBKO OOPOXHBIX NPOMCIIECTBHM
npousoiiger 3aBTpa B MockBe? CKONbKO BbI3OBOB OT GOJIbHBIX NOCTYIMHUT B NYHKT
CKOPOil MeMUUMHCKON MToMOIH ? CKOJIBKO JIET IPOXHUBET TOJIBKO YTO POMIMBILUMH-
ca mnageden? Kak MHOro BpeMeHH NPUIETCA 3aTPATHTh Ha NOMCK HEUCII PABHOCTH
B OnpenesIeHHOM CJI0XHOM TeXHMYeCKOM ycTpoiictBe? Bce 3T Bonpoch: o6na-
HAKT OJHOH 0COOEHHOCTbI — HAa HUX HEBO3MOXKHO JaTh OJHO3HAYHOIO OTBETA,
NOCKONBKY MpOLECChl, ¢ KOTOPbIMU OHM CBA3AHBI, J10 CAMOMY HMX CYILECTBY
JIMUIEHB! TIONHOM onpenefeHHOCTH. JIeHCTBUTENbHO, OOPOXKHBIE TIPOUCLIECTBUSA
34BUCAT OT OFPOMHOIO YMCNAd TIPHYHH, KOTOPblE HEBO3MOXHO IPEAYCMOTPETH:
f10r00a, COCTOSIHME [OPOXKHOTO MOKPBITHA, OCBELWEHHOCTh, [ICHXOJIOIHYECKOe
COCTOSTHME BOOMTENIEN W MELIeX0J0B, B3dUMHOE pACMOsiokelnHe aBTOMo6wIel Ha
[IOpOre W MHOXECTBO HOPYTMX. AHAIOTHUHbIE 3AKIIIOYCHHMS MBI MOXEM BbICKd-
3aTb U OTHOCHTEINILHO OCTaNIbHBIX IIPeAJIOKEHHBIX HIMH BOIIPOCOB.
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Bo Bcex nogoGHBIX ClIyuasaXx Mbl TOBODHM, YTO MHTepecyiouee HaC coBbITHe
ABJIAETCA CNyYalHbIM.

[lockonpky cnyuaiitnble cOGBITUA BpbIBAITCA B HALUY XW3Hb TOMHMO HaIlero
XKEaHUA M MOCTOAHHO OKPYXaIoT Hac u, Gojiee TOro, NOCKOJBKY BCe SIBIIEHHSA
NPHPOObI, COTJIACHO COBPEMEHHBIM BO33PeHUAM, SABIISAIOTCA CIyYailHBIMH, HEO6-
XOIMMO HAYYHTHCHA MX M3Y4aThb H pa3paboTartb A ITOM UENTM METOObl HX U3Y-
YEeHUA.

Cefiyac yMeCTHO NOOYEPKHYTh, YTO CO CIyYaiHBIMH SIBJIEHUAMH Mbl BBIHYX-
AEHbI CTATKHMBATbCA HEe BpeMs OT BPeMEHH, a MOCTOSAHHO H 3aYaCTYH0 HMEHHO
OHH ONpelieIAIT CTPYKTYpPY TOTO WIH MHOTO HHTEpeCyMLUero Hac npouecca.
Tak, rpu opranusauun paboTsl TelepOHHON CTAHIMH HEOBXOOMMO YUUTBIBATD,
YTO MOMEHTBI NOCTYNJIEHHA BbI3OBOB OT aBOHEHTOB, TaK e KaK M OJIMTEJIbHOC-
TH pasroBopoB MexXny aGOHeHTamH, cllyyaiHbl. B rpy30Bo# MOpcKoi NopT cyna
HajbHEro MIaBAHKS MOCTYNAKT He TOYHO MO PACHHCAHHMI, 3 B MOMEHTBbI Bpe-
MEHH, HepedKO CYIUeCTBEHHO OTJIHYHBIE OT 3aMUTAHMPOBAHHBIX. TOYHO TAK e
IJIITEJIBHOCTD TIOTrpy30-pa3rpy304HbiX paboT (06paboTKH CymHa) KOpPEeHHBIM
00pa3oM 3aBHCHT He TOJIbKO OT MNOI'PY30YHBIX CPeCTB MpHYaia, HO H OT
YCTPOHCTBa TpIOMa, XapaKTepa H KOJIHYeCTBA NPUOBIBLUIMX TPY30B, HX YIAKOBKH
¥ MHOTHX [pyrux 06cToATeNbcTB. Takum 06pa3oMm. KaK NpHM OPraHM3alMH pa-
GoTb! TeneOHHOM CTaHUMH, TaK W NPH OPraHU3auMH paBoTbl FPYy30BOrO NOPTA,
MBI IOJDKHBI CUHTATLCA €, TAK CKa3aTh, IBOHHOMN CIIyYaHHOCTBIO — CIIYYaHHOCTbIO
NOCTYMIIeHUs TpeBGoBaHUH (BBI3OBOB aBOHEHTOB, MpUOBITHA CYHOB) Ha o6ciy-
YKMBaHHE M CITyUYaifHOCTbIO JITUTENIBHOCTH MX OGCNY>KHBaHWA. Mbl BUIUM, TAKUM
06pa3oM, uTo cryyaiiHble COGBITHA MrpaloT GONbUIYI0 POJb KAK B HAYUHBIX MC-
Cle[IOBaHMAX, TAK M B MPAKTHYECKOH MeATeNnbHOCTH. Bonee Toro, Hepemko
NIpH MPOEKTHPOBAHHH OTBETCTBEHHBIX COOPYskeHHit (TernedOHHBIX y3IIOB, MOPC-
KHMX MOPTOB M T.H.) Mbl OOJXHBI ONHUPAThCA HAa 3TH CIIyYaiHblE ABJEHHA. JTO
0GCTOATENILCTBO NPUBENIO K TOMY, YTO 32 NOCTEIHHE TPH CTOJIETHs, H B 0COOeH-
HOCTH 32 IOCNe/IHMe AECATWIETHS, CITyYaiHble ABJICHHS GbUTM LOMBEPrHYTHI CHC-
TeMaTHYECKOMY HCCIeAOoBaHu0. KpaTKui HCTOPHYECKHH OYepK 3TOro mpouec-
cd NPHIOXeH B KOHIIe HacTOAIIEH KHUTH.

Ilpexxae yem nepexOmuTh K M3NOKEHHI0 OCHOBHBIX pe3yJIbTaTOB TEODHH
BEPOATHOCTEM, MBI JIOJKHBI (OPMAIIM30BATh T€ TOHATHA, ¢ KOTOPBIMHU OHa
uMmeetr pmeno. [loxka ke NOHATHe ~CiyYadHOro” ABJEHHMA WMeEeT JIHILUb YHCTO
OnucaTeNbHbIA. HHTYMTHBHBIH W BECbMa pAcIUIbIBYAThIH OONMK. Mbl yBHOUM,
UTO TeOpHsA BEpPOATHOCTEH 3aHMMAETCA U3yUeHHEeM He N106bIX COBGBITUI, KOTOpble
B )KMTEHCKOH NMpPaKTUKe Ha3bIBAIOTCA CIyUYalHBIMHM, a8 TOJILKO TeX M3 HUX, KOTO-
pble o6naganT onpeaesie HHBIMKA CBOHCTBAMM.

[1pexpe Bcero, OHa OrpaHMUMBAETCA U3y UYEHUEM JIMUIb TeX COBBITHIL, KOTOpble
B IIpHHUKIE MOTYT GbITH OCYLIECTBJIEHB! HCOTDAHMYEHHOE YKCNIO pa3, IPUTOM B
HEU3MEHHBIX ycnoBuAX. IlpuBenem npumepbl. UrpaiibHas KocTb MOXeT 6bITh
noabpolUeHa B OOHUX M TeX e YCIOBHAX CTONIbKO pa3. CKOJbKO 3anaropac-
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CYAUTCA HaM, UccregoBaTensM. Mbpl MOXkeM NPOU3BOIUTH HEOIPAHHYEHHO BOJIb-
LI0e YUCIO HabnmwaeHHH 3a YUCIOM BBI3OBOB aBOHEHTOB TeneOHHOW ceTH,
NOCTYNAIOIIMX 338 YeTBepTb yaca AHEBHOI'O BpeMeHH. BbiXxo[Hble IHH H HOYHbIE
yacbi Mbl IIPY 3TOM HCKJIIOYMM M3 PACCMOTPEHHUs, HOCKOJIbKY MOTYT BO3HHK-
HYTb ONAaCeHWs, 4TO YCNOBUA (POPMHPOBAHMA NOTOKA BHI3OBOB B 3TH [IHU H
yacw! ByAyT OTJIMYHBI OT OyaHei.

Hanee, Teopusi BepOATHOCTEH 3aHMMAETCA JIMIIb TEMH COOBITUAMHU, KOTODbIE
0o6namarT TaK Ha3plBAeMOUW CTATUCTUHECKOL YCTOUYUBOCTbI0 WIM, HHAYE, YCTOM-
YHBOCTBIO YacTOT. ITO TpeGOBaHHE K CyYallHbIM COOBITHAM ClleflyeT paccMoT-
peTb Gosiee nOAPOGHO.

llpencraeum cebe, uTO NPOU3BOOUTCA MNOCIEOOBATeNILHOCTh MCIBITAHUM,
B KaXKIIOM H3 KOTOPBIX MOXeT TOSABUTHCHA, & MOXET M He TNOSBUTBCA HEKOTO-
poe coObiTue 4. ITH UCHBITAHUA NPOU3BOJATCA B OOHHAKOBBIX YCIOBHUAX. H
pe3y;ibTaThl OHUX MCNBITAHHA He OKa3bIBAKOT BJIMAHUA HAa pe3ysIbTAThl OPYTUX
(KaK roBOPpAT, HCOBITAHUA He3aBUCHMbI). OBO3HAYMM Yepe3 u YMCNO NoABJeE-
HMiA cOObITUA A B KAKUX-TO M 3apaHee HAa3HAaYeHHbIX HOMEpAX MCIBITAHHM,
HallpgMep B 1 MOCEeI0BATeIbHBIX HWCTIBITAHUAX. TOIA4 YacTOoTa, T.e. OTHOLIe-
Hue U /n NpH GONBILMX ‘A [IIA CTATUCTHYECKH YCTOMUMBBIX cOoObITMI A Gnu3ka
K MNOCTOAHHOW W JIMLIb CNerKa U3MeHsEeTCsi OT OJHOH CepUM B K UCIIBITAHMH K
JApyrou.

[lpoBepka CTATUCTHY4ECKOH YCTOHYMBOCTH NpencTaBiisieT coBO#i J10BOJIBHO
SMI0>KHYI0 3a7auy, H ceiuac Mbl He CTAHEM €10 3aHMMAThCA. Hoanee Ke K 3TOMY
BOIIPOCY MbI GyIeM BO3BPAILAThCs HEOMHOK PATHO.

Tenepp nomuepkHeM Ty MbIC/Ib, YTO TeOpUA BEPOATHOCTEH He 3aHHMMaeTcCA
M3yYeHHEM YHHKAJIbHbIX CODOBITMH, KOTOpblE He [NOMYyCKAalT NOBTOpeHui. Tak,
He MMeeT CMbICiIa TOBOPUTh O TOM, KAKOB4 BEPOSATHOCTD, YTO AAHHBIA CTYJICHT
cOacT 3K3daMeH MO TeOPHH BCPOATHOCTeM Ha ONukaillied 9K3aMeHAUMOHHOH
CEeCCHU. NOCKOJIbKY 3[eCh Peub HAeT O eAMHHYHOM COOBITHH, NOBTO PHTb KOTOpOe
B T€X € C4MBbIX YCIIOBUAX HET BO3MOXHOCTH. Mnl MoxeM 00 3ToM coGbiTHH
BBICKAa3bIBaTh JIMLIb HEKOTO pble Cy 6be K TUBHbIE CY K/I€HU A, OCHOBAHHbIE HA HAllleM
3HAKOMCTBE CO 3HAaHMAMHU ITOIO CTyrieHTa. Teopus ke BEepOATHOCTEH CTABUT
nepen coboi 3aauy H3y4YeHHA OOBEKTHBHBIX 3aKOHOMEPHOCTEH, KOTOpbIE He
33BUCAT OT CyOBbeKTHBHBIX CYKAEHHH TOTO WM HMHOro JiMua. M kak Obl Hu
Obl/IM HHTEPECHBI BOMPOCHI, K4CAIOUIMECH . e IMHUYHBIX, HEMOBTOPUMBIX COOBITHI,
TEOpHUA BEPOATHOCTEN K HUM He HUMEET OTHOLLUEHHUS, eCJIM TOJIBKO OTHOCHTEJIBHO
HUX HET BO3MOXHOCTH 1IPOBECTH [JIMTEIbHbIC HE3aBUCHUMBbIE MCMBITAHUA B OIHU-
HAaKOBBIX YCNOBUAX. Tak, Bce clefyiouie BbICKa3bIBaHUA —

6 aBrycra 1999 r. B Tepmese npousoineT 3emierpsceHde CWION B 8 6anos;

K [BYXTBICAYHOMY rofy OynoyT HaH[€Hbl paZiuKanbHble METONbl M3JIeUeHHs
Bcex GopM paka;

B 1989 r. pooMTcs NO3T, NO TajAHTY paBHbiil A.C. [IyLUIKHHY — HOCAT Xapak-
Tep YHUKAIbHOCTH, H OTBET HA HUX OyaeT monyueH (IOJIOXHTENbHBIH WIK OTPHU-
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uateibHbli) B cBoe Bpemst. [loka e sTh cOGLITHS HOCHT HeOmpeneseHHbIH
Xapaktep. M xoTA OHH OTHOCHTCH K KaTerOpHU “MOXeT HPOUIOHTH, 8 MOKET U
He NPOM3OATM”, K HUM MOHATHA U MeTObI TEOPHM BEPORTHOCTEH He MMEIOT
OTHOILIEHHA.

Teopus BepustHocTeH MIYYasT Multip TakHe cAyudRHble cOGLITUS, B OTHOLLIE-
HMH KOTOPbIX HMeET CMbICTt He TONIbKO yrBepXaeHHe 06 ux cnyYaHHOCTH, HO H
BO3MOXHa OOBeKTUBHafl OLEHKA JONH CryYaeB WX MNOABIEHHHA. 14 OLEHKA
MOKeT GbITh BAIPiKEHE NIPEIJIOKEHHEM BUa:

1. BeposTHOoCTh TOTO, 41O fipH ocyiliectBreHHH OffjéfieNeHHOTO KomilneKca
ycnoBHit & npousoiner cobpite A, pibha p.*)

34KOHOMEDHOCTH TakOfO pOOa HA3BIBANTCA CTOXACTUYECKUMU WIX 8€POAT-
HOocTHbiMU. C HUMH TIpHXOJIMTCH HMETb JIENO B CaMbIX pa3sHOO6pazHbIX CHTYA-
UHAX, CBA3AHHBIX C H3yuYeHHeM Kak IpHPOIHBIX, Tak U OGILeCTBeHHbIX ABIeHMH,
3 TaKike B caMbIX pa3HOOGPasHbIX NPHKIAIHBIX BORpPOCEX.

Jna npuMepa, NycTb y HAC HMEETCH HEKOTOPOE TEXHHYECKOE YCTPOHCTBO,
CKaXEM, INIeKTpUYECKas J1aMIMNouKd. Hac unrepecyer BONpOE: npop’va'(i‘maer b}
oHa Ge30oTkasHo 1500 yacoB? 3apdHee Mbl HE MOXKEM OTBETHUTL HH Y TBepIHTenb-
HO, HU OTpHLATEIBHO. Jnia 3Toro y Hac Het paHHbix. Ho mMbl MoOXeM H HOJKHBI
OTBETUTh MHAue, 4TO JOJIA TEX JI@MIOUEK H3 OOMBLIOro yHciia Haxonfiuxcs B
OOMHAKOBbIX YCIOBUAX 3IKCIUIYaTAUMH; KOTOpbie NpopdbOTaOT 110 MEHBIIEH
mMepe 1500 udcoB, paBHa p. JTa BEIHUYHMHA CYIIECTBEHHO 3#BHCHT OT TOYO, HE
KAaKOM TpeanpuniHi HIrOTOBJIEHA JIAMIIOYKa M, DedycrioBHO, OT TOro, B Kakux
YCNOBHAX el NPUXOJHTCA paboTaTh (UCHPEBHOCTH IPOBOJKH H NATPOH4, pa3iMe-
pbl KOeBaHUH HATIPAKEHHA U CWIbI TOKA M 1TD.).

KoHeyHO, kaxnas 3NeKTpriecKas JaMIOUKa NHOHBHAYTbHA 1O CBOMM Ka-
YeCTBaM, HO 3THX JIAMIIOYEK H3TOTOBJISETCH OYeHb MHOTO M HCNBITath MOXHO
Bonploe UX YHCIO, MPHTOM H3rOTOBJIEHHbLIX B OTHHX H T€X Xe NPOU3BOCTBEH-
HbIX YCJIOBU#X. Mbl BcTpeudeMcs, TakuM oGpa3oM, ¢ HOBTOPEHUEM HCILITaHHIH
OBYX Pa3IMYHBIX THIIOB!

a) MOBTOpeHME MCHBITAMHA IR OIHOTO M FOro Xe oObeKTa H3yyeHHH (NOB-
TOpHOE H3BJjieYeHHE 1Apa M3 YPHBbI, CONEpxatilel HeCKOIbKO OJMHEKOBBIX HI&-
poB; U3BJI€YeHNe HayIaqyy KapTsl U3 TOSIHOK KOO U T.10.) ;

©) ucnsITaHMe MHOTHX CXOOHbIx 06bekTOB. MIMeHHO 1O 3TOMY oﬁp'aaguy Ha
3aBODAX NNPOM3BO/IMTCA UCTIbITAHME KayeCTBd M3TOTOBNIECHHOH NIPORYKHIHH.

PopMy/IMpOBKaE [eTePMHHHCTHYECKHX 3dKOHOMEPDHOCTEH, K KOTOPBIM. BCE
MBI [1PHUBDBIKIIN CO HIKOJIHbBIX JIET, 3BYUHT TaK :

2. [lp# KaXNOM OCyleCTBIIEHHH KOMIUIeKCa ycnoBui & o6a3arenbHo npouc-
xopuT cobbiTne 4.

B crepywomem naparpade Mbl yBHIHM, YTO BEPOATHOCTb C1yyaiHOTO CO6bI-
THA M3MEPACTCA UHCIIOM, 3aKifoueHHbIM Mexny O u 1. EouHube coorsercTBy-

*) Mb! noka He A8eM oNpene/feHAs NOHATUA BepOATHOCTH M NOHaraeMcs Hd HMEKOHIe-
Cfl y UMTATeNeH HHTYHTHBHDBIC NPEeaCTaBACHHSA.



20 I'n. 1. Cny4alinbie COGLITHSA K HX BEpOSITHOCTH

I0T Te COOBITHSA, KOTOpbIe 06s3aTelIbHO HACTYNAIOT IPH KaXI0M OCY IECTBIIEHHU
KoMmimekca &. Takue coBGpiTUA HA3BIBAWTCA HOCTOBEPHBIMHU. ECiH ke coOpITue
HEBO3MOXHO, TO €My COOTBETCTBYET BepOATHOCTb 0. Mbl BHAUM, 4TO AeTepMHU-
HHUCTHYECKHE 3aKOHOMEPHOCTH MOXHO DAaccMaTpMBAaTh KaK YacTHBIM CIlyvai
CTOXaCTHYECKHX, U1 KOTOPbIX BEPOATHOCTb p paBHa O mwiu 1. Takum o6pasom,
CTOXacTHYeCKHE 3aKOHOMEPHOCTH ABIIAIOTCS GoJlee IHMPOKHMH, YeM [eTepMH-
HUCTHYECKHE, W TMO3BOJIAIOT TOYHble, KOJIHYECTBEHHbIC METOAbl INPHMEHATh
H B TeX cllyyasix, KOIZa O KJIACCUYECKOM [eTepMHUHU3ME HE MOXET OBbITb U
peuH.

Ka>xp it uccmenosares, MMe 0K NeNO C IpAMEHEHUAMH TEOPHH BepOSITHO-
cTeil K du3nKe, GHOJTOrUHN, HHXXEHE PHOMY ANy, O praHN3allui POU3BO/ICTEA WIH
060H ApYroit KOHK peTHOH OONacTH 3HaHUA, HCXOJUT B CBOeH paboTe U3 ybexxne-
HHA, YTO BEPOATHOCTHBIE CYXIEHHA BbIPAXAIOT OlNpefesicHHble OObEKTHUBHbIE
cBoficTBa peanpHbiX fABJIeHHH. [l03TOMy yTBep)xAeHHe, YTO MPHU BBINOITHEHHH
HEKOTOPOTO KOMINIeKca yCOBHH & coObiTHe A WMeeT BEPOATHOCTb p, UMEET
cepbe3HOe IO3HaBaTesIbHOe 3HaueHHe. OHO yKa3biBaeT Ha HaJiMuue ONpedelleH-
HOH, XOTA M CBO€OOPAa3HOH, HO OT 3TOrO He MeHee OOBEKTHBHOM CBA3H MEXIY
KoMIUleKcoM ycnoBuH & M cobbitHeM A. Iaxe TOnbKO YTBepXKOeHHE, YTO
BEPOATHOCTb COOBITUA A IpPH OCYIECTBIEHHMH KOMIUIeKca ycloBui & cy1iecTBy-
eT (XOTA M HEHW3BECTHA), ABJIAETCA COMEePXKATEbHBIM YTBEPXKIAECHHEM, HYyKIal0-
wH¥McA B 0ObeKTUBHOM OOOCHOBAaHMM M MOC/IeNywiiedl NpoOBepKe, eClii OHO
IpUHATO B KauecTBe IunoTe3pl. dwnocodceckas 3amaua COCTOMT B BbIACHEHHH
HOpUpOAB! dTOH CBA3M. Ee pellleHHI0 ROCBALIEHO BONbIIOE YMUCIIO HCCIIETOBaHHH,
HO 3aaya JI0 CHX IIOp elle OCTadeTcs He pelleHHOH. TpymoHOCTh 3TOM NMpoGieMbl
NpHBesia K TOMY NapajgoOKcalbHOMY pe3yJIbTaTy, YTO JjaXe CpellM YYeHbIX, CTOS-
IHX Ha MAaTePHATUCTUYECKUX WIOCOPCKUX NO3HUUAX, BCTPEUAETCS CTpemIle-
HHMEe He HaNTH IOJIOXKHUTENbHOE ee pellleHHe,a CHATDb ee,00bABUB BepPOSATHOCTHbIE
CY>XOeHUs] UMeIOLIUMHU OTHOILIEHHE TONbKO K COCTOAHHMIO NO3HAKUIEro cy6beKTa
(M3Me pAIOILM MY CTeleHb er0 YBe peHHOCTH B HACTYIUTEHHH COBbITUA A U IAI0MMHU
OCHOBAHHMSA [J18 NIPUIIUCHIBAHUA PABHBIX BEPOSATHOCTEH UCXONOB UCIIBITAHUA IIPH
HONTHOM He3HaHuW). B mocnenHee BpeMsi TaKHe CYyGbeKTUBUCTCKHE BbIBOMbI
HepeaKo AenaTcsi O MOBOAY COOBITHH, NIPOUCXOUAILIMX B YCIIOBUAX Heollpefe-
JIEHHOCTH, KaK Tellepb NPHUHATO TOBOPHUTD.

§ 2. INone cobnimmit. Kitaccudeckoe onpenenenne BeposiTHOCTH

MbI /10 CHX IOp He NaBanH GOPMAIM30BAHHOrO ONpeleNeHHs HHU CIIy4yaHHOro
COOBITHA, HHM €ro BepOoATHOCTH. Tenepb NpPHCTYNHM K 3TOMY, CTPeMsACh OHO-
BPEMCHHO BOCIATATD y UMTATENIEH TEO PETHIO-BEPOATHOCTHY IO MHTyHMuMo. Takas
eJIb 3ACTABIISACT HAC BBOJIMTH ONpeesieHHe BEPOATHOCTH MOCTeNeHHO, KAK Obl
NOBTOPAA UCTOPHUECKHH NyTh. Tako# 10ax0n NMo3BOIAeT M36eXKaTh GOpPMATh-
HOTO BOCIPUATHS, a8 OITIPABIIAACL OT TPOCTEAIUMX Npe/ICTaBJIeHUH, IOCTENEHHO
HePEXOOUTS K Gosiee CIIOKHBIM H 06ILMM.
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HauneM ¢ Tak Ha3pBaeMOro KJIacCHyeCKOTO OIIpe[eNIeHHs BEPOSTHOCTH.
Ilpu 3TOM MBI YBHIMM, YTO OHO B [IEHCTBUTEJIHOCTH SIBJIAETCA He OIlperele-
HHEM, @ CKOpee METOJOM BBIYMCIIEHHA BepOATHOCTEH BO BIIOJIHE ONPEAE/IEHHBIX
U CHJIBHO OrpaHMYEHHBIX YC/IOBHAX. KnaccHueCkoe ONpenesneHue HCXOOMT. U3
MpeaIoN0XeHNA PABHOBO3MOXKHOCTH K3aK O00OBEKTUBHOrO CBOHMCTBA M3YuaeMbIX
ABJICHHH, OCHOBAHHOTO H4 MX DPeanbHOH CMMMETpHH. IlOHATHE paBHOBO3MOX-
HOCTH (PaBHOBEPOATHOCTH) SABIACTCA NEPBUUHBIM, He MOJUIeXalum GpopmMab-
HOMY oIpefeneHH0. OHO JIMIUb MNOACHAETCS PANOM IIPOCTBIX U HOCTYITHBIX
IIPUMEPOB.

Ilpn 6pocaHMM Ha INIOCKOCTb T€OMETpPHYECKH NpaBHIBHOro Ky6a, M3roToB-
JIEHHOTO U3 OJTHOPOJHOro MaTepHuana, jirobas U3 WecTH rpaHed (Mpu nmopSpackl-
BaHMM HayJauy) He HMeeT PEIbHbIX MPEeUMYIUeCTB Iepel Apyrumu. Takum
06pa3oM, eciin NepeHy MepoBaTh rpaiu IMdpamu ot 1 Jo 6, To Npu GpocaHnm
kyb62a MOryT MPOHM3OATH WIECTb PABHOBEPOATHBIX COOBITHH: BBINAJIEHHE TIpa-
He#t 1,2,3,4,5,6.

Ilpn nmopgGpachbiBaHUM OJHOPOOHOTO MO IUIOTHOCTH MPABWJIBHOTO JBajUaTH-
rpaHHUKa (MKOcCaedpa) BbillafleHHe KaKIOH IPaHH B CUIIy CHMMETPUM OIMHAK O-
BO BO3MOXHO. MbI ©MeeM Ci1yuaif, KOr[la BO3MOXHbI JBA/IATH PABHOBEPOATHBIX
ucxonoB. IlpenctaBum cebe Temepb, YTO MPH KaXOOM UCIBITAHMU €JMHCTBEHHO
BO3MOXHbI 1 HECOBMECTUMBIX U PABHOBO3MONMHbIX UCXodoB £, E,, ... E,.

CroBo HecOBMECTUMbII” ObUIO BBEIEHO B HAayKy AHIJIMACKMM YYeHbIM
Baitecom (1702—1761) u o3HauaeT, YTO €CAM HACTYNMHI KAKOH-HHUOYHOb MCXO[,
Ey, TO HM OJIMH U3 OCTAIbHBIX 71 — | MCXOMIOB B 3TOM MCIIBITAHHU HACTYIHTb yKe
He Mor. Tak, eciy Ipd OpOCaHUU UIpagbHON KOCTH Bbinana rpaHs ’3”, 10 310
03HayaeT, YTo MpH TOM Xe OPOCAaHHM HE MOIJIA MOABUTHCA IpaHs 57, Kaxawii
TaKOW UCXOJ CTAHEM HA3bIBATb 1€ MEHTAPHbIM COObITUEM.

Hapany ¢ aneMeHTapHBIMH COOBITUAMM PACCMATpPHBAKTCA TAK)Ke CJyuyadHble
coGpitua. Yacto npeacTaBiseT MHTepeC HACTyIUEHUE MpU HCIBITAHMK He KaKo-
rO-TO 3JIEMEHTAPHOTO COOBITHA, 4 OJHOTO M3 HECKOJBKHX ONpeelleHHbIX 3lie-
MEHTapHbIx coObiTuii. Hanpumep, 1ipy OpocaHMM MrpajbHOH KOCTH Hac MOXeT
MHTEpECOBaTh il0ABIIEHHE TPAHEH C YACTOM OYKOB, GOMNBIIMX Tpex, T.e. NOABIe-
HHE KAKOTO-TO H3 JJIEMEHTAPHbIX cobpITuit 747, 7’57, 7’6, MblI cTaHeM rOBOPHTH
B JTOM Cllyuae, YTO H4C MHTEPECYeT CiiyudiHoe conlme — BbIMAJcHHE YMCIIa
oukoB, GonpmMX TpeX. Booblie, ecnu nac HMHTEpecyeT NOABIIEHHE KAKOIO-TO
U3 ollpefieSIeHHbIX 2J€MEHTAPHBIX COOBITHH, HampUMeEp, OJHOrO H3 COGBITHIH
E; ,Ei,, ..., E},,. TO MBI CTAHEM FOBODHTb, UTO H4C MHTEPECYET HACTYIUIEHHe
CIIYYaHHOTO COOBITHA 4, COCTOALUETO B BBINTAACHUH KAKOTO-TO M3 #1 TOJIBKO UTO
YKa3aHHBIX 2JI€MEHTapHbIX COOLITHH.

Bepoarnocreio cayuaiinoeo cobvttus A Ha3bpIBaeTCs OTHOLIEHHE YACIIA HECOB-
MECTHMBbIX DP4BHOBCPOSATHOCTHBIX IEMCHTAPHBIX COOBITHH, COCTaBsitoLMX A4
(T.e. wdcna m), K wMCIy BCeX BO3MOXHBIX 3/IEMEHTAPHBIX coBbiTHIl (T.e. K
yHCcny 7). BepoaTiocTs ¢y uaHOro cobuiths A4 0Bo3HaYacTCH cuMBOIOM P(4).

m’
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CornacHo T0/15KO YTO JEHHOMY OHPENEIEHHIO
m
P(4)=—.
n

Hanpumep, nips ogHOKpATHOM Gpocanun KrpajIbHOM KOCTH MOJIHAS rpyAna
[ONAPHO HECOBMECTHMEIX H PaBHOBEPOATHBIX COOBITHH €cOCTOMT H3 COGbITHA

Ely EZ; Em Es4, Es, EG,‘
KOTOPHIE COCTOAT COOTBETCTBEHHO B BhHIaJIeHAN 1,2,3,4,5, 6 oukoB. CoGbiTHE

C=E; +Es t By,
coctosfiiee B BHIOTENCHHH YETHOFO UHCIE OYKOB, NOIPA3NCIIACICA HA TPH WRACT-
HBIX CNTYHdR; BXONAIMX B COCTEE HECOBMECTHMBIX H PABHOBE POATHBIX COOBITHH.
[oromy BeponTHOCTY CO6BITHA C papHa

P(C)y=3/6=1/2.

OueBHIHO TAKKE, 4T0 B CHI1Y NPHRATOTO ONpPENCIICHH s

P(E) = 1/6; 1 <iI<6,

PE+E,)=2/6=1/3
HT.A

Paccmotprm Temepr Bpucanue oByx KoOCteH. ECiH KOCTH NPIBWIbLHGI, TO
BHINaficHHe KaXHAOH H3 36 BOIMOXKHBIX KOMOMHANHA Wica OUKOB HY NepBok M
BTOPUH KOCTH MOXHO CUHTIaTh DPABHOBEPORTHBIMA. Fak; CKaXeMm, Be poATHOCTh
bunineHns B cymme 12 ouxkorn papuz 1/36. Bemapeuwe B cymme I oukos
HO3MOXHO ABYMst COCODaMH: Ha MepBOH KOCTH 5, a Ha APYFOR 6, nd fEpBOH
KOCTH 6, a Ha BTOpO# 5. Ho3toMy BEPOATHOCTD BHUIINEHNA B CyMMe OfMHHA-
ndth oukoB pabia 2/36 = 1/18. YWtarens Jierko HpOBEPHT, YTO BEPOUATHOCTH -
BBINELEHHA TOH HIIM HHOH CYMMBI OUROB JZI0TCS Cnefyoten Tabune :

TaGnuua t

thicno oukon 7 3 3 4 5 6 7
. THoCTE I 2 3 4 5 6
pOATHOCTH - b = — — =5
°P 36 36 36 36 36 36
YKHCNno. OYKOB i 8 v 9. 10 ¥ i2
5 4 3 2 I
BepoartrocTb oy — - == ==

36 36 36 36 36
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HNoacuntaem tenepb obluee YMCIO BO3MOXKHBIX CIYYaHHbIX COOBITHH, KOTO-
poe MOXHO 06pa3oBaTh U3 1 IEeMEHTAPHBIX. OUeBUMIHO, YTO MOXHO 0Opa3oBaTh
C,'," cOOBITHH, KaXaoe U3 KOTOPbIX OydeT cOAEpXaTb MO M KAKHUX TO 3JI€MEH-
TapHbix cobbitHit (1 <m <n). llpn m = n criyyaliHoe cobbiTHE BCEra NPOUCXO-
IMT, T.e. OHO sABNAETCA HOCTOBepHbIM. Bcero, Takum o6pa3om, 06pa3oBaHO

n m .
X C, =2"—1 cobprruii. [l06aBUM Tenepnb KO BCEM NOCTPOEHHBIM COBBITUAM
m=1

elle OOHO, KOTOPOMY He COOTBETCTBYET HM O[IHO 3NieMeHTapHoe cOObITHe, T.e.
COCTOsAIee M3’ MYCTOrO MHOXeCTBa 3rieMeHTOB. (QUeBHAHO, YTO OHO HHKOT/AA
He MOXeT HacTynuTb (MOCKOJIbKY eMy He COOTBETCTBYET HH OJHO dJIeMEHTapHOe
cobbiTHe). ITO cityvailHOe cOOBITHE HOCHT Ha3BaHWE HEBO3MOXHOIO cOGBITHA.
Takum 006pa3oM, Bcex CiyudlHbIX COOBITHH B pacCMOTPEHHOM HaMH Cllyyae
6ynet 2",

bnwmxkaime paccMOTpeHHs OTHOCATCA He TOJIbKO K KJIACCHYECKOMY olpefe-
JIEHHI0 BEPOATHOCTH, HO U KO BCEM [albHeHLMM 0606wennAM. bynem cuutats
(pUKCHPOBAHHBIM KOMILIEKC yCJIOBUA & M CTdHEM paccCMATpHBaTb HEKOTOPYHO
cuctemy S cobbituit A, B, C. .. *), Kax[a0€ U3 KOTOPbIX HOMKHO TPH KaXIOM
OCYILECTBIEHUH KOMIUIEKCA © MpPOM3OMTH MM He NPOU3OHTH ¥*),
Mesxxay coObITHAMHM CHCTEMbBL .S MOTYT CyIlle CTBOBaTb M3BECTHbIE COOTHOLIEHHS,

¢ KOTOpbIMH Mbl IIOCTOAHHO 6yneM HMETb O€JI0 U KOTOpbIe MO3ITOMY Ipexae
BCETO H3YUUM.

1) EciM npH KaXa0M OCy WeCTBIEHHH KOMIUIEKCa yCNoBuid &, NpH KOTOPOM
NPOUCXOAUT cobbiTHe A, NPOUCXOAMT U coBbiTHE B, TO Mbl ByemM TOBOPHTH,
uT0 A 8aeuer 3a cofoli**) B, u 0603HAYATb ITO OBCTOATENCTBO CUMBOJIOM C :

ACBHB
WIA CUMBOJIOM

BDA.

2) Ecnm A Bieuet 32 coBoit B U B TO Xe BpeMs B Biicuer 32 coboit 4, T.e.
eCIId IPH KAXINOH pednH3alMy KoMIleKca ycnoBuH & cobbiTHsa 4 u B 06a
HACTYMAIOT WIH 064 He HACTYNAWT, TO Mbi GyeM rOBOPUTD, YTO COGBITHA A U B
pagHocunbrbl ¥ 6ydem 0603HAUATE 3TO OBCTOATENBCTBO CHMBOJIOM =

A=B

3) CobpitHe, cocToaliee B HACTYIUIEHHH OGOMX coObITHA A M B, Gynem Ha-
3bIBATh npousgedenuem cooniTuidl 4 1 B u 0603HauaTs AB.

*) CoBbiTHY B MalbHCALICM  oBOSHANIOTCH  Jia THHCKMMA IIPONKCHBIMKY  OVvKBa-
mu A, B.CDE, . ..

*%) BMecto  THPOM3OHIA” TOBOPHT Takxe “HousATECA”, TMMCTH MecTo” Wi “Ha-
crynurs”.

*%%) Bmecro A Biicuet 3u coBoit B” FOBOPAT Takke A ABAACTCH YACTHBLIM CllydacMm B™.
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4) CoBbITHE, COCTOAILEE B HACTYIUIEHHH XOTA Gbl OJHOTO U3 COOBLITHH A ¥ B,
Oy neM Ha3bpIBaThb CYMMoil coGbITHIH A U B U 0603Havath 4 + B.

5) CobbiTHe, cocTosiiiee B TOM, YTO COObITHE 4 TPOMCXOMT, a cobbiTHe B
He MPOUCXOAMT, By1eM Ha3bIBATb PAZHOCTbI0 cOObITHH A ¥ B M 0603HavaTh A—B.

6) CobbiTHE, cocTosllLee B TOM, UYTO COOBITHE A He TIPOUCXOOUT, Ha3bIBAETCA
NPOTUBONONAONKHBIM 0418 A U 0003HAYAETCA CUMBOJIOM A.

[lycTpb, HanpHMep, KOMIUTEKC YCIOBHHA & COCTOUT B TOM, YTO BHYTpH KBaJpa-
T4, U300paxeHHOro Ha puc. 1, BeIOHpaeTca Haymady Touka. OGo3HauMM yepes A
coObITHe “BBIGPAHHAs TOWYKA JIEXHUT BHYTPH JIEBOTO Kpyra” u uepe3 B cobbiTue

»BpIGpaHHas TOUKA JIEXUT BHYTpPH IpaBoro kpyra’”. Torga cobeitus A4, 4, B, B,

A+B AB A - B B - A4, A — B cocToaT B NONaJlaHMy BLIOPAHHON TOYKU BHYTpb
obnacTei, 3aIITPUXOBAHHBIX HA COOTBETCTBY LI X PHUrypax puc. 1.

PaccmoTpum gpyro#t npumep. JomycTHM, 4TO KOMIUIEKC YCIOBHA & COCTOMT
B TOM, UTO Ha cTos Gpocaetcs (OIMH pa3) UrpasbHas KocTb. 0603HaWM uepe3 A

(()

Z
.

7
)

7
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BbINajieHHe Ha BepxHeil rpaHH KOCTH *) 11eCTH OYKOB, yepe3 B — BbllaneHue
Tpex OukoB, yepe3 C — BblIajeHHe Kakoro-iubo YeTHOro yuclia OUKOB, Yepe3
D — BuImapeHHe KakKoro-muGo udcnia oukoB, KPaTHOro Tpem. Torma cobpitus
A, B, Cu D cBA3aHbI Cie yOLUMK COOTHOIIEHUAMI |

ACC ACD, BCD,
A+B=D, C(CD=A.

Onpegeneie cyMMbl M TIpOM3BeJEHUA JABYX COOBITHH 0000wWaeTCs Ha nwboe
YHCI10 COOBITHI

A+B+. . N

00034ayaeT cODBITHE, 3aKJTIOYAIOMIEECS B HACTYIUIEHMH XOTs OBl OHOro U3 coobl-
™mih A, B,...,N, a

AB... N

0603HauaeT CoOOBITHE, 3aKJIOYalomieeCcs B  HACTYIUIEHMM BCeX COOBITHH
A B, ... N

7) CoObiTHe Ha3bIBaeTCsi OOCTOBEPHbIM, €CIH OHO C HeoOXOJUMMOCTbIO
IOTKHO TIPOU30HATH (MpH KaXAOM peaiM3alin comIlekca ycnobuit ). Hampu-
Mep; NpH GpOcaHMM ABYX HIPAIbHBIX KOCTEH HOCTOBEPHO, 4TO CyMMd OYKOB
OydeT HE MeHbLe ABYX.

CoBpiTHe HA3bIBAETCA HEBO3IMOKHbIM, €CIH OHO 3dBeJOMO He MOXeT
NpoU30ATH (HU MpHU OJHON pewin3auuy Komiblekca ycnosuii &). Hampuimep,
npy 6pOCaHUM ORYX MTPATBHBIX KOCTEH HEBO3MOXHO HOABIEHHE CyMibl OUKOB,
PABHOM TpUHAIUATU.

OueBMIHO, YTO BCe HOCTOBEpHBIE COOBITHA pPABHOCHIIBHBI MeEXAY COOOH.
Mo3ToMy 34kOHHO 0GO3Hauath BCe OOCTOBEpPHBIe COOBITHA OQHOM GyKBOH.
Msr Gydmem ynotpe6nare ansa 31oro OyxBy 2. Bce HeBO3MOXHbie COBBITHA
TOXE PaBHOCUIBHBI MexKay coGoi. Mpl Gynem 0603Ha4aTh J1060€ HEBO3IMONKHOE
coObITHE 3HAKOM ¢. _

8) JiBa coObitisi A U A HA3BIBAWTICA NPOTUSONOAOKHLIMU, €CTH O HUX
OZHOBPEMEHHO BBIIONHAKTCA [IBA COOTHOLLEHUA:

A+A=Q, " AAd=¢.

Hanpumep, eciu npu 6pocuaHu ogHOM urpansHoi kocTd C 0603HaudeT Bhiae-
HUE YETHOTO YMCIIA OYKOB, TO

Q-C=C

ecTh COOBITHE, COCTOALIEE B BhLINAJEHUN HEYETHOTO YU C/IA OUKOB.

*) B S1OHHM W3POTOBIHIOT Telepb KOCTH He TONLKQ B BHAe KyOOB. HO TaKkike B BUOe
nOie KUePOB U HKOCaeIpOB.



26 I'n. 1. CnyvaiiHble COGBITUS H X BEPOATHOCTH

8) IlBa cobGbitHa A ¥ B Ha3bIBANTCA HeCO8 MECTUMbIMU, €CIIH HX COBMECTHOE
NOsIBJIEHHE HEBO3MOXHO, T.€. eC/IH

AB = ¢.
Ecnn

A=B,+B, +...+B,
U cobbiTHsL B; MonapHO HECOBMECTHMBI, T.€.

BiB;j=¢ mnpu i¥#j,
TO TOBOPAT, UTO COObITHE A nodpasdensercs Ha 4acTHole cayyau By, B, , ..., B,.
Hanpumep, npu Gpocanu UrpanpHoil koctd cobbirhe C, COCTOALLEe B BbINajie-
HHM YETHOTO UMClla OYKOB, TOJIpa3fesisiercssi Ha YacTHble ciyyad E,, E;, E,
COCTOSAIME COOTBETCTBEHHO B BhINANeHHH 2, 4 U 6 OUKOB.

Co6bitusa By, B;, ..., B, 0obpasywt noauyw epynny cobbiTuil, ecnu XOTs

6bl OOHO M3 HUX HellpeMeHHO [JOSDKHO MpPOU3OATH (NP K2XOM OCYyIUECTBIle-
HHMU KOMIUIeKca &), T.e. eCH

By +B,+...+B,=%.

OcoBeHHO Cyllle CTBEHHBI I HAac B HanbHedlleM OyLRyT noaxbie epynnsi nonap-
HO HecogMecTuMblx coObiTUii. TakoBa, HallpUMep, NpU OAHOKPATHOM GpOCaHHU
UI'PanibHOH KOCTH cHCTeMa COOBITUH

E\, Ey, E5, E4, Es, Es,

cOCTOAIAas!, COOTBETCTBEHHO, B NMosBleHuy 1,2, 3,4, 5 U 6 OUKOB.

9) B kaxao# 3agaue TeOpUM BepoOsATHOCTEH NPUXOOMTCA HMeTb Hel0 C
K2aKUM-THGO ompeleNleHHbIM KOMIUIEKCOM YCIOBHH & M ¢ KaKoi-n1u6o omnpe-
fieTleHHON cHCTeMOR S COOBITHUHM, HACTYNAIOUIMX HJIM HE HACTYMAIOLWMUX MOCIe
KaxIOH peaM3anyy KoMmimekca ycnoBuil &. OTHOCHTENBHO ITOH CHCTEMDI Le-
71ecooBpa3HO CAENATh CledyIOIMeE JONYIEHHA:

a) ecau cucteme S npunadnexar cobbitua A u B, 10 ell NPuHAOLexqT TAKHKe
cobettua AB,A+B, A~ B:

6) cucrema S coOepHUT OOCTOBEPHOE U HEBOIMUNHUE COOBITUSA.

CucTema cOGBITUH, YIOBIETBOPAILIAA ITUM [JOIYLUIEHUAM, HA3bIBAETCHA NO-
fn1em cobbiTuil.

3aMeTUM ellle B 3dKJIIOUEHHE, YTO BO BCEX PACCMOTPEHUAX TEOPUM BEPOAT-
HOCTell PaBHOCHUIIbHBIE MeXIYy cOG0H COOBITUH MOTYT 3dMEHATh Apyr Apyrd.
[T03TOMy MBI YCHOBUMCS B JdJibHeHLICM 100bIC B PABHOCHIIBHBIX COOBITUA
CUMTATD IIPOCTO TOXKAECTBEHHBIMHK APYT ADYTY.

PaccMOTpUM Kakyio-nM60 110HYI0 cucTeMy G MONapHO HECOBMECTUMbIX PAB-
HOBO3MOXHBIX COBBITHI (HA30BEM UX 31EMEHTAPHbLMU CODLITUAMU)

Ey Eavooo En,

M pacCMOTPUM CHCTeMY COOBITUH S, COCTOAIIYI0 H3 HEBO3MOXHOTO cOGBITUA @,
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Beex cobpituit Fy cuctemmt G U Beex cobBuITull A, KOTOpPbIe MOTYT GBITH NIOAPA3-
Je7eHbl HA HACTHBIE ¢y4au, BXOASAUIME B COCTAB CHCTEMBI G,

Hanpumep, eciu cucrema G COCTOHT U3 TpeX JeMEHT2PHBIX ¢OObITHi Ey, Ey,
# Es, 10 B cUCTEMY § BXORAT cobmin ¢, E,, Ey, B3, Ey + By, Eo + E3, Ey + E3,
Q=E, +E,+E,,

Jlerko YCTARHOBHTb, YTO CHCTeMA S ecTh Hosig ¢oBprruii. B camom Oene, oue-
BUOHO, YTO CYMMA, PasHOCTh M TpOU3BeaeHHe cOOBITHA H3 S BxomAT B S;
HEBO3MOXHOE CODbITHE ¢ BXOIHUT B S 1O ONpEIerieHHIo, A IOCTOBEPHOE CODBITHE
£) BxomuT B § TaK KAK OHO NIPEACTABIIAETCA B BHIE

Q=FE, +E,+.. +E,

B COOTBEeTCTBHMM C TIPUBCAEHHBIM Olpefig/ieHHEM KaxXOAOMy coOBITHIO A4,
NpHHATJIexkaleMy K TOCTPOEHHOMY ceiiuac Momo cobwiruil S, NpHNHChBaeTCs
BIIOJTHE OllpelieNieHHast BePOATHOCTD

P(4)=m/n,

rge m ecTb Mo Tex cobuiTuit E; UCXOOHOHM rpynmnsl (G, KOTOpPbIE ABJAWTCA
YACTHHIMH CiyuyasMu coBuitua A. Taxum oBpaszom, BepoaTHOCTh P(4) MoxHO

paccMaTpuBaTh KaK @YHKUUI0 OT cobbitus A, onpedeneHnylo Ha noae
cobbitult S.

Oynxums 3Ta obnanaeT cnefyOIMMUA CBORCTBAMM |
1. s kawdozo coburttua A noas S

P(A)=0
2. [lna doctogeprozo cobbttua )
P()=1.

3. Ecau cobbitue A nodpaidenaerca na vyactuovle cayuau B u C u gce tpu co-
ovitua A, Bu C npunadnexcar noaw S, 10

P(4) =P(B) + P(C).

ITO CBOMCTBO HA3BIBAETCA TEOPEMOMW CHOXEHHS BEPOATHOCTEIL
CBOMCTBO 1 OYEBMAHO, TAK KAK ApoGb mfn He MOXKET OBITH OTPULATENIBHOM.

CBONCTBO 2 He MeHee OYEBH[HO, T4K KaK JOCTOBepHOMY cobbrtuto £ 6raro-

NpPUATCTBYIOT BCE N BO3MOJXKHBIX PE3y/IbTaTOB KHCIIBITAHHSA, U TIOITOMY

P(Q)=n/n=1.

Hoxasxcem cBoiictBO 3. [lycTb COBBITHIO B GNaroNpUATCIBYIOT M, a COBBITHIO
C — m" cobviruii E; cuctemb G. Tak kak cobbitis B C N0 JONyLeHHIO HECOB-
MECTUMBI, TO coDBITUA E;, OMAronpuATCIBYIOUME OOHOMY H3 HHX, OT/IMYHBL OT
coObiTHit £;, GnaronpuaTCTBYOLMX JpyroMy. Beero, Takum o6pasoM, HMeeTCA
m +m cobpitvil E;, OnaronpuATCTBYOLIMX MOABJIEHUIO OJHOrO U3 COBBITHIA B
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win C, T.e. GnarofpuatcTByoumpx cobbiruio B + C = A. CiiegoBaTeilbHO,

m' +m" m' m"
P(4)=——— =— +— =P(B)+P(C),
n n n

4TO U TpeBGOoBAIOCHh AOKA3aTh,
Mbr orpanduMMcs 3[ech YKa3aHHEM ellle HeCKOJIBKHX CBOHMCTB BEPOATHOCTH.
4. Beposithocre cobblTUA A, NPOTUBONONONHO20 COBbITUIO A, pagHa
P(A)=1—-P(4).

JeACTBHUTENIBHO, TAK KaK

A+4=Q
TO, COTJIACHO YX& IOKa3aHHOMY CBOWCIBY 2,
PA+A)=1,

a Tak Kak coOpiTHA A U A HECOBMECTUMBI, TO IO CBOHCTBY 3

P(4 + A)=P(A) + P(4).
JIBa noc/iefiHnX paBeHCTBA IOKA3bIBAIOT HAIE IIPe/VI0KEHHE.
5. BeposaTHOCTb HEBOIMONHO20 COOBITUA PAGHA HYAID.
B camom peiie, cobprmus £ M ¢ HECOBMECTUMB!, IOITOMY
P(§2) + P(¢) = P(),
OTKYIa cliefiyeT, YTO
P(¢)=0.
6. Ecau cobvitue A eneuer 3a coboii cobviTue B, 10
P(4) <P(B).
HencTBUTENISHO, cOGpITHE B MOXET ObITb NPEACTABIICHO KaK CymMd OBYX
cobprtuil A U AB. Orcroma B cuny cBOMCTB 3 # | nosyuaem:
P(B)=P(4 + AB)=P(4) + P(4B) > P(4).
7. BeposTHocTy 1106020 COObITUR 3aKAIOUEHA MEXOY Hynem u eOuHuyel.
W3 1oro, yto pns n060ro coObITHA 4 UMET MECTO COOTHOLUEHKA
PCA+9p=4A=40CQ,
crefyeT B CUTY NpeAbIaAyLero cBOHCTBE, YyTO0 HMSIOT MECTO HEDABEHCTBA
0=P)<PAYSP(Q)=1.
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§ 3. llpumepsi

Mbl paccMOTpUM Telepb HECKONIbKO MPUMEPOB BbMMMCIEHUSA BEpPOATHOCTEH
cOObITHH, NONB3YACh KIJIACCHUECKHM OIpefesieHHeM BepOATHOCTH. [lpuBomu-
Mble HaMH TNpPUMEDbl HOCAT HCKIIIOYMTENIbHO HUIIOCTPATHBHBLOI XapakIep M He
NpeTeHOYWT HA TO, Yrobbl COOOUMTL YMTATEN BCE OCHOBHBIE METOIbI
pacuera BepOATHOCTEH.

IIpumep 1. Bpocawrca TpH HrpansHble KOCTH. YTO BeposTHEE: NONYH TS
B CyMMe BbINaBLMX 04ykoB 11 unu 127 ]

JTa 3a/1a4a, KaK 3TO BUOHO M3 HCTOPHYECKOrO AONOSIHEHHsI, GbUIa OJHOH H3
IEPBUYHBIX, HA KOTOPOH (POPMHpPOBAaNUCh MOHATHA M METOIbI TEOPHH BEPOAT-
HOCTeH. YTBepXIAIT, YTO C HeH CBA3aHAa K CJIeAywlas JISTEHIa: OFHAKHBI K
lamunero (a KTo roBOPHT, uTo K [IoiireHcy) 3a KOHCYNbramMed obparwiics
NaHACKHeXT. Ero MHTepecoBas HMMEHHO MNpedjlOXeHHbII Ham Bompoc. JlaHp-
CKHEXT OKAd3aJiCI MBICTIALMM YeJIOBEKOM, CKJIOHHBIM K TEOPETHYECKOMY H
3KClepUMEHTANbHOMY MblIvieHHIo. OH 3aABHN [anuier, yTo COINIACHO JIOTHKE
06e 3T CYMMBI JOJIXKHBI TIOABJIATHCA OAMHAKOBO YaCTO, HO OIBIT YUYHT I pyromy,
a HIMEHHO, 4yTO cyMMa 11 nosssiseTcs vyaule, yem 12. B yem 3pech geno?

. ObocHOBaHHME NAHOCKHEXTA HAa NEPBBIA B3MNIAJ 3BYWMT YOGEOUTENBHO: uMcnia
11 1 12 o6a MoryT GpITb pasfiokeHbl HA CYMMY TpeX MOJIOXKHUTENbHBIX Cllarae-
MBIX JIMIIL IIECTBI0 PA3JIMYHBIMH CIOCOBAMHU, a HMEHHO,

11=14545=14+44+6=2+3+6=2+4+5=
=34+43+5=3+4+4,
12=1+4+546=2+44+6=2+54+5=34+4+5=

=3+4+3+6=4+4+4;
OTCIOd TO €r0 MHEHUI0 BBITEKAET PABHOBO3MOXHOCTh 000MX HHTEPECYIOUIMX
Hac CoOObITUH.

Opnako Tanunedl BO3pasusl emMy. CKd3aB, YTO KaXIOE M3 3THX Pas3lloOkeHFi
cieayeT cHaGOMTb elle ONpeqeneHHbIM BECOM M IIOACHWI CBOK MBbICIIb TAKHM
paccyxpeHneM. Hasoeem koctu "nepBoH”, “BTOpol” M TpeTeeH”; TOrha
passtozenue 1 +5 +5 H4 camom [iesle MOXKET NPOU3OITH HE ONHUM, 8 TPe M A
pasNUuHbIMK COCOBAMH

1+5+5=5+1+5=5+5+1,
T.6. €IMHHUA MOXEST BBINACTb HA NEPBOH, BTOPOH MIIH TpeTveit KocTH. TouHo

TaKe pasnoxeHue 1 + 4+ 6 MOXeT IPOU3ONTH CIeLyOIMMMH L€ CThW pas-
JIMUHBIMH CTIOCODAMM :

1+4+46 =1+0+4=4+1+6=4+6+1=
=6+1+4=6+4+1.

Takum o6pasom, 11 B cymme MOXET MOABHTBCA HE WLieCTbie, 4 27 pasiuy-
HBIMK PABHOBO3MOXHBIMH criocobamH. CyMma ske 12, OKasbpIRaeTCs, pa3naraer-
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€A ML 25 pa3nMuHbIMA cnocofiaMH. 3.ech Bce [IENI0 B TOM, YTO Pa3/iokeHHe
4 + 4 + 4 OCYIIECTBUMO JIHILB OJHAM CITOCOBOM.

Tenmepsr 3aMeTdM, yTo OOGLUEE WYHCIO BCEX BO3IMOXHBIX PaBHOBEPOATHBIX
BRIMAJIGHHA Tpex MrpajpHBIX KOCTEH paBHO 6> =216. 310 6bUIO MPaBHIBHO
noncuurano ewe B X1I nexe.

06o3HayumM uepes A U B ciyyaiiHple COBBITHA, COCTOSIIME B BhINafieHUH COOT-
BETCTBEHHO 11 M 12 oukoB B cyMme. Torma cornacHo JaHHOMY HaMHM KI1accH-
YeCKOMY onpeu,eneﬂmo BEPOATHOCTH,

P(A)=27/216 u P(B)=25/126.

B mMaTteMaTHuecKOHN CTaTHCTHKE MOKA3BIBACTCA, YTO [JIS YBEPEHHOTIO pa3fene-
HUA [IBYX BepOATHOCTEH, OTIHUAOIMXCA MEHEE YEM HAa OJIHY COTYI0, HYHO
MIPOM3BECTH MHOTO ThICAY HCITBITAHUH.

Ipumep 2. Vs xonons! kapt (36 xapT) Haynayy BEIHKMAIOTCA TPH KapThL.
Haiiti Be pOATHOCTD TOr'O, YTO CPeY HHX OKAXKETCs TOYHO OHH Ty3.

P e ure nue. [lonHas rpynna paBHOBEPOATHbIX H HECOBMECTHMBIX COOBITHIH
B Hauleil 3a71aye COCTOMT M3 BCEBO3MOXXHBIX KOMOHHALMIA 110 TPH KapThI, HX YHC-
no paBHo C3¢. UMcno 6narONpUATCTBYIOLMX COOBITMA MOXHO NOJCUMTATh
caefyionmM coco6oM. OMH Ty3 Mbl MOXeM Bb1OpaTh C 4 Pa3fMuHbIMK CIIOCO-
Gamu, a [OBe ApyrHe KapThl (He Ty3bl) MOXHO BbiGpath C3; pasnuuHbIMH
cnoco6amu. Tak Kak Oyist KaxAoro oIpefie/IeHHOro Ty3a [IB€ OCTajlbHble KapThl
MOryT 6bITh BbIGpaHb! C3, coco6aMu, TO Beero GIaroNpUATCTBYOUMX CIyyaeB
Gynet C} - C3,. MckoMas Be poATHOCTb, TaKMM 06pa3oM, paBHd

4  32-31
ch-ci, 1 1-2 3116 496
p= = = = ~0,2778,
C3e 36-35-34 35-3-17 1785
1-2-3

T.e. HeMHOTO Gonbuie 0,25,

IIpuwmep 3. U3 xononp! xapt (36 kapT) Hay/auyy BIHUMAKTCA TP K4pThL
Haii v BepoATHOCTB TOr0, YTO Cpeid HUX OKAXKETCA XOTSA OBl OIMH TY3.

Pe wrenue OB6OZHAUMM HHTepecylolllee HAC COObITHE GYKBOH A: OHO
MOXeT ObITb IIPE/ICTABIEHO B BUJIE CyMMbI TPEX CIEyHOHINX HECOBMECTHMBIX
COOBITHA: A, — NOABJIEHHE OJHOIO Ty3a, A, — MOABJIEHUA ABYX Ty30B, A3 —
MOABJIEHHS TpeX Ty30B.

PaccyxgeHMAMH, aHANTOTHYHBIMKM TeM, KOTOpblE Mbi NPHUBENH INpH pelleHHH
npedpIfyINEeH 3a0aud, JerKo YCT4HOBHTb, YTO UYHMCIIO CIlyudeB, Gnarompusr-
CTBYWOLLHX

cobbinio A, paBuo C}-C3,,
2 " 2 1
A, C4‘C32,

Y ” 3, Q
As Ci Ci,.
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Tak KaK yMclo BCEBO3IMOXHbBIX CJIYYaeB paBHO C%s , TO
cl-C?%, _ 16-31

P(Ay) = = ~0,2778,
A== 3
cicy 3-16
P(dy) =~ = ~ 00269,
c3l,  3-35-17
ci-C$ 1
P(4;) = —2" = ~ 0,0006.
Cle 3:35-17

B cunny TeopeMbl croxe HUA

109
P(A)=P(4,)+P(A4,)+P(4;3)= ;—-—1—1;)— ~ 0,3053.
ITOT MpUMEP MOXHO PELMTh H HHbIM MeTodoM. CobbiTue Z, IPOTHBOMOJIOX-
Hoe A, COCTOUT B TOM, YTO CpeIM BbIHYTbIX KAapT HE OKaXeTCs HU OHOro Ty3a.
OueBHIIHO, YTO TpPHU HETY3d MOXHO BBIHYTb U3 KOJOIbI KAPT C3, pasnuuHbiMM
CrocoBbaMM U, C1eJOBATEIIbHO,
_ Cc3, 32-31-30 31-8
P(4) = = = ~ 0,6947.
Cie 36-35-34 3-17-7

Mere i BepoATHOCTD paBHA
P(4)=1 - P(4)~ 0,3053.

MNpumevarnue. Boboux npumepax sblpaxenue ~Haymayy” O3HAYaNO, YTO
BCEBO3MOXXHbIE KOMGUHALMM 10 TPH KAPThl PABHOBEPOSTHbI.

I pnmep 4. PaccMOTpUM Teliepb NpUMep, KOTOPLIA LIMPOKO UCIIONb3YeTCA
IpH MPOBEPKE KAYecTBA MPUHMMAEMOR TMpOAYKUMH. B MaTeMATHUECKOM OTHO-
HIEHHWH OH B1M30K K IpumMepy 2.

B ypHe naxogutca N OIMHAKOBBIX MO pasMepy W BHeUIHeMYy By LUAPOB:
cpepnt HuX M Gesibix 1 N — M uepHpix. Haynauy BbimumawTtca n mapos (6e3
BO3BPAILEHUA B yPHY). UeMy pdBHA BEPOATHOCTb TOTO, YTO CPEM HUX OKaXeTCA
m Genpix?

W3 ycnoBua 3dJdu¥ ACHO, YTO Mbl NIpefIlosiaraeM BbITIOJIHEHUE HEPABEHCTB
m<nyu ms<M, atakxe - m<N - M

OOuwee ynucIo BCeX PABHOBCPOSATHBIX CIYU4EB, KAK JIEFKO IIOHATH, PABHO CIZ-.
Uncno 6aaronpusaTCTBYOWMX C/IyydeB NOACUMTAEM ClEMY IOLUM NnyTeM: pasiuy-

m
HbIX CMOCOGOB M3BJeub M Genbix wWapoB umeertcs Cpy, @ B ~ /M UYEPHBIX —
n-—m
Cy _ 3. Taxum 06pazom obuwee udcno GrarOMPUATHBIX PaBHOBO3MOXHBIX
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Tabnunua 2

Homep Uncno Uneno ! Homep Ysncno Yncno !
HCObITA- | KpacHeix | Gnaronp.| HYacrora I ucobiTa- | KpacHbix | Gnaromp.| YactoTa i
|
L)

HH# KapT cnyuaeB HU KapT cliyyaes i
i
1 38 0 0.00 51 9 13 0,25
2 9 1 0,50 52 8 13 0.25
3 11 1 0,33 53 7 13 0,25
4 9 2 0.50 54 9 14 0.26
5 11 2 0,40 55 7 i4 0.26
6, 8 2 0.33 56 9 15 0,27
7 1t 2 0.29 57 9 16 0,28
8 9 3 0.37 58 11 16 0.28
9 8 3 0.33 59 8 16 0.27
10 7 3 0.30 60 8 16 0,27
11 12 3 0.27 61 8 16 0.26
12 10 3 0.25 62 10 16 0,26
13 9 4 0.31 63 12 16 0,25
14 13 4 0.29 64 9 17 0,27
15 12 4 0.27 65 11 17 0,26
16 8 4 0.25 66 12 17 0.26
17 11 4 0.23 67 11 17 0.26
18 10 4 0.22 68 8 17 0.25
19 8 4 0.21 69 10 17 0.25
20 11 4 0.20 70 8 17 0.25
2 12 4 0.19 71 7 17 0.24
22 10 4 0.18 72 9 18 0.25
23 10 4 0.17 73 10 18 0.25
24 9 5 0.21 74 8 18 0,24
25 9 6 0.24 75. 11 18 0.24

m H—Im
anyuaeB paBHO Cpy - Cp _ yy - OTCIOA HCKOMAS BEPOATHOCTD

m n—m

Cyu Cn_m

M
Cy

p=

IMpuwmep 5. Konogy xapr, cocrosaiiyto H3 36 KapT, nay iavy pasfensioT Ha
JBe paBHble uacTH. UYeMy paBHa BEpOATHOCTb, UTO B OOEUX UYACTAX OKWKETCA
10 PAaBHOMY YU CJIY KPACHBIX M YEPHBIX KaPT.

BoipaxeHHe Haygauy” O3HaydeT, YTO BCEBO3MOXHbBIE PA3JeJIEHHS KOJOLbI
Ha [IB€ PABHBIE YaCTH PABHOBCPOSTHBI.

Peurenue Ham HyKHO HiITH BepPOATHOCTb TOroO, YTO Cpeli Hay/1dvyy Bbi-
HyThiX H3 Konoan! 18 xapr 9 GyayT kpacHbIMH M 9 — uepHbIMU. COriacHO npu-
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Homep Yucno Yucno Howmep Uncno Yucno

ucnbiTa- | KpacHeix | Gmaromp.| Yacrora MCIBITA- |  KPAaCHBIX 6naronp. | Yacrora

HUI Kapr cnyyaen HUH Kapr cny4aen
26 14 6 0,23 76 8 18 0,24
27 9 7 0.26 77 9 19 0.25
28 10 7 0,25 78 9 20 0,26
29 10 7 0.24 79 S 20 0.26
30 7 7 0,23 80 8 20 0.25
31 10 7 0.22 81 7 20 0,25
32 7 7 0.22 82 10 20 0,24
33 8 7 0.21 83 9 21 0,25
34 10 7 0,21 84 6 21 0,24
35 9 8 0,23 85 10 21 0,25
36 9 9 0.25 86 10 21 0,24
37 10 9 0,24 87 9 22 0.25
38 10 9 0.24 88 7 22 0,25
39 8 9 0,23 89 7 22 0,25
40 7 9 0.22 90 10 22 0,24
41 9 10 0.24 91 8 22 0,24
42 10 10 0,24 92 8 22 0,24
43 10 10 0.23 93 10 22 0.24
44 9 i1 0,25 94 8 22 0,23
45 8 11 0.24 95 11 22 0,23
46 7 11 0,24 96 9 23 0.24
47 12 Il 0,23 97 9 24 0,25
48 9 12 0,25 98 10 24 0.25
49 6 12 0,25 99 7 24 0,24
50 7 12 0,24 100 7 24 0,24

mepy 4 uckoman BEPOSATHOCTD paBH4, CJ1€/I0BATEIbHO,
9 9
Cis " Cis
18
Cis
(181?
361(91)*
Y106b1 CcOCTABUTL cebe NpeacTaBJICHUE O BEJIWYHHC ITOM BEPOATHOCTH H HpH
3TOM He NpOU3BOJONATH YTOMMTEJIbHBIX Bbl‘-lPICJleH}'l!:I, Mbl BOCIIOJIb3yeMCA CX)OPM}/-

noit CTHPIIMHTA, COrNIACHO KOTOPOH MMEeT MeCTO chelyiolllee aCHMIITOTHYUECKOE
PaBEHCTBO!

p:

' ~A2an n"e .

7. B.B. FHelleNK®
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Taxum 06pazom, umeem:
18! ~ 18'8¢718, /27 - 18,
9N ~9%°\2n-9,
361~ 36%° - ¢726y/27 - 36,

Y 3HAYHT,
b~ (V2 18- 1818 . ¢ 18)y*
V21363636 - e 3821997 - ¢79)?

ITocne HecnoxHBIX NpeoGpa30BABMA HAXOMM, YTO
2

X —— x — *(,26.
\V18n 15

EcTecTBeHHO BO3HMKaeT BONPOC: KaKOe OTHOIEHHEe MMEKT HaifleHHble Be-
POATHOCTH K peanbHbIM ABneHMAM? UToGBI HArNAMHO 3TO OIIYTHUTb, Ha OJHOH
U3 NeKUMMA Obl1 NPOBEACH TAKON 3KCNePHMEHT: CTyAEHTbI NIPHHECIH HECKOTBKO
KOO KapT no 36 KapT Kaxjas M 3aT€M CTO pa3 6bul0 NpOM3BeIeHo pasperne-
HHe KOO Haynauy Ha ABe paBHbie YacTH. B tabmune 2 npuBedeHbl pe3ybTaThl
3TOTO 3KclepuMeHTa. B nepBomM cronbue yKazaH HOMep MCHBITAHHMA, BO BTO-
POM — YHCIIO NIOABHUBIUMXCA B OOHON M3 NIOJYKOJION KPAaCHBIX KapT, B TPETbeM —
YHCJIO CNy4YaeB MeNIeHHA KPAcHBbIX M YePHBIX KapT NOTOJIaM Cped Yike MPOU3Be-
HeHHbIX MCTBbITAHUH M, HAKOHell, B YeTBEPTOM CTONOLE AaHbl 3HAYEHHUA YaCTOT.

NpuBoguMbLi Ha puc. 2 rpadyk HarIAJHO NpeACTaBIsAeT H3MEHEHNE YACTOThI
{/n B 3aBACHMMOCTH OT YA CJla MCTIbITaHU#. BHauane, Koroa wieno onplToB HEBeH-
KO, JIOMAaHAas JIMHHA NOpPOH 3HAaYNTeNbHO YKIIOHsAETCA OT NpaAMoil y = p ~ 0,26.

Puc. 2
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3aremM C yBejlHMyeHHEM uMCra OMBITOB JIoMaHas B' oOwweM Bce Giimxe U Gindxe
MOAXOJUT K 3TOH NpAMOH.
I1pume p 6. UMeroTca n yacTHL, KaxaaA U3 KOTOPbIX MOXET HAXOOHTbCSA

1
C OTHOM U TOM e BEpOATHOCTbIO -jV B Kaxgou u3 N(N > n) sueek. Haiitn

BEPOATHOCTb TOTO, YTO: 1) B ONpedeNieHHbIX M SUeHKaX OKaXKeTcsA IO OOHOH
YacTMLE, 2) B KAaKHX-TO 1 AYEHKAX OKAXETCA M0 OJHOHN YaCTHLE.

PeweH e OITa3agaua UrpaeT BaxKHYI0 poiib B COBPEMEHHOW CTAaTHUCTH-
yeckoN ¢u3MKe, H B 3aBUCHMOCTH OT TOro, Kak obpa3yeTcs MOJNHas rpymna
PABHOBEPOATHBIX COOBITMH, INPHXOAAT K TOM HNHM HHOH (HU3MUECKOH CTa-
TUcTHKe: bonbimana, boze—3JitHiuteina, Gepmu—JInpaka.

B cramictuke BosbiMaHa paBHOBepOATHBIMM CUMTAOTCA JI0GbIE MBICTHMbIE
pa3MeLLEeHUs, OTIIMYAIoUMecs He TOJNIbBKO YUCIIOM, HO M HHAWBHIIYAIbHOCTHIO
YacTHI: B K&XOOH sAuelKe MOXeT MoMelaThes oGoe uucno yactdy ot 0 mo n.

Obwee uMcI0 BO3MOXHBIX Pa3MEILEHUA Mbl MOLCYMTAEM CIEIyHLIMM CIIO-
cobOM : Kax/Jas yaCTHLIA MOXEeT HaXOOMThCA B KaXIO# U3 NV sueek, ClleoBaTellb-
HO, N Y4CTHIL MOXHO pa3MeTHTb N0 syedkaMm N pasjMuHbIMHM COCOGaMH.

B mepBom Bompoce uiciio GMaronpuATCTBYOIUMX ClyyaeB GyaeT, OYeBHIHO,
n! M, 3HAYUT, BEPOATHOCTb TOrO, YTO B ONpedeNieHHbIE N AYeeK MONa/eT Mo Of-
HOM YacTHLE, paBHa

n!
Nn
n
Bo BTOpOM BONpoCe uMCO GNaroNpUATCTBYIONMX CiyyaeB GyneT B Cp, pa3s

Oosibllle M, 3HAYUT, BEPOATHOCTb TOrO, YTO B KAaKHe-TO M AYeeK MONAfAET IO
ONHOH vacTHle, paBHA

P =

B C;:, nl N!

b T TN TN -

B cratuctuke Bose—3JHHIITHEHA CUMTAIOTCA TOXKIECTBEHHBIMU CIlyyaH, KOT-
Aa yacTHUb! MEHAITCA MECTaMHM MEXOy sAueiikamu (BaXHO TONBKO, CKOJIBKO
Y4CTHL TMONATO B AYEHKY, HO He MHOWBHIYAIBHOCTh MONABIIMX YACTHI(), M MOJI-
Has rpynna paBHOBEPOATHBIX COOBITHH COCTOMT U3 BCEBO3MOXHBIX pa3MeLleHUi
n yactil Mo N suediKam, NpHYeM 3a OOHO pa3MelLeHUe NpPUHMMAETCH LEeNbIi
Knacc GONbUMAHOBCKHX pa3MeLIeHHH, OTIHYAOIMXCA He UHCIAaMH COMepxKa-
LIMXCA B ONpPEACTICHHBIX AYeHKAaX Y4ACTHL, a TOJIBKO CAMUMM vyacTHLAMH. [ns
HarisaHOro MpelCT4dBICHHA O DP43UYMH CTAaTUCTMK bonbumana u Bose—3Jitn-
IITeAHA PACCMOTPUM Y4aCTHBIA Lipumep: N = 4, n = 2. BceBo3MoxHble pa3mele-
HHUsA B 9TOM IPAMEPE MOXKHO 3allMCaTh B BU/IE cieyoLiei Tabluupl, B KOTOpOi 4
M b — H4MMEHOB4HHMA yacTHL. B cratuctuxe BonblimaHa Bce 16 Bo3aMOXHOCTe
IpeACT4BIIAT cOBOH pasjvuHble PABHOBEPOATHBIE COOBITHA, B CTATUCTHKE Ke

bl
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Bo3e—JiHuiTedHa cyyan Su 11,61 12,71 13,8 u 14,91 15, 10 u 16 nonapuo
OTOXIECTBIIAOTCA H Mbl MMeeM rpynny u3 10 paBHOBEpPOATHBIX COOBITHH.

Ta6nuuna 3

T ; ] T
Crniyvuan 1 i 2 3 4 5 6 718 9 10§ 11 12 13| 14 15j16
ab a a a b b b
ab b a a a b b
AvyeAku
ab b b a a a b
ab b b b a a la

Briwicnum Temeph oQIUee 4YMCIO DAaBHOBEPOATHBIX CIIyyaeB B CTAaTHCTHKeE
boze—JuHmTedHa. C 3TOH Henbl0 3aMeTHM, YTO BCEBO3MO)XKHBIE Pa3MELICHUS
yacTUl MO AYeilKamM MbI MOXEM INOJIYUMTh CJIe[yIOIMM [yTeM: PacloIOXUM
AyedKH Ha MpAMOH BIUIOTHYI0O ApPYr K ApYyry, PacloloXHUM [ajiee pAIOM OJHY
BO3Jle OpYTOd Ha TOH ke MpPAMOH HALM yacTHHbl. PaCCMOTPHM Tenepb BCeBO3-
MOXHblE NEPECTAHOBKU YaCTUL H INeperopofok Mexay sueiikamu. Takum o6-
pa3oM, KakK JierkKo coo6pasuTbh, OYOyT YuTeHbl BCEBO3MOJHBIE 3allOJIHEHHS
AyeeK, OTIMYAIONMXCA KAaK NOpPAIKOM pACIOJIOKEHHA 4YacTHl B sAveiikax,
TaK U MOPAZKOM PACilONOKeHHA NEPEropoaoK.

Yucno 3TUX NMepecTaHOBOK paBHO (N + n — 1)!. Cpegu 3THX IIepecTaHOBOK
HMEWTCA M TOXIECTBEHHBIE: KaXJI0€ paclpefielieHHe MO sAYedKaM CUMTAeTCs
(N — 1)! pas, tak KaK Mb! pa3NHyaIM, KakHe MeperopofKu ObUIM Mexay
AyedKaMH, a KpoMe TOro, KaxJjoe pacipefesieHue 10 AuedKaMm Mbl CHOBA CUMTa-
7u 0o n! pas, TAK KaK Mbl YUHTHIBUIM He TOJIIbKO UMCIIO YACTHIL B siy€HKe, HO U
TO, KaKHe 3TO YaCTHUIBI U B KAKOM MOPAJKE OHHM paclosioxxeHbl. Takum obpa-
30M, Ka¥JI0e paclipefiefieHHe 10 syeidKam Mbl cuutand n! (N — 1) ! pas, otcrona
UKCITO PA3JIMYHBIX B CMbicile bose—JiHIITeHHA pa3sMelleHHH YacTHL, 10 syedKaM
PaBHO

(n+N—-1)!
n!(N-1)"

Taxum 06pasomM, WICIIO PABHOBEPOATHBIX COOBITHH B TOJIHOH CHCTEME COOBITUH
Ham HaddeHo. Teriepb Mbl J1eIKO MOX€M OTBETUTb Ha BOTIPOCHI HALLEH 3a[ayH.
B cratnctuke bose—JMHLITeiHA BE pOATHOCTH Py Y p, PaBHbI

N RV !
" aN-D (n+N - 1)
n'\(V - 1)
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n

Oy Ny
PPUe N D) (Vo) (Vtn— 1)
(N — 1!

PaccMoTtpum, Hakosen, cratMcTHKy ®epmu—[upaxa. CoriacHo JTOH cTa-
THCTUKE B fUeHKE MOXET HaXOIUTbCA MO0 O[IHA yacTHUA JIMGO He HaXOOUTCH
HM OHOW : HHIMBH OYaJIbHOCTb YaCTHL, YHHUTOXKAETCS.

O6luee uMCIO pas3nMyHbIX Pa3MELIEHMA YacTHL MO AYEHKaM B CTATHCTHKE
Gepmr—[lupaka NMOOCUATATh JIETKO: NEepBas yacTHLA MOXET OBITb pacrosioxe-
Ha N paanuuHbIME CriocoGamu, BTopas — Toiabko N — 1, Tpetsa — (N —2) n,
HakoHell, n-A — (N —n +1) pasnuubimMu  cnocobamu. Takum obpasom, n
yacTull Mo NV siueiikaM MOryT ObITb PAacIoJIO e Hbl

N!

(N — n).

Pas3UUHbIMH PaBHOBE POATHBIMYU CI1OCO0A VM.
Jlerko coo6pa3uth, yro B cratuctike @Pepmu—JlMpaka MCKOMbIE BEPOAT-
HOCTH paBHbI

N - n)!
N

b

Dy = 1.

PaccmoTpeHHbIH NpuMep MOKa3bIBAeT, HACKOIBKO BAXKHO TOYHO OINpPENENATh,
Kakue coObITHA CUMTAITCA B 3a[]au¢ PaBHOBE POSITHBIMU.

[Ipumep 7.Y TearpanbHol Kaccot CTOAT B ouepe 2n yenoBeK. Cpeu HUX
n YyeloBEeK HMEIT MOHETbI TOJIBKO pyO6neBOro HOCTOMHCTBA, 4 OCTAIbHbIE —
TOJIBKO MOHETBI No 50 xolleek. bumer cTouT 50 xomeek. Kaxapiit nokymnaresnb
NpHOOpeTaeT Mo OofHOMY OMleTy. B HayanbHBII MOMEHT B Kacce HET JeHer.
UeMmy paBHa BepOATHOCTb TOTO, YTO HU OOMH NOKynatenb He OymeT >kaaTh
caauy?

JTta 3aaya ABAETCA NepedOopMyIHPOBKON BOMPOCA, KOTOPbI BO3HAK IpH
U3yuyeHud MNpoGiieM YNPABIIEHMs KayeCTBOM IIDOJYKUMH B IpOLECCe MpOM3-
BOJCTRA.

BC€B03M0)KHI>I€ PacCTaHOBKH NOKYI1aTelled paBHOBE pOATHBI. Takum 06pasom
HMmeeTCA C2n BCEX BO3MOXHbBIX P4BHOBEPOATHBIX CiyudeB. JLis pasbICKaHWA
wMcna GNaronpHATCTBYIOUMX Cllyydes NpHOErHEM K CiieflyloilieMy TeOMETpH-
yeCKomy MpueMy. PaccMoTpuM MmnockocTs xOy M OOIYCTHM, YTO NOKYH4Tesu
B NOPsAAKE OYEPEIHOCTH PACIOJIATAITCA B TOYKAX OCH a6CLUCC ¢ KOO pAYHATAMHA
I, 2, ..., 2n. B Hayajie KOOPOMHAT pacnonoxeHa kacca. Ilpunumem xaxaomy
JHLY, ¥MelleMy pyOiH, 3HaueHMe +1, 4 MUMEWLIEMY MOJITHUHHUKH — 3H4Ye-
Hue —1. Bynem Temepe cymMMHpPOB4TH NMOCNEAOBATENBHO 3TH 3HAYEHUA ClleBa
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HanpaBoO U B Ka>IOW LieJIOUNCIIEHHOH TOYKe OTMeYaTh B BU/E OPIHHATHI MONY-
yeHHy1o cymmy (puc. 3). [lpunuiuem Hayany KOOpPHAMHAT OpPIMHATY, paBHyo 0.
CoeaMHHM KOHLbI OpPOMHAT JIOMaHOH H Ha30BeM ee TpaeKTopuel. SIcHO, yro oHa
Ha KOHLax oTpe3ka (0, 2n) ' umeeT OpAMHATHI, paBHble 0.

Kaxxgo#t TpaekTOpMH NMOCTaB/IEeHO B COOTBETCTBHE OMNpe/ejieHHOe Ppacnoso-
SKEHHE JIHLL ¢ py6nsaMHM M NONTUHHHKAaMH. MHTepecylomeMy Hac coObITHIO Gnaro-
NPUATCTBYKIT T€ U TOJIbKO T€ TPAEKTOPHH, KOTOPbIe He NMOAHUMAIOTCA HAL OCBIO
abcumcce.

Boluucnum Temepn obilee UMCIO TpPaeKTOpHH, NOCTHramIMX HIM Mepece-
KapnMx XoTa 6bl pa3 npAMy0 ¥ = |. JTH U TONBKO 3TH TpaeKTOpuH Onaro-
NpPUATCTBYIOT NPOTHBOMNOJIOXKHOMY COOBITHIO, KOTrJa XOTs Obl OJHOMY JIHIY

¥

\//\\
4 \(2n,2)

=/
x
2n,0)

1

Puc. 3

IPHAETCA OXUAATH ciayy. Jns dTOH Lienu NOCTPOUM HOBYIO, GUKTHBHY 0 TPAEK-
Topuio. Jlo NepBOro MOCTHXKEHHA NPAMOH ¥ = | OHa COBHA/IAET CO CTApOH, d OT
TOUKH [OCTHXEHHMA ITOM MPIAMOH OHa ABNAETCA 3€pPKATIbHBIM OTODOpaXieHHEM
CTapoif TPAEKTOPHH OTHOCHTENIbHO NMpsMOH ¥ = | (Ha puc. 3 — MyHKTHpHas
nomaHan). Kaxmana HoBasa TpaekTopus HaumHaercs B Touke (0, 0) M 3axkaHwm-
BaeTca B Touke (2n, 2). OT1cooga BhITEKaeT, YTO €AMHHMYHBIX [OIbEMOB OHa
umeeT Gonble, uem cnyckoB (MMeHHO: n + 1 mopbvem U n — 1 cnyck). OTciola
crieflyeT, 4TO BCEX HOBBIX TPAEKTOpHMH Oynet C;,,_l. 3HauMT MO COOBITHH

o n n-—-1
OnaronpHATCTByIOMX cOGBITHIO Halued 3ajaw, 6yger C,, — C,, 4 TeM

CaMbIM HCKOMas BEPOATHOCTb PaBHA
n-1

pzl_EZL_nl_ " :__1_
C;n n+1 n+1l

§ 4. F'eomMeTpryecKkHe BEpOATHOCTH

Euwle B caMOM Hauane pa3BUTHsA TEOPUH BepOATHOCTEH Obula 3ameueHa He-
HOCTATOUHOCTh “KJIACCHYECKOro” OINpefielIeHHsa BEPOATHOCTH, OCHOBAHHOrO Ha
PacCMOTPEHHH KOHEUHOH rpyMiibl paBHOBEPOATHBIX COOBITUH. Yike TOrna yact-
Hple TIPHMEDBI TIpUBENM K HEKOTOPOMY BHIIOM3MEHEHHIO 3TOro0 ONpeAe/NeHUs H
MOCTPOEHHIO MOHATUA BEPOATHOCTH TAKKE [IA CllyydeB, KOIAa MBICIHMO Becko-
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HEYHOE MHOXECTBO HCX0noB. IIpH 3ToM no-npexxHeMy OCHOBHYI0 DOJib MIpajiio
MOHATHE “paBHOBEPOATHOCTH” HEKOTOPBIX COOBITH.

OGuias 3ajgaya, KOTOpas CTaBWIACh M TNpHBEJIA K PacIpOCTPaHEHHI0 MIOHATHA
BEpOATHOCTH, MOXET GbITh CHOPMYTHPOBAHA CIIEAYIOLIMM CIIOCOBOM.

[Tycts umeeTcs1, HaMpUMep, HA IUIOCKOCTH HekoTopasa o6nacts G U B He# co-
HOepaHTcA Apyras obnacrb g ¢ KBaapHpyemoi rpaHuuert. B o6Gnacte G Hayaauy
OpocaeTcsa TOYKa M CIpAllMBaeTCA, YEMy paBHA BEPOATHOCTb TOrO, YIO TOYKA
nonager B o6nacte g. IIpn 3TOM BhIpaxkeHMio ’TouKa Opocaercs Haynayy B
o6nacTs G npHaaeTCa cNedyIoUMil CMBICT : GPOIIEHHas TOUKA MOXeT IONacTh
B M0y Touky obnactu G, BepOATHOCTb NOMACTh B KaKyI0-THGO YacTb O6BNacTH
G nponopuMoHAIbHA Mepe 3TOH uyacTd (IyidHe, IUTOUIA[Y H T.1.) M He 3aBHCHT OT
€€ pacIloNioXeHH A H GOPMBIL.

Takum 06pa3oM, IO ONpefesleHHI0, BEPOATHOCTb NoMNajaHus B oGNAacTh g
IIpH OpOCaHHM Haydauy TOUKH B o6nacts G paBHa
mes g

mes G

PaccMOTpHM HECKOJIBKO IPHME POB.

Mpumep 1. 3amaua o BcTpeue. MsanunaAd u B ycioBHIHCh
BCTPETHTLCS B ONpeNiesieHHOM MecTe mexaly 12 wacamu u vacom. Tlpuiuemumit
TIepBBIM XJET ApYroro B Teuenue 20 MMHYT, NOCIe Y4ero yXomMT. Uemy paBHa
BEPOATHOCTb BCTpeUM JHIL A M B, eciiH IPUXOM KaXHOr0 W3 HHX B TEueHHE
YKa3aHHOTO 4Yaca MOXKeT NpOM30KTH HayJayy ¥ MOMEHTBI IIPHXOfA He3a-
BHCHMBI *).

Pewenue O6GO3HAYM MOMEHTb NPUXOAA /Mua A uepe3 x W JHuA B
yepe3 y. A TOTo uyroGBl BCIPEYa MPOM30LLIA, HEOBXOMMMO U IOCTAaTOUHO,
4TO OBI

[x -y |<20.

Cranem H300paxaTbh X B y Kak [EKapTOBbI KOOPAMHATHI HA MUIOCKOCTH; B Ka-
YeCTBe eMMHMIBI MACILTaba BbIGEpEM MHHYTY. BeceBO3MOXHBIE McXOMBI H306pa-
3ATCA TOUKAMM KBaJpara Co CTOpoHaMH 60; GNaronpUATCIBYIOIIME BCTpeye —
pacrnosiokatcs B 3allITPHXOBAHHON o6nacTH (pHc. 4).

VICKOMas BepOATHOCTh paBHa **) OTHOLIEHHMIO IUIOLIAMHA 3aUTPUXOBaHHOM
Hryps! K IioLWagn BCero KBafpara:

60% —-40* 5

S rE

*) To ecTb MOMeHT NpHXoOa OHOTO JIMLA He BJIMACT HA MOMEHT [PHUXOMA JpPYroro.
TloHaTHe He3aBUCHMOCTH coBbITuHit By IeT nogpo6Ho paccMOTpeHO B § 9.

* % S
)B §9 Mbl yBHAHM, uto B CUNlYy HE3aBHCHMOCTH MOMEHTOB fIpuMxofda nHu 4 H B ge-
POATHOCTE TOTO, YTO MU0 A NPHOCT B MPOMEXYTOK OT X 0O X + /1, a nHuo B — B mpoMexy-
s

TOK OT y go Y +s§, paBsHa —66 "66, T.e. MPONOPUMOHANBHA [JIOHIANKM [IPAMOYTONBHUKA

co cropoHamu h u §.
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Hexotopble MmXeHepbI-UCC/leIOBaTeNIM NPUMEHSUIM 3a/iady O BCTpeye K pe-
UIeHUI0 Cclefylomled Mpo6iieMe OPTaHU3aLMU MpOM3BOACTBA. PaBowmi o6cmyxu-
BaeT HECKONbKO OJHOTHUIHBIX CTAHKOB, KaX[Ibii M3 KOTODBIX B Cly4aWHbIe
MOMEHTbI BpPEMEHH MOXeT loTpeGoBaTh BHMMaHUsA paboyero. MoxeT ClyunThbCs,
YyTO B TO Bpems, Korja paboudil 3aHAT Y OJHOTO CTaHKa, NOTpeGOBaioch €ro
BMELIATENCTRO Y ApYTUX CTAHKOB. TpeGyeTcst HaTH BEpOATHOCTD ITOTO COGBI-
THH, T.€., UHBIMU C/TIOBAMH, CPEIHIOI IUTHTENIbHOCTb OXMAAHWUA CTAHKOM pabo-
yero (MHaye rOBOPSA, IPOCTOH CTaHKA). 3aMeTHM, OJHAKO, YTO CXEMa 3aJauy O

y
60 g
X)) a,n
20 )
7 20 60 T ©,0 @0 g

Puc. 4 Puc. §

BCTpeYe M0 INIPUTOfHa JUIA. pellieHHs 3ITOro NpOM3BOACTBEHHOTO BOHpOCA,
TaKk KaK HUKaKOIo YCJIOBJIEHHOTO BpEMEHH, B TeYeHHe KOTOPOro CTaHKH 06s3a-
TeJIBHO TpeOywT K cebe BHUMaHUA pabouero, He CyleCTBYET, a JIMTENIbHOCTH
omepauuu paGoyero y CTaHKa He MOCTOSAHHBI. [lToMMMO 3TOM OCHOBHOM NpHYNHBI,
HY>KHO YKa3aTh Ha CJIOXHOCTb BbIYMCIIEHHH B 3a/laue O BCTpeye 1A Cliyyas 00mlb-
uioro yucna nul (CTaHKOB). A 3Ty 33[auy Hepe[KO HYXXHO peuaTts yisi 60iib-
LIOTO YMCNA CTAaHKOB (B TeKCTWIBHOM IIPOM3BO/ICTBE, HAPHMEP, HEKOTOpble
TKauM XH 6pai Ha OBCIYKUBAHHE MO HECKOJIBKO JIECATKOB CTaHKOB).
lpumep 2. KosdduimeHts! p ¥ g KBagpaTHOTO ypaBHEHHSA

x> +px+q=0

BbIOMpalwTCcA Haypmayy B npomexytke (0, 1). CnpammBaercs, yeMy paBHa Be-
POATHOCTH TOTO, YTO KOPHH OyIyT NeHCTBUTENbHBIMU YK CIIaMH?

YToObl KOPHM KBAagpaTHOTO YpaBHEHWs ObUIM IEHCTBUTEBHBIMH WACIAMH,
HeoGXOMMO M AOCTaTOYHO BBINOJNIHEHHE HEPaBeHCTBa p2 > 4¢. B mpAMOyromns-
HBIX JEKApTOBBIX KOOpAMHATax (pMC. 5) MHOXECTBO BCEX BO3MOXHBIX Nap
wicen (p, q) 3amaercsa Toukamm KBagparta ¢ Bepumuamu (0, 0), (0, 1), (1,1),
(1, 0). Touku e, GIATONPUATCTBYIOLIME HAlleMy COOBITHIO, JleXar Mojl Napa-

1 .
bonot q = sz. Takum 06pa3oM, COINACHO ONpeNeNieHHI0, HMCKOMas
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BEPOATHOCTb paBHA

12

—dp
S
1 12

3apgau, mofgo6HbIe TOJNBKO YTO PAaCCMOTPEHHOM, HAIUIM MHTEpECHbIE NpHMe-
HEHHUA B TEOPUH WICENl ¥ B PANE HAyUHBIX U TeXHHYE CKHX I pHMEHEHH.

Npumep 3. Hapagnokc beprpana. Teopua reoMeTpuyeckKux Be-
POATHOCTEH HEOJHOKPATHO IIOMIBEPrajach KPUTHKE 33 IPOM3BOIIBHOCTh OIpEIE-
JIEHUsI BepOATHOCTH coObiTHil. [IpH 3TOM aBTOpBI NMPHUXOAWIH K YGexmeHHIo,
yTO 1A GECKOHEUHOroO UYMCNla MCXOAOB Henb3s JaTh OOBbEKTHBHOTO, Ha 3aBHCAH-
1ero ot crnocoba pacyera, ONpefielIeHHsl BEPOATHOCTH. B KauecTBe 0COGEHHO
SIPKOTO BBIPAa3UTENA 3TOr0 CKEeNTHLUM3MAa MOXHO NPHBECTH ()PAHIy3CKOrO Ma-
Tematuka npouvioro Beka JKozeda beprpama. B cBoem kypce TeopuH Bepo-
ATHOCTEH OH NpHUBEN PAN %afady Ha reoMeTpHuecKHe BepOATHOCTH, B KOTOPbIX
pe3yJbTaT 3aBHCeNl OT MeToda pelleHHs. B kauecTBe ImpMmepa NpHBEIEM OJIHY
U3 33724, pacCMOTpPeHHbIX bepTpaHom.

Haymauy Gepercsi xopma B Kpyre. Uemy paBHa BepoATHOCTb TOTO, UTO €€
IUIMHA TIPEBOCXOOUT [UIHHY CTOPOHBI BIIMCAaHHOTO pPaBHOCTOPOHHErO Tpey-
ronpHuKa?

Pemwenune 1. [lo coobpaxkeHMAM CHMMETPHH MOXHO 3apaHee 3aJaTh
HampaBJieHde xopmpl. [IpoBemeM auamMerp, NMepneHAMKYJAPHBIA K 3TOMY Haml-
paBiieHuo. OUeBHIHO, YTO TOJBKO XOPHbl, MEPECEKANIUHE AMAMETP B Ipo-
MEXYTKE OT YeTBEPTH OO Tpex uYeTBepTedl ero IJIMHblL, OymyT IpPeBOCXOIMTDb
CTOPOHBI NpPaBWIBHOIO TpeyrorpHMKa. TakuMm 00pa3oM, HCKOMasi BEpPOAT-
HOCTb paBHa 1/2.

Pemenue 2. [lo coobpakeHHAM CHMMETPHM MOXHO 3apaHee 3aKpeNHuTh
OnMH M3 KOHIOB XOpIbl Ha OKPYXHOCTH. KacaTenbpHas K OKpYXHOCTH B 3TOU
TOYKE W JIBE CTOPOHBI IIPAaBWIBHOIO TPEYrOJIbHUKA C BEPLUMHOM B 3TOHM TOYKe
o6pa3syioT TpH yria no 60°. YCIOBHO 3afiayu G/IaronpHATCTBYIOT TONBKO XOp-
Mpl, MONANaoIMe B cpeqHuit yroil. TakuM o6Gpa3om, IpH 3TOM cnocobe BbIYHC-
JIEHUST KCKOMas BEpOSITHOCTb OKa3bIBaeTCA paBHOM 1/3.

Pewenune 3. UroOpl omnpemenuth IOJIOXKEHHE XOPMAbI, JOCTaTOYHO 3a[aTh
ee cepemuHy. UYToGbl Xopma YHOBJIETBOpsJIa YCJIOBHIO 3afaud, HEoOxomumo
yro0bl €€ CepeluHa HAaXOOWIach BHYTPH Kpyra, KOHUEHTPHUECKOIO IaHHOMY,
HO TMOJIOBMHHOTO pamuyca. [Inmomanp 3T0ro Kpyra paBHa OJHOM YETBEPTH ILIO-
A M JaHHOTO; TaKKM 06pa3oM, HCKOMas BepOATHOCTb paBHa 1/4.

‘Mbl [OTKHBL TeNeph BBIACHUTH, B YeM IIPUYHHA HEOJHO3HAYHOCTH pellleHusA
Hauled 3ajaud. JlexuT JM NpHYMHA B NPHHUMIMATBHOM HEBO3MOXHOCTH OIlpe-
OEUTh BePOSITHOCTb 1A ClIyuaeB OECKOHEYHOIO UYMCIa BO3MOXHBIX HCXOHOB
WIH Xe MPUYMHA JIEXKUT B TOM, YTO Mbl TIDHHSIM B Npolecce pelleHHs KaKue-
JTH0O0 HeJoIly CTUMbIE TIPeIIIOChUIKH.
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Ileno, Kak JIerko ycCMOTpeTbh, 3aKIIIOYAETCSL B TOM, YTO 3a DELICHHE OJIHOW
M TOH e 3aJayH, MONb3ysACh TeM, YTO B YCJIOBHMHM 3a/JaUH He ONpefiesIeHO Io-
HATHE TIPOBEJEHUA XOpAB!l Haydauy, BbIIAIOTCA PELUEHMs TpeX pa3lIMyHbIX 3a-
fJa4. B camoMm gene, B nepBOM pelIEHHH BIOAbL OJHOTO M3 JMaMeTpOB 3aCTaB-
JAIT KAaTUThCA KpYIJIbIH LWIMHAPHYECKHH crepxkeHb (pHc. 64a). MHOXecTBO
BCEX BO3MOXHBIX MECT OCTAHOBKH 3TOTrO CTEpXKHA €CTh MHOXECTBO TOYeK
oTpe3ka AB pnunbl, paBHOM Oxamerpy. PaBHOBEpOATHBIMHM CUMTAlOTCS COOBI-
THsI, COCTOSIUME B TOM, YTO OCTAHOBKA TPOM30HOET B MHTepBane JUIHHBI A,
rae 6b1 BHYTpU [HaMeTpa HM ObUI pacnoyioxkeH 3TOT OTpe30oK. Bo BTOpom pe-
LIEHHH CTePXEeHb, 33KPETUICHHbIR Ha ILIapHMpE, PACHOJIOXEHHOM B OIHOM W3
TOYEK OKpY>XHOCTH, 3aCTaBIIAOT COBepLIaTh KOJieGaHMa pa3mepoMm He Goree
180° (puc. 66). [lpu 3TOM MpemNIoNaraeTcs, YT0 OCTAHOBKaA CTEPXHA BHYTDPH
OyTH OKPYXXHOCTH IJIMHEI /1 3aBHCHT TOJIBKO OT IJIMHBI JYTH, HO HE OT €€ MOJIO-
xeHus. Takum 06pa3oM, paBHOBEPOATHBIMH COOBITUAMH CYUMTAITCA OCTAHOBKH
cTepXHsi B JIOObIX [OyraX OKpYXHOCTH OIMHAaKOBO# [UMHbl. Hecormacosan-
HOCTb OIIpeJIeNIEHHi BEPOATHOCTH B IEPBOM U BO BTOPOM pEILEHHSIX CTAHOBHTCS
COBepLIEHHO OYEBMIHOMN IIOC/E TAKOrO NpOCTOro pacyera. BeposrtHocTs TOTO,
YTO CTepXKeHb OCTAHOBHTCA B NMPOMEXYTKe OT A 10 X, COINIacHO NepBOMY pellie-

x
HMIO paBHa b— BepoATHOCTb TOTO, YTO MPOEKLMs TOUKU MepeceyeHtsl CTEPXKHS

C OKpY>XHOCTHIO BO BTOPOM DELICHHWH NONagaeT B TOT >XE€ HHTEpBaJl, KakK

<

a) 0) g)
Puc. 6

MOKAa3bIBAKOT INIEMEHTAPHO I'€¢ OMETPHUECCKHUE MMOACYETDI, paBHA

1 2x-D
1 — —arccos ———— npu x = D2
w D

1 D - 2x
—arccos ——— npu x < Dj2.
g D
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HakoHel, B TPeTheM pelleHMH Mpl OpocaeM Haygady TOYKY BHYTPb KpYra n
cmpaiuMBaeM cebsa O BepOATHOCTH MONMagaHWA BHYTPh HEKOTOPOTO MEHbILEro
KOHIIEHTPHYECKOro Kpyra (pHc. 6 ).
Pa3nuure MOCTAHOBOK 3afay BO BceX TpeX CIIyuyasX COBEPIUEHHO OYEBMIHO.
Mpumep 4. 3apava Bod dona. Inockocts pasrpadnena mapai-
eIbHBIMH TIPAMBIMHE, OTCTOAIMMHE PYT OT [PYTa Ha paccrosHMH 2. Ha moc-
KoCTh Haypauy *) 6pocaerca urima muub 2/ (I < a). Haiitn BepoaTHOCTD TOTO,
YTO MIJIa epeceueT KaKylo-HUOY b NPAMYIO.

a

2a %

Puc. 8

Pemenue. Obo3HayuMm uyepes x paccrosiHMe OT LEHTpA [I0 OnIKadiueH
MapaJuyleNid M yepe3 ¢—yroil, COCTABIIEHHbI HITIOH ¢ 3TOH mapaiensio. Bemu-
YHHBI X M ¢ TOJTHOCTHIO ONpeNieNIAT MOJOXKeH!e HIbl. BCceBO3MOXHbIe MOTIO-
JKeHWsA MITIbI ONpeNensATCcA TOYKAMM INPAMOYTrOJIBHMKA CO CTOPOHAMH 4 H 7.
W3 puc. 7 BHAHO, uTO IA NMEPECEYSHUS HITIbI C NMAapaUIebl0 HEOOXOOAUMO H
[OCTATOYHO, YTOOBI

x <lIsing.

UckoMas BepOATHOCTh B CHIY CHENIAHHBIX MpPEIIONIOKEHHH PAaBHA OTHOLICHWIO
IUTOLUAY 3aLITPUXOBAHHON Ha PUC. 8 0GNACTH K ILIOIIAH IPAMOYTOJIBHIKA

| 21
p=— [lsingdp=—".
an o an
3amernM, uto 3anava bBroddona ABNAeTCA UCXOOHBIM NMYHKTOM A pelue-
HHUA HEKOTOPBIX MpoOJieM TEOPHM CTpelbObl, YUHTHIBAKOIMUX Pa3Mephl CHapsama.
MIpuMmep 5. Ha ropusoHTanbHyl0 IUIOCKOCTb, pasrpaduieHHyio napai-
JIeNbHBIMM [IPSIMBIMK, OTCTOSIUMMHE OpPYr OT ApYra Ha pacCTOAHMH 24, Hay-

*

) Hon cnoBom “Haypauy” 3mech MopmpasyMeBaeTcsl CIEflyioLiee: BO-TIEPBBIX, LEHTp
WITIBI HAaynady mMajaeT Ha OTpe3OK MUIHHBI 24, NepNeHOMKYJIAPHBIH K IPOBeNeHHBIM Mps-
MBIM, BO-BTOPBIX, BEPOATHOCTL TOTO, YTO YFON g, COCTAaBJICHHBI! HIJION M MpPOBeEHHBIMK

NPSIMBIMH, GY[IET 3aKIIOUaTLCA MEXAY , M ¢, + Ay MpONOPUHOHANIEHA A M, B-TpeThHX,
BEJIMUMHEI X H ¢ HE3aBHCHMBI (cM. § 7).
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mauy*) ©GpolleH BBUIYKNbIH KOHTYD, IMaMeTp KOTOporo meHsiie 2a. Haiitu
BEpOATHOCTh TOrO, YTO KOHTYp Iepeceyer OOHy M3 MapaUIeNbHBIX NPAMBIX.

Peumre HHue. 1lonoXuM cHauana, YTO BBUIYKIIBIA KOHTYp ABAAETCA MHOIu-
YTOJILHUKOM C 1 cTopoHaMH.IlycTbero CTopoHsl NpoHyMepoBaHsl OT HOMepa 1
oo HoMepa n. Eciiu MHOroyroibHMK IepecekaeTcs ¢ Kako#-mub6o mapajinens-
HOH NpAMOMH, TO 3TO NepeceueHHe JOIDKHO ITPOM3OUTH IO KaKMM-THGO HBYM
cropoHaM. OG03HauMM uepe3 p;; = Pj; BEPOATHOCTb TOrO, YTO IepeceueHue
IpoM30#peT MO i-ii U j-# cropoHaM. OueBHUIHO, yTO cobbiTHe A, cocToslee B
TOM, YTO GpOINEHHBI# MHOTOYTONBHHK IlepeceyeT OFHY M3 MapajuleNibHBIX Ips-
MBIX, MOXeET ObITb Mpe/ICTABJIEHO B BHIE CIIe/IyIOWIEH CyMMsl IIONIapHO HECOB-
MECTHMBIX COBBITHH:

A=(A4,2 +A 3 +. . +A)+
+(A23 +A24 +.. -+A2n)+ s +(An—2,n—1 +An—2,n) +An—1,n,
rae uepes A;; (i<ji=1,2,...;j=1,2,...) obozHaueHo cobbiTHE, COC-

TOsilLee B TepeceueHHH C NMapajUIeNIbHOH MpAMOH i-# H j-H cTopoH, Ilo Teopeme
CIIOXEHMS BEpOATHOCTEH

p=P()=[P(A;,)+P(A13)+...+P(4;p)] +
+ [P(A23)+ .. -+P(A2n)] .. -+P(An—l,n)=
=P12+tP13t...tP1n) v (P23 *P2a ...t P2p) . D0

I[lonb3ysch PaBEHCTBOM p;j = Pj;, Mbl MOXET 3allUCATb BEPOATHOCTh P HHBIM
crrocobom:

1
p= 5[(1’12+P13+---+P1n)+(l’21 +past...+pay)t. ..

. +pn2+--v+pn,n~l)]-

n
Ho cymma 'E;p,-]-, rfe TONoXeHo p;; = 0, mpercTaBnseT cobod He YTO HHOE,
j=

KaK 5¢POATHOCTD TIEPECeYeHMA Fi CTOPOHBI MHOTOYTOMIBHHKA C UQHOM U3 mapai-
JIeTIBHBIX TpsAMbIX. Ecu miuHy i-H CTOpOHBI OBO3HauMTh uepe3 2/;,TO W3 3a-
maunt Brog¢ona Haxogum, uTo

"' 211'
._El b= ",

j na

*) B 3TOM npHMepe “Haymauy” 3HaudT, YTO MBI GepeM KaKOW-THOO OTPe30K, KECTKO
CBA3aHHBIA C KOHTypom, W GpocaeM ero “Hayaayy” B cMbIcCiie MpedblOyUlero Npumepa.
HeTpymHo nokasaTh, YyTo TakuMm 06pa3zom onpepelieHHOe MOHATHE He 3aBUCHT oT BEIGOpa
yKa3aHHOTrO OTpe3Ka.
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H, CJ1Ie10BATEIIBHO,

2ma

Ecnin 0603HauuTh yepe3 2§ IepHMeTp MHOTOYTOJIBHMKA, TO Mbl Haigem,
470

p=—-.
a
Mbl BHmMM, TakHM 06pa3oM, YTO BEpOATHOCTh P He 3aBHCHT HM OT YHCIIA
CTOpOH, HH OT BEJMYMHBI CTOPOH MHOIOyroipHuka. OTcCiofa Mbl 3aKIIIOUaeM,
4TO HaitgeHHasA GOopMyJia BepHa M I JII0OOro BBIIYKIJIOrO KOHTYpa, Tak KakK
MBI BCErfa MOXEM pacCMaTpHBaTh 3TOT MOCHEAHMH Kak Iipefell BBUIYKJIBIX
MHOTOYTOJIBHHKOB ¢ Ge3rpaHHyYHO BO3PACTAIOILIHM YHCIIOM CTOPOH.

§ 5. O craTHCTHYECKOii OlieHKe HEH3BECTHOH BepOSTHOCTH

Knaccuueckoe ompeneneHne BepOATHOCTH IIpH Iiepexofe OT IIPOCTEHIIMX
IPHMEPOB K PacCMOTPEHHMIO ‘CIIOXKHBIX 3a/1ay, B OCOOEHHOCTH K& 33/1ay ecTecT-
BEHHOHAYYHOTO WIH TEXHMYECKOTO XapaKTepa, HATAJIKHMBaeTCd Ha Hellpeoio-
JIMMble TPYIHOCTH NMPHHUMIMAIIBHOTO Nopsaka. Ilpexpe Bcero, B GONBLIMHCTBE
ClIyyaeB BO3HMKaeT BOIPOC O BO3MOXHOCTH HAaXOXJEHHA pa3yMHOrO CIOCO-
6a BolfeNeHMsA >’paBHOBO3MOXHBIX ciyyaeB”. Tak, HanlpuMep, U3 cooGpaxceHH#
CHMMETPHH, Ha KOTOPbIX OCHOBAHBI HAIK CYyXOEHHA O PaBHOBEPOSTHOCTH CO-
OBbITHIA, BLIBECTH BEpOATHOCTh paclafa aToMa paJMOaKTUBHOTO BEIIECTBA 32 OT-
peleNieHHbIH INPOMEXYTOK BPEMEHH, WIH )€ OIpefielIuTh BepOATHOCTH TOTO,
YTO pOoAMBLIMICA peGEHOK OKAaXETCA MANbYMKOM, TIPENICTaBIAETCA HEBO3MOX-
HBIM. B 3THX cliyuasax eme Ha 3ape BO3HMKHOBEHHA TEOpHH BepOATHOCTER
ObUT 3aMeueH MHOM CIOCOD NMpPHONMMXKEHHON OlEHKH HEHU3BeCTHOH BepOATHOC-
TH CJIYYaHHOTO COOBITHA.

HuTenbHble HAGIOOEHHsA HAj MOABJIEHHEM IWIH HENOABJIEHHEM cOObITHA A
NpH GOJIBIIOM YMCIIE HE3aBHCHMBIX HCIBITAHHWH, IPOM3BOJHMBIX MPH OJHOM H
TOM e KOMIUIeKce ycloBMi &, B pafle cJiyyaeB MOKa3bIBAIOT, YTO WMCIIO IMOSAB-
nieHud cobbiTHA A MOOUMHAETCA YCTOHYMBBIM 3aKOHOMEPHOCTAM. A MMEHHO,
€CiH Mbl Yepe3 W OOO3HAYMM YHMCIIO TOABJIEHMH cOObITHA A NpU 7 HE3ABHCH-
MBIX HCIBITAHHAX, TO OKA3bIBAETCA, YTO OTHOILIEHME M/n (YacTOTa COOBITHA
A) TnpH OOCTaTOYHO OOJBLMX 7 A GONBIIMHCTBA TAKMX CepHi HaGNofeHMH
COXpaHAeT NOYTH TIOCTOSHHYIO BeJIMYMHY. NpHYeM OOJiblMe OTKIIOHEHMA HaG-
JIIOMAITCA TeM pexe, YeM MHOTOUMCIICHHee ITpOM3Be[eHHble HCIbITaHUsA. Bo-
nlee TOTO, OKa3bIBAETCA, YTO MIA TeX CJIyyaeB, K KOTOPBIM IPUMEHHMO KIIACCH-
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YecKOe  OMNpefelieHHe BEpOATHOCTH, 3TO KOjeGaHHe YacTOThI 1POHCXOIMT
OKOJIO BEpOATHOCTH COObITHA p. MBI YBHIMM BNOCNIE[ICTBHMH, YTO 3TOT 3MIIH-
pHuecKuit paKT MMeeT 1yGokMe OCHOBaHMsa B Teopeme bepuymwm. To, uto npu
GOJIBILIOM UYMCIIE MCIBITAHMH YacTOTa COOBITMA OCTAaeTCA IOYTH IMOCTOSHHOM,
[)aeT HAM BO3MOJXHOCTb PaCILMPUTh KpYT ABJIEHMH, [iA KOTODBIX Mbl Bynmem
TOBOPHTH 00 HX BEpOATHOCTH.

[IpencraBum ceGe, YTO OTHOCHTENBHO COOBITHA A NMPHHUMIIMAALHO BO3MOX-
HO IIpOBe/ICHHE HEOrpaHWYEeHHOH MOC/IeJOBATEILHOCTH HE3aBUCHMbIX HpYT
OT [pYyra HMCIHBITAHHH B HeM3MEeHHBIX ycloBHax &. EciM B pesynbraTe gocra-
TOYHO MHOTOUYMCIIEHHBIX HaGliofieHMH 3aMeueHO, YTO YacTOTa cOObITHA A BeneT
ceGsl [NOCTATOUHO MPAaBHIBHO M IOYTH BCerja Koneblercs OKOJIO HEKOTOPOH,
BOOOIIE rOBOPS, HEU3BECTHOM, MIOCTOSHHOM, TO MbI CKaX€EM, YTO 3TO cOoDbITHE
HMeeT BepOATHOCTD.

3a yMcleHHOe 3HAYeHHEe 3TOH BEPOATHOCTH MOXET OBITh NPHOIHXKEHHO ITpH
GONBIIOM YMCIIe N HE3ABHCHMBIX MCIBITAHWH, IPOH3BOIALUMXCA B HEH3MEHHBIX
ycinoBHAX &, IPHHATA 4acTOTa COObITHA A.

OpHaKko HCIBITAHHA MO3BONAIT HAM [IEJIaTh 3aKIIIOYEHMsA H HHOIO Xapak-
tepa. IlpeacraBum ceGe, YTO HeKOTOpble COOGpaXEHMs [AIOT HAM OCHOBaHMe
CYMTATb, YTO BEPOATHOCTh HEKOTOporo cobbirua A paBHa p. Ilycts, nanee,
NpH M[pPOBEJEHHM HECKOJIIBKMX CepHH HE3aBMCHMBIX HMCIBITAHHH O0Ka3aiioch,
YTO YacTOTHI B MOJABIIAIOLIEM UYHCIIE CepHH 3HAUMTENIPHO OTKIIOHAWICA OT Be-
AHuMHBL p. ITO OGCTOATENHCIBO [jaeT HAM OCHOBAHME BbICKA3aTh COMHEHHe
OTHOCMTEJIBHO IPAaBWIBHOCTH HALIMX ANPUOPHBIX CYXJIEHMA M TpeIyIpMHATDH
Bornee AeTanbHOE HCCIEIUBAHME T€X MPeIOCHUIOK, U3 KOTOPBIX Mbl HCXOOWIH

”,5 )(Xx o x)(x
0,u825 X -
x
”a | IO WSV G o 1 i i U i
? 17 2 3 4 5§ 67 8 9 1m0 12
Puc. 9

B CBOMX alpHOPHBIX BbiBojaax. Tak, Halpumep, B OTHOLICHHH HEKOTODOM Mi-
panbHOH KOCTH MBI [ie/laeM MPE/NONIOKEHHA O ee reOMEeTPHYECKOH MpaBHiib-
HOCTH H O[IHOPOJHOCTH MAaTepHala, M3 KOTOPOro OHa M3roToBleHa. U3 3THX
NpefBapUTeNbHBIX NPEAJIOCHUIOK Mbl BIIpaBe CHENaTh BBIBOJ, 4TO MpH Gpoca-
HUM KOCTH BEpOATHOCTb BBINAancHHA HEKOTOPOH TIpaHH, HallpHMep, TPaHH C
HOMEpOM 5, TOTDkHa GbITh paBHA 1/6. EclM HEOHOKPATHbIE CEPHH [AOCTATOYHO
MHOTOUYMCIEHHBIX HclpITahui (6pocamuil) B HalleM NpHMEpPE CHCTEMATHYECKH
MOKa3bIBAIOT, YTO YaCTOTA MOSBIIEHUS 3TOH TIPaHH 3HAUMTENIBHO OTIIMYAETCH
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Tabnuua 4

Mecany 1 2 3 4 s 6 7
Beex 7280 6957 7883 - 7884 7892 7609 7585
Manpiukosn 3743 3550 4017 4173 4117 3944 3964
HeBoyek 3537 3407 3866 3711 3775 3665 3621
YacToTa poxaeHMA
OeBOYEK 0,486 0,489 0,490 0,471 0,478 0,482 0,462
Mecan 8 9 10 11 12 3aron
Bceex 7393 7203 6903 6552 7132 88273
ManpiukoB 3797 3712 3512 3392 3761 45682
HeBouek 3596 3491 3391 3160 3371 42591
YacroTa poxaeHHA
[EBOYEK 0,484 0,485 0,491 0,482 0,473 0,4825

oT 1/6, TO MBI YCOMHMMCS He B CYLIECTBOBaHMH ONpefielIeHHON BepOATHOCTH Bbl-
MajeHus ITOH TpaHH, a B HAUMX MpedNOChUIKAX O NMPAaBHUIIPHOCTH KOCTH HIM
B MPaBWILHOCTH OPTaHU3AIMH IPOLecca HAIMX UCTIBITAHMA (6pocanHmif) .

B KauecTBe WITIOCTpaUMH TMOYTH HOCTOSHCTBA YacTOT IpH GONBLIMX UMCIIaxX
UCOBITAHMH PAacCMOTPUM paclipefiefieHMe HOBOPOXOCHHBIX IO MOJIy 1O Mecs-
uaM. JlanHeie 3auMcTBOBaHb! U3 KHUTH I'. Kpamepa MaTteMaTHuecKHe METOMBI
CTATHCTHKM” H IpejcTaBisaoT coOOH oduIManbHBlC [aHHBIC HIBECKOH CTa-
THCTHKH 3a 1935 1.

Ha puc. 9 nokxasaHo yKJIOHEHMEe YacTOTBI POXIEHHH AEBOYEK IO MecslaM
OT YaCTOTHI POXKIAECHHUH IEBOYEK 32 TOf,

3aMeTHM, YTO B Cilyyae CTATUCTHYECKOTO ONpeJielIeHHS CHOBa MMEKWT MECTO
TaKHe CBOHCTBA BEPOATHOCTH:

1) BepOATHOCTb AOCTOBEPHOTO COOBITHS paBHA EAHHHIIE;

2) BepOATHOCTb HEBO3MOXHOTO COOBITHS PaBHA HYIIIO;

3) ecnu ciuyyaitHoe cobpitHe C ABNAETCA CyMMOH KOHEYHOTO UHCIIa HECOB-
MECTMMBIX COOBITHH A, A;,. .., A,, HMEOIHUX BEPOATHOCTb, TO €r0 BEepOsAT-
HOCTb CYIIECTBYET H paBHA CyMMe BEPOATHOCTEM CJIaraeéMbixX

P(O)=P(A1) +P(Ay) +...+P(4,).
B 3axioueHHH MbI AOJIXXKHBI OCTAHOBHTLCA Ha BECbMa pacnpocrpaHeHHoﬁ, B

OCODEHHOCTH Cpe[M €CTECTBOMCIbITATeNleH, KOHUEMIMH BEpOATHOCTH, JAaHHOH
P. Muzecom. CornacHo Mu3ecy pa3 yacToTa 1o Mepe YBEIMYEHHs YHCIIa OIIHITOB
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BCE MEHblIE M MEHbllle YKIOHAETCA OT BEpOSTHOCTH p,TO B Npefelie NOMXHO
GBITD
p = lim B .
n—+e n

JTO paBeHCTBO Mu3ec IpewlaraeT CYMTAaTh OINpefelieHHeM IOHATHS BepOsAT-
HocTH. [lo ero MHeHmio, 1I00O€ aNpHOPHOE OINpepeneHHe OGpeueHO Ha Heypauy
H JMIIb JIAHHOE MM 3MIIMpHYeCKOe ONperdesieHHe CIoCOGHO 06GeCTe nTh HHTEpe-
Cbl €CTECTBO3HAHMA, MATEMATHKH W ¢unocodum, npuueM pa3 KIIacCHYecKoOe
onpe[ejieHHe HMeEET JIMLIb BECbMa OrpaHMUeHHOE NpMMeHeHMe, a CTaTHCTHYeC-
KO¢ OIIpeZieicHHe NIPHMEHMMO KO BCEM MMEINMM HayuHbIH MHTEpEC CIIyyasmM,
TO_KJIaCCHYECKOe OIpeieNicHHe Yepe3 PABHOBO3MOXHOCTb, OCHOBaHHYI0 Ha CHM-
MeTpuH, Musec mnpemiaraer BoBce OTGpocHTh. Bonee Toro, Muazec cuMTaeTr
BOOOIIE HEHYXHBIM BBIACHEHHE CTPYKTYDbl ABIEHMH, IUIA KOTOPHIX BEpOAT-
HOCTH SIBJIsETCA OGbeKTUBHOM YMCIIOBOM XapaKTepHCTHKOI, 1 HEro JOCTaTOY~
HO HaJIMUMA IMIIUPHYECKOHN YCTOHUMBOCTH YaCTOTHI.

Msb1 He Oydgem OCTaHABIMBATLCA Ha [eTalnAX TeopMu MHM3eca, B YaCTHOCTH,
Ha TeX OrpaHHYeHHsAX H YCIIOBHAX, KOTOPbIE OH HOMOHMTEIBHO HAKIIAhIBaeT
Ha TOCJIeOBATENIBHOCTh MCIBITAHKMHA. 3a NOAPOGHOCTAMM TEOPHM MBI OTOILILTEM
YHTATeNIA K €ro KHure ”BepOoATHOCTb M cTaTHCTHKA™. B TO Xe Bpems ero mosno-
XEHHs He ObUM Ge30rOBOPOYHO NpPUHATHI HaykoW, KpHTHueckHe 3aMevanvs B
Pa3sBepPHYTOM BHIE H3TI0XeHbI B cTaThe A.f, Xunuuna *) .

B koHuenuuu Mmuseca BepOATHOCTh TepseT CBOM XapaKTep OGbeKTHBHOM
YHCJIOBOH XApPAaKTEPHCTHKH HEKOTOPBIX PeabHBIX ABJIEHWH. JlelicTBHTENBHO,
OO TpOM3BOACTBA GECKOHEYHOrO YMCIIA MCIBITaHMI Hellb3s Jake FOBOPHUTB IO
BEPOATHOCTb TOr0 WM HMHOTO COOBITHSA, 2 MOCKONBKY 3TOrO HENb3A OCYLIECT-
BHUThb, TO H BOOGLIE MBI JIMILIEHbI BO3MOXXHOCTH B KaKHX-IHGO YCIIOBHAX HCIIONB-
30BaTh TeOPHIO BepOATHOCTH. ClefyeT 3aMeTUTh NIPH 3TOM, 4TO, Tpebys OT vac-
TOT CXOAMMOCTH K BEPOATHOCTe, MH3ec BBICTaBIAeT Takoe TpeGoBahue, Ka-
KOTO He NpeIbABIAIOT HA B OJHON OGJIACTH €CTeCTBO3HaHMA. Benn B camMoM fie-
Jie. HAKTO M3 Hac He OTKaXeTCd OT NMOHATHA TeMIIepaTyphl TOJIBKO NOTOMY,
YTO MBI HE MOXEM IIPOM3BECTH GECKOHEYHOTO YMCIIa H3MEDEHMH M He MOXeM
IIPOBEPHTh, OymyT NM pe3yNbTAaThl 3THX H3MEPEHHWH CTPEMMTBbCA K Ipereny,
ecH ObI MBI HX BCE )K€ CTAJIH NPOM3BOAMTH. MM He CTaHEM e Mbl TOBODHUTb,
YTO KaKOH-TMGO NpegMeT He MMeeT pasMepoB TOJIBKO NOTOMY, YTO NOCIIeJOoBa-
TEIBHOCTh HAIIMX M3MepeHHH He CTpeMHTICA K mpepeny. bonee Ttoro, ciemys
3a Muzecom, MsI BOOGllle He MOXXEM TOBODHTb O TeMIlepaType Tella WIH O Cy-
WIeCTBOBAHMH DPa3MepoB INpeaMeTa OO TeX NOp, NOKA HE MOABHUTCA MBICIIA-
Wit CyOveKT, He HauyHeT NPOM3BOIMTb M3MEPEHHA M He ybemurcs B TOM, YTO
HX pe3yJIbTaThl CTPEMATCA K Npenemny.

*) YacrotHas teopusa P. Museca ¥ coBpeMeHHBIE MfleH TEODHH BeposTHocTe#//Borpo-
cul punocoduu. — 1961. — Bem. 1. — C. 91-102; Bemm. 2. — C. 77-89.
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B HcropHueckoM ovepke, MOMEMIEHHOM B KOHIIE KHHIH, OTMEYEHO, UTO KaK
KJIaCCHUECKOe OIlpefieliecHHe BepOATHOCTH, TAK M CTATHCTHYECKOE ObUIM BIep-
BbIe YeTKO cpopmynupoBaHs! . bepHymmu

§ 6. AkcHOMaTHUeCKOE IIOCTPOCHHE Teo PHH BEPOATHOCTEIH

Jlo HepmaBHero BpeMEHH TeOpHs BEpOATHOCTeH IpelcTaBllala coBOH elue
He CJIOXMBINYIOCH MATEMATHUECKYI HayKy, B KOTOPOH OCHOBHbIE NOHATHSA
ObUIH HEe[I0CTATOUYHO YeTKO OIpeneTeHbl. ITa HEUETKOCTh INPHBOOWIA HepeaKo
K MapajiOK CAIbHBIM BbBOJAM (BCIOMHMM Mapafokcel Beprpana). EcrectBen-
HO, YTO MPWIOJKEHHsI TeOPHH BepPOATHOCTE K HM3yuYeHHIO SIBJIEHMH ITPHPOIIBI
6bUIH 1260 OGOCHOBAHBI M BCTPEUATH MOPOil PE3Kyio H 0GOCHOBAHHYIO KpH-
THKY.. HyXHO cka3aTh, 4TO 3TH OGCTOATENBCTBA MaJI0 CMYLIAIH €CTECTBOMC-
IbITaTeNed M MX HAMBHBIA TEOPETHKOBEPOATHOCTHBIA MOAXOM, B Pa3iIHUYHbIX
ofmacTAX HayKH NpPUBOIWI K KPYNHBIM ycnexaM. Pa3BHTHe ecTecTBO3HaHMsA
B Hayale TeKYIUEro CIOJeTHS INpeabABHIIO K TEOPHH BEPOATHOCTEH MOBBI-
IIeHHble TpeOOBaHNsA. Bo3HHKIIA HEOGXOOMMOCT B CHCTEMAaTHYECKOM H3YUeHUH
OCHOBHBIX TOHATHH TEOPHH BEPOATHOCTE H BBIACHEHNHM TeX YCIOBMH, IDH
KOTOPbIX BO3MOJXXHO HCIOJIb30BaHHe ee pe3ylbpTaToB. Bor mouemMy ocobeHHO
BaXKHO€ 3HaueHHe NpHOOpeno GOPMATBHO-IOTHUECKOE OOOCHOBAaHHE TEOPHH
BEpOATHOCTEH, ee aKCHOMaTHuUecKoe NnocTpoeHHe. IIpu 3TOM B OCHOBY TeOpHH
BEPOATHOCTEH KAaK MATeMAaTHYEeCKOW HAyKH [OJIXHBI ObITh IOJIOXKEHBI HEKO-
TOpble MpPemNOChUIKH, sSBNAILUMecs OOOOLIEHNEM MHOTOBEKOBOIO YEIOBe-
4yecKoro ompira, JapHeiilee e ee pasBHTHE JOJIXKHO CTPOMTHCH NMOCPEACTBOM
OeSyKUUH M3 3THX OCHOBHBIX II0JIOXKeHHHM Oe3 oOpailleHMs K HArJIAOHBIM Ipef-
CTaBNeHWAM, K BBIBOAAM “COrJIACHO 3ApaBOMYy CMBICTY”’. MHBIMM CJIOBamH,
TeOpHs BePOATHOCTEH JIONKHA CTPOMTBHCA M3 aKCHOM TaK e, Kak nibas chop-
MHpPOBABIIAsICA MAaTeMaTHYeCKad HayKa — T[EOMeTpHs, TeOpeTHuecKas Me-
XaHMKa, abCTpaK THAsA TEOPHA rPyN M T.%.

BnepBsie Takaa TOouka 3peHMs ObUia BbICKA3aHAa M pa3Bura B 1917 r. coBet-
ckuM Marematukom C.H. Bepuiureitnom. TIpu stom C.H. Bephiureits ucxomus
M3 KAaYeCTBEHHOIO CpaBHEHMA CTy4aHHBIX COOBITUH no MX GONbIUed WIM MeHb-
1IeH RePOATHOCTH.

Hmeercsa nHoil nogxon, npeamoxxenHslit A.H. Konmoropossim. 3toT mopxop,
TECHO CBA3BIBAECT TEOPHI0 BEPOATHOCTEH C COBPEMEHHOH METPHUECKOH TeopHeit
dyHKUuMH, a TaKke Teopued MuOXecTB. Hacrosinas xHMra orepyer nyTH, mpef-
J105ke HHOMY KOIMOT0 pOBBIM.

Mbl yBHIMM, YTO aKCHOMAaTHuYeCKOe IOCTPOeHHe OCHOB TEOPHHM BepOSATHOC-
TeH OTMPABJIAETCA OT OCHOBHBIX CBOHCTB BEPOATHOCTH, NIOIMEUEHHBIX HA ITpHMe-
'pax KIacCHM4YeCKOTO M CTaTHCTHYECKOTO OInpefesleHHid. AKCHMOMaTHUeCKOe OIl-
pedelieHHe BEPOATHOCTH, TAKMM 00pa3oM, Kak uacTHble (JIyyaH BKITIOU3ET B
cebA H KaccHueckoe M CTaTHCTHYECKOe OIpefiefIeHHs Y IpeofoJieBaeT HeMloCTa-
TOYHOCTh Kaxaoro M3 Hux. Ha s1o#t Gaze ymanoce mocrpodTh JIOTHUECKH cO-
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BepILEHHOE 3[IaHHEe COBPEMEHHON TEODHH BEPOATHOCTEH M B TO K€ BpeMsA yIOB-
JIETBOPUTH NOBBLILIEHHbIE TpeGOBaHMA K HeH COBPEMEHHOTO €CTECTBO3HAHMA.

OTnpaBHBIM IMYHKTOM aKCHOMATHKH KONMOropoBa sABJsiETCH MHOXeCTBO
§) , MeMeHTHl KOTOPOrO Ha3bIBAOTCH 1eMeHTapHbimu coObitusmu. Hapany
¢ §) paccMaTpHBAEeTCA MHOXECTBO U NOAMHOXECTB JIEMEHTAapHBIX COOGBITHIA.

MHoxecTBO Ha3pIBaeTCA a12e0poil MHOXeCT8, €CIH BBIIOJIHEHBI CIIedylo-
e TpebOBaHKA:
1) Qe T, o€ T (¢ — nycroe MHOXKeCTBO) ;

2) us toro,uto 4 € U cnenyer, yro 1ak xe A € 3 ;
3) u3 roro,ur0 4 € S uB€ § aenyer, uro
AUBET, ANBET
EctH  [ONONHMTIENBHO K IEPEYHCIIEHHBIM BBUIONHAETCA elle Cleaylomiee

TpeboBaHue
4) u3 roro,yro 4, € ] (npun=1,2,...) BBITEKaeT, 4TO

UA4,€F, N4, €T
n n

TO MHOXECTBO & Ha3biBAeTCH 0-d12e6poii. INeMeHTbI & wassmalorca cay-
YaiiHbIMU CODbITUAMU.

Tlon onepauusamu Haj OIy4aWHBIMH COOBITHAMH NOHHMAIOTCS OINECpalUH
Hall COOTBETCTBYIOLIMMH MHOXECTBAMH. B pe3ynbrare MOXHO COCTABHTb CJIO-
Baph NMEpeBOJOB C s3bIKA TEOPMH MHOXECTB Ha S3bIK TEOPHH BepOSTHOCTEH,
[IPMBOMMBIA HAMH B Tabl. 5

TaGnuua §

TepMunbl
OGo3HAYeHHA
TEOPHH MHOXECTB TEOPHH BEPOATHOCTEH
2 MHoXeCTBO, NPOCTPAHCTBO TIpocTpaHCTBO 3NeMEHTapHEIX
coOBITHH, JOCTOBEpHOE COBGBITHE

w JneMeHT MHOXeCTBa JnemeHTapHOe cOOBITHE
A, B HNoomHoxectso A4, B CnyuaiiHoe cobeiTe A, B
A+B=4UB O6bemuHeHue (CymMma) MHO- CyMMa CnydyalHeIX coObITHH A B B

*ects AuB
AB=ANB IepeceueHne MHOXecTB A H B IpousBeneHue cobuiTHit A u B
A JlononHenue MHOXecTBa A Co6bITHE, MPOTHBOINOJIOXKHOE INA A
A\B Pa3HocTe MHOXeCTB A ¥ B PasznocTs cobritit A u B
¢ TlycToe MHOXeCTBO HeBo3MoxHOe coGrITHE
AB=ANB=¢ MnoxecrBa A u B He nepecexaloT- Cobuitus A 0 B HeCOBMECTHMEI

ca (He UMeIOT O61IMX 3]TeMEHTOB)
A=B MuoxecrBa A 1 B paBHbI CobbiTA A ¥ B paBHOCHITBHbI
ACB A ecTs NOEMHOXeCTBO B CobritHe A BieyeT coOnite B




§ 6. AKCHOMATHYeCKOe NOCTpOeHUe TEOPHH 51

Teneps Mbl MOXeM nepeHT™ K GOPMYIUPOBKE aKCHOM, ONpEeAETAIOMMX
BEpOATHOCTA.

Axcuoma 1. Kawxdomy cayuaiinomy cobbituio A nocraeneno 8 coor-

gercreue Heotpuyarensvhoe yucao P (A), KazbleaeMoe €20 8ePOATHOCTDIO.
Axcunoma 2.P(Q) =1.

Axcunoma 3(axkcuoma cnoxeHHa).Ecau cobeirus Ay, A,, . ..
.., A, nonapro necoemecrumsl, TO

P(A,+A,+...+tA4,) =P(A4,) +P(4,) +...+P(4,).
HJ’IH KJIaCCHYECKOro onpenenerma BepOHTHOCTH CBOﬁCTBa, Bblpa)KeHHble

akchoMaMu 2 M 3, He HY>XHO ObUIO NOCTYJIHPOBaTh, TAK KAaK 3TH CBOHWCTBA
BEPOATHOCTH OBbUIM HaMH JIOKa3aHbl.

N3 cdopMynnpoBaHHBIX aKCHOM Mbl BBIBEEM HECKOJIBKO Ba)XKHBIX JIeMEH-
TapHBIX CIEICTBUM.

Hpe)x,ue BCEro, 3 OYeBHIHOTO PpaBCHCTBA
Q=¢+Q

H aKCHOMbI 3 Mbl 3aKJIYacMm, 4TO
P(Q) = P(¢) + P().

Takum obpazom,

1. BepoATHOCTh HEBO3MOKHOTO COOBITHA PaBHA HYIIO.
2. g moboro cobpitua A

PA)=1—P4). Y

3. KaxoBo 6b1 Hu GbUI0 C1yyaltHOe coObITHE A,
0<PM)<I.

4. Ectu co6piTie A BeyeT 3a coGo# cobbiTHE B, TO
P(4) < P(B).

5.Ilyctb A u B — pBa mpou3BosibHBIX coObiTHA. [locKOIBKY B cymMmax
A+B=A+ (B - AB) n B = AB + (B — AB) ciaraemble sABJIAIOTCA HECOB-
MECTMMBIMH COOBITHAMM, TO B COOTBETCTBUHU C aKCHOMOM 3

P(4 +B)=P(4) + P(B — AB); P(B)=P(4B)+P(B — AB).

O1ciofa BbITEKaeT TeOpema CHOXEHHA mIA MpOU3BOJIbHBIX cOoOGbITHA A u B
P(A +B) =P(4) + P(B) — P(4B).
B cuny Heotpunartenssoctu P (4B) oTciofa 3aKiiouaem, 4to

P(4 + B) < P(A) +P(B).

*) PopMyMPOBKA 3TOTO npeiJIoKEHHA HMeeTcs B TpakTate . beprynnu.
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ITo HHOYKIHK Teneps BHIBOAHUM, UTO ecnu 4, Az, . . ., A, — NPOU3BOJIbHBIE
coOpITHA, TO KMeeT MECTO HePaBEHCTBO

P{A +A,+...¥A4,) <P,;)+P(4;)+...+P(4,).

Cucrema axcuom KoimMoropoBa uenpoTu8opeyusa, TaKk KaK CyleCTBYIOT
peanbHble OOBbEKThI, KOTOPblE BCEM 3THM aKCMOMaM yfoBieTBopsior. Hanpu-
Mep, €M 33 {) NPHUHATH MPOMIBOJIBHOE KOHEYHOE MHOXECTBO 'C KOHEUHBIM
YHCIIOM WTeMeHTOB 2 = {ay,dz,...,a,},32 O — COBOKYIHOCTb BCEX IOJ-
mHoxectB {a; ,4;,, ..., 4;} ,0<ip <iy <...<iy<n,0<:s<n, 10 NO-
noxauB P(a;) = py, P(@2) = pz,... P(an) =pn, tR€ Py, P2, - .., Py — IPO-
H3BOJIbHBbIE HEOTpUUATENbHbIE UYULIIA, YIOBJIETBOPAIONMEe PaBEHCTBY py + P2 + ...
wtpp=1,a P(a,-‘ s @iy - v e s a,-_v) =Ppi, t...1p; , Mbl yIOBJIETBODHM BCEM
ak cuoMam Koyimoroposa.

Cucrema axcuoM KosiMOropoBa uenonna: paxe Ui OOHOTO M TOTO e
MHOXecTBa {2 BepOSATHOCTH B MHOXECTBE MbI MOJXXEM BBIOHPaTh paxiivy-
HBIMH CITOCO6aMH.

Tak, B paccCMOTpPEHHOM HaMH IIpUMEDE C HUTPATBHOM KOCTBIO MbI MOXEM
TIOJIO KM Th WIH

P(E1)=P(E2)=...=P(Es)=1/6 (&)
HIH

P(Ey) =P(E2)=P(E;)=1/4,

P(Es)=P(Es)=P(Es) = 1/12 )
H 1.1,

HemoMHOTa CHCTEMBI AKCHOM TEOPHM BepOATHOCTEH He sBIACTICA CBH[E-
TeJILCTBOM HMX HEYJAayHOro BbpIGOpa WIHM HEJOCTATOYHOH paGOTbI MBICTHM IIpH
HX CO3JaHMH, a BbI3BaHA CYUICCTBOM Jiejla: B PayIMUHBIX 33/1a4aX MOTYT BCTpe-
TUTbCHA ABJIEHMA, MPH H3YUEHHH KOTODPBIX TpeOyeTcA paccMaTpUBaTh OJHMHa-
KOBbIE MHOXECTBA CIYYyaiHbIX COGBITHH, HO C pPaxTHYHbIMH BEPOSTHOCTSIMH.
Hanpumep, MOryT BCTPeTHTbCA MIpalbHble KOCTH, H3 KOTOPBIX OZIHA IPaBHIIb-
Hasg (TOuHbI KyG ¢ OJMHAKOBOHM IUIOTHOCTBI0O B KaXKIOH TOuKe), Apyras He-
NpaBWIbHas. B mepBoM Cllyuae cHcTeMa BEpPOATHOCTEM OyMeT 3ajjaHa CHCTEMOM
paBenctB (1), a Bo BTOpOM, cKaxeM, CHCTeMO#H (2) .

HaripHeliluee pasBUTHE TEOPHH HYXJaercsa B JONOJIHMTEIBHOM IIpeAnosio-
KeHHH, KOTOpOe HOCHT Ha3BaHME pacluupenHol axcuombl caoxerus. Heob-
XOIOMMOCTb BBEJCHHS HOBOH aKCHOMBI OGBSCHAETCA TeM, YTO B TEOPHH .Be-
POATHOCTEH IMOCTOSIHHO IIPUXOJMTCH PacCMarpHBaTh COODBITHSA, TOIpPa3eN gio-
mMecs: Ha GeCKOHEYHOe YN CIIO YacTHBIX C1yyaeB.

PacwHpeHHas AaKcCHOMa cnoXeHHsA Ecau cobwitue A pag-
HOCUALHO HACTYNACHUIO XOTA Obl OOHO20 U3 NONAPHO HECOBMECTUMbBIX COObITUI .
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A,Az, ..., Ap, ..., TO
P(A)=PA,)+PA)+...+PA)+. ..

3aMeTHM, 4YTO pacClMpeHHas aKCHOMa CJIOXEeHHMs MOXET ObITh 3aMeHeHa
PaBHOCWIBHOH el aKCUOMOIL HENPEPBIGHOCTU.

AxcHoMa HenpepbBHOCTH. Ecau nocredosarenvHocts cobbl-
Tui By, B, . .., By, ... Taxoea, uto xaxodoe nocaedyioujee gaeuer 3a coboi
npedsiOywee u npousgederue acex cobviruil B, ects HesoamoxHoe cobbiTue, TO

P(B,)~>0 npu n—e,

JokaxeM 3KBHBATEHTHOCTh TOJNBLKO UTO C(hOPMYITHPOBAHHBIX MTPEIOKEHHH.
1. H3 pacumpeHHOH aKCHOMbI CIIOXKEHMA CIEAYET aKCHOMA HellpePhIBHOCTH.
JehcrBHTeNBHO, My cTh cOObITHA By, By, ..., B,, ... TAKOBBI, YTO

B DB, D...DB,D ...
M IIpH J11060M n = 1
I By =9. €)

k2n
OueBHAHO, UTO
Bn= E BkBk+1 + H Bk.
k=n k=n

Tak kak coGbITHA, CTOANLME B 3TOH CyMMe, NIOMApHO HECOBMECTHMBI, TO COI-
JIACHO PACLLM PEHHOH aKCHOME CITOKEHH s

P(Bn)= Z P(BiBi+1)+P( II By).
k=n k=n

Ho B cunmy ycnosus (3)

P( I1 Bk):: 0,

k=n

N03TOMY

P(B,,)=k 2 P(ByBy 1),

=n

1.¢. P (B,) €CTh OCTATOK CXOAAILETOCA PAA/ia

3

=
M

A P(BkEk +1)=P(By).

ITostomy P(B,) >0 npu n oo,
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2. VI3 akcHOMbl HeNmpepbIBHOCTH CJIe/lyeT pacIMpPeHHas aKCHOMaA CJIO)KEHHMA.
Ilyctb cobbitn Ay, Az,..., Ay, . . . NONAPHO HECOBMECTHMbI K

A=A, +tA, +.. . +tA4,+...

Tonoxamm

flcho, wro B,,; C B,. Ecin cobbitHe B,, HACTYIIMIO, TO HACTYNHIO KaKoe-
HHUOY b U3 coBbITHR A; (I 2 n ) M, 3HAUMT, B CWITY NONMAPHOH HECOBMECTHMOCTH
coObITHit Ay, coObitHa A;4y, A;j+2,... yxe He HacTymud. Takum oGpasom
coObitA B+, Bi+z ... HEBO3MOXHbBI, M, CJIeJIOBATENIBHO, HEBO3MOXHO COOBI-

oo

e Il By. 1o akcruome HenpepoiBHOCTH P(B,) = 0 npu n > Tax kak
k=n

A=Ay +A, +...+A4, +B, .,
TO MO OOBIYHOM aKCHOME CJIOKEHH A
PA)=P(A1) +P(Az) +.. . +P(A,) +P(Bys =

n o
= lim Z Px)= Z P(4y).
n— k=1 k=1

Mbl BHIMM M3 CKa3aHHOTO, yro akcHomatHka KonmoropoBa nosBomser
CTPOMTb TEODHI0 BEPOATHOCTEM KaK 4YacTh TEOPHHM MeEphbl, a2 BEPOSATHOCTbh pac-
MATpUBATh KaK HEOTPHLATEIIbHY0 HOPMHpPOBAHHYI0 aJUIMTHBHYW ¢YHKIMIO
MHOXECTBA.

BepoarnocThbiM npoCTpancT8OM TIPUHATO Ha3biBaTh TPOMKY CHMBOJIOB
©, &, P), rme 2 — MHOXECTBO 3/I€MEHTAapHbIX COOBITHH, 3 - c-anre6pa
MOOMHOXeCTB {2 , Ha3bIBaeMbIX CIydYaHHbIMM cOOBITMAMM H P(4) — BeposAr-
HOCTb, OTIpe/ieNieHHas Ha g-airebpa &

§ 7. YcnoBHas BepoSITHOCTD
H [IPOCTeiililie OCHOBHBIE (o PMyIThI

Mbi yXe TOBOPWIH, UTO B OCHOBE ONpeerleHHs BEPOATHOCTH COOBITUS JIENMUT
HEKOTOpasi COBOKYNHOCTh ycloBuii & . Ecim HHKakMX orpaHuyeHWil, Kpome
ycioBuit & , TMpM BbIYKMCIIeHMM BeposATHoctH P(A) He Hanmaraercs, TO TakHe
BEPOATHOCTH HAa3bIBAIOTCA 0€3YCA06HbIMU.

Opnako B psfe CryyaeB NMPUXOAMTCA PaCCMATPUBATH BePOSITHOCTH COOBITHH
NpH JONOTHHUTENIBHOM YCIIOBHH, YTO NPOM30LIIO HEKOTOpOe coObiTHe B. Takue Be-
POATHOCTH Mbl GyfleM Ha3blBaTh yCA08HbIMU U 0603HaYaTh cHMBOJIOM P(4 |B):
3TO 03HAuaeT BEPOATHOCTb COOBITHA A TIPH YCIIOBMH, YTO COOBITHE B IIPOU30LLIO0.
Ctporo rosops, 6e3yClOBHble BEPOATHOCTH TaK)Ke SABISIOTCA YCIOBHBIMH, TaK
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KaK MCXO[HbIM MOMEHTOM HOCTPOEHHOH TeOpHH ObUIO NpeAfioioXKeHHe O
CYLIECTBOBAHMH HEKOTOPOrO HEM3MEHHOTIO KOMIUIeK ca yaIoBUA &

Ilpumep 1. BpoueHsl ABe UrpanbHple KOCTH. YeMy paBHa BEpOATHOCTh
TOI0, YTO CyMMa BbIMABUIMX Ha HMX OYkOB paBHa 8 (coObiTHE A), eCiu H3-
BECTHO, 4TO 3Ta CyMMa €CThb YeTHOe yucto (cobnitie B)?

Tabnuua 6

(CNY Q.10 3,1) 4,1) (5.1) 6,1)
1,2) 2.2) (3,2 4,2) 5,2) 6,2)
(1,3) 2,3) (3.3) 4.,3) (5.3) 6,3)
a14) (24) (3.4) 4.4) (5,4) 64
L,5) 2,5) (3.5) “.,5) 5,5 (6,5)
1,6) 2.6) (3.6) 4.6) (5.6) (6,6)

Bce BO3MOXHbIE Clyyad, KOTODble MOTYT INpPENCTaBUTbCA IpPH 6pOcaHMH
OBYX KOCTeH, Mbl 3alMlieM B Tafl. 6, KaXpas KleTKa KOTOPOH CONEPXHT
3alHCh BO3MOJXXHOTO COOBITUA: Ha NEPBOM MecTe B CKOOKax YyKa3blBaeTcs
UMCJIO OYKOB, BBIMABILMX Ha NMEpPBOH KOCTH, HA BTOPOM MECTE — UMCIO OYKOB,
BBINABIIMX Ha BTOPOH KOCTH.

O6uiee wMCIO BO3MOXHBIX CiyyaeB — 36, GNaronpUATCTBYIOIMX COOBI-
™o A — 5. Takum oGpaszoMm, OGe3ywioBHas BepoaTtHOocTh P(4) = 5/36.
Ecnu cobpitre B nmpou30ourio, To ocyuecTBrIach ojgHa U3 18 (a He 36) BO3MOX-
HOCTEH M, CJIEAOBATENbHO, YCIIOBHAN BEPOATHOCTD paBHa P (4 IB) =5/18.

IMpuwmep 2. W3 xomogst KapT NOIeOBATENbHO BhIHYThI [IBE KapThI.
Haittu a) 6Ge3ycrioBHYI0 BEPOATHOCTH TOTO, YTO BTOPAA KapTa OKaXKeTCA Ty30M
(Heu3BeCTHO, KaxKas Kapra Gbpla BhiHyTa BHayalie) M 6) YCIOBHYK Beposr-
HOCTb, YTO BTOpas Kapra Oy[eT Ty3oM, eclii NEPBOHAYATILHO ObUT BBIHYT Ty3.

OGoznaunm vepes A cobbiTHe, cocTosiiee B MOABIEHMH Ty3a Ha BTOPOM
MecTe, a uepe3 B — cobmiTre, cocToslee B NOABIEHUM Ty3a Ha IEPBOM MeCTe.
flcHO, YTO HMEEeT MeCTO PABEHCTBO

A=AB+AB.
B cuny HecoBMecTMMOCTH cOObITHII AB 1 AE HMeeM:

P(4) =P(4B) +P(4B).
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IIpy BHIHMMaHMH JIBYX KapT H3 KOJOAbI B 36 KapT MOTYT IPOH30HTH
36-35 (ywrtbmas nopsmok!) oiyyaeB. M3 Hux GrarompHAICIBY0OMMX COGHI-
M0 AB — 4 -3 ciiyvaes, a coGbITHI0O AB — 32 - 4 oniyuasi. Takum o6pasom,

4.3 32-4 1

PUA)= —— + -
36-35 36-35 9

Ecnu nmepBasi Kapra ecTb Ty3, TO B KOJIOAE OCTAIOCh 35 KapT ¥ Cpemd HMX
TOJIDKO TPH Ty3a. ClIelOBaTeNbHO,

P(41B) = 3/35.

O6Gwee pellleHe 3a7auy HAXOXX/IEHHS YCIOBHOM BEpPOSTHOCTH I KIIac-
CHYECKOTO OIpeflielieHMsi BEPOSTHOCTH He NpeNCTaBiseT Tpyda. B camom pere,
NyCTh M3 1 €JMHCTBEHHO BO3MOXKHBIX, HECOBMECTHMbIX H pPaBHOBEPOSTHBIX
coGhiTHii 41,44, ..., Ay

cOOBITHIO A GIaronpUATICTBYET M COOBITHH,

”» B » k ”
2” AB I r 131

(mousTHO, yro 7 < k,r <m). Ecnu coGbiTve B mpod30LDIO, TO 3TO O3HAYaeT,
YTO HACTYIIWIO OJTHO M3 COGHITHA A4;, GnaronpuarctByroumx B, Ilpu stom yc-
JIOBMHA COOBITHIO A GAaronpUATCIBYIOT 7 M TOJIbKO 7 cOGBITHI A ;, Gnaronpusr-
crByloux AB. Takum oGpasom,
r r
P 1B)=— =17 - PUB) 1)
k k/n P(B)

TlonsiTHe He3aBUCUMOCTH COOBITUM HrpaeT 3HAUWTENIbHYI0 pOJib B TEOpHH
BEPOATHOCTEH U B ee NPUIIOXKEHUAX. B vacTHOCTH, GONIbILIAS YacTh pe3yNpTaToB,
H3JIOKEHHBIX B HACTOsIUIEH KHWIE, IIONIyYeHa B NPe/IIONIOKEHHH He3aBHCHMOCTH
TE€X WIM UHBIX PACCMATPHBAEMBIX COOBITHM,

B  npaxtHueckMx BOIpOCAaxX LIS ONpeJEleHUs HE3aBHCMMOCTH [aHHbIX
coObITHI penxo oOpamaloTcs K NPOBEPKE BBHINOIHEHMA U1 HHX PaBEHCTB
(3) u (4). OGbIuHO I ITOTO MOJIB3YIOTCH MHTYHTHBHBIMH COOOpPasKeHUsIMH,
OCHOBAHHBIMU Ha OTIBITE.

Tak, HampUMep, SICHO, YTO BbINajicHHe repba Ha OJIHOM MOHETE He M3MEHSeT
BEPOSITHOCTH TOsBIIeHUs repGa (pellik¥) Ha APYroil MOHeTe, €CJIM TOIBKO
3TH MOHETHI BO BpeMsi GpOCaHUs He CBsI3aHbI MeXOy CO0OH (HalnpuMep, KeCTKO
He Cckpemlexbl). TOUHO TAK K POXIEHUE MATbYUKA Yy OJHOM MaTepH He M3-
MeHseT BEPOSATHOCTH MOABJICHMS Manbuvka (HEBOYKM) Yy OPYIOH MaTepH.
3T0 cOGBITHS HE3ABUCHMBIE.

Iis He3aBMCHMBIX COOBITHH TeOpeMa YMHOXEHUsA MPUHHMAaeT OcOOeHHO
npocTof BHMA, a MMEHHO, eclu COOBITHA A M B HEe3aBHCHUMBIL
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TO
P(AB) =P(A) - P(B).
Touno Tax xe, ecu P(4) >0, 10
P(4B)
PMA)
Tlouatro, 4ro ecyin B (COOTBETCTBEHHO, A) €CTh HEBO3MOXHOE COOBITHE,
10 paBerctBo (1) (cootBetcTBenHO (1')) TepsieT cmbIci.
3aMeTdM, YTO pacCyX[AeHHs, NMpOBeIdeHHble HaAMH B npumepax 1 W 2, He
ABIIAKNTCA JOKA3aTeJIbCTBAMH, a NpPeACTaBNsAI0T TOJBKO MOTHBHPOBKH OIipele-
nenuit, mannbix pasenctBamu (1) u (1').

Ipu P(A)P(B) > 0 xaxnoe u3 pasencts (1), (1') skBHBaIeHTHO Tak
Ha3pIBaeMOM T€ O pe M€ Y MHO X € HH s, COITACHO KOTOPOH

P(4B) =P(4) P(B 14) =P(B) P(4 | B), )

T.€. 8EPOATHOCTb NPOU38eOeHUs 08yx cobblTUll pagHa Npou3gedenun 8eposs-
HOCTU OOHO20 U3 3TuX COObLITUIL Ha YCAOBHYH BEPOATHOCTb OpY2020 NPU yC-
108UU, YTO nepaoe NPoU3ouL10.

Teopema yMHOXEHHs NPHUMEHHMAa H B TOM Clly4ae, KOrAa OJHO K3 COBBITHH
A wnn B ecTb HeBO3MOXHOe COObITHE,TAK KaK B 3TOM Cliyyae BMeCTe C
P(A4) = 0 umerot Mecto paBeHcTBa P(A|[B)=0wu P(4B)=0.

ToBopsaT, uto coObITHE A Hezagucumo OT coObITHA B, eCi KMEET MeCTO paBeH-
CTBO

P(4 1B) =p(4). (3)

T.e. €CJIM HACTYIUTeHMe COGBITHA B He H3MEHAET BEPOATHOCTH COBBITHA A*)
Ecnu cobpitue 4 He3aBHCHMO OT B, 10 B ciity (2) HMeeT MeCTO paBeHCTBO

PA) PBIA)=PB)PU).
O1crof1a HaX0 MM, 4TO
P(B1A4) =P(B), 4)

PBIA)= (1)

T.€. YTO g0GbITHE B Taxoke He3aBUCHMO OT A, TakuM 0Gpa3om, OpH CHelIaHHOM
TPEIII0I0KEHMH CBOHCTBO HE3aBHCHMOCTU cOGBITHI B3aHMHO.
Ecmi HesaBucHMOCTD cOOBITHH A M B ompenenuTb NOCPENCTBOM paBeHCTBa

P(4B) =P (4) P(B),

TO 3TO ONpefiesieHHe BEPHO BCer/a, B TOM yMale u toraa, korda P(4) = 0 wiu
P(B) =0.

*) Tlonsust YCTOBHOH BEPOSTHOCTH U HE3aBUCUMOCTH, a TakKe GOPMYyNUPOBKA Teope-
MBI YMHOXeHMA fdaHbl A.MyagpomB 1718 r.
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Mber 0GO6GLMM Telleps MOHATHE HE3AaBHCHMOCTH [IBYX COOBITHH Ha COBOKYII-
HOCTb HECKOJIBKHX COOBITHH.

Cobvitnsa B, B;, . . ., By Ha3bBaWICA HE3AEUCUMbIMU 8 COBOKYNHOCTU,
ecyIu miA nwboro coObITHA Bp M3 MX YUCIIa H MPOM3BOJIBHBIX Biw B,-2 s e e e

» Bi (i, # p) w3 ux xe wacna cobvimvsa B, v B; B; ...B; B3aumHO

HE3aBHCHMBI.

B oy npeapigyluero 310 OmpefeleHHe 3KBHBAIEHTHO cTleflyfoLuemy : Iipu
abeix 1 <i, <i; <...<i, <sur(l <r <s)

P(BilBiz “ 'Bir) = P(Bll) P(Bti) N P(B’r)

3ameTHM, 4TO I HE3aBUCHMOCTH B COBOKYITHOCTH HECKOJILKHX COOBI-
TH HeJOCTaTOYHO MX TNONMApHON He3aBUCUMOCTH. B 3TOM MOXHO yGemMThCs
Ha cjlefyrolleM INpocToM pumepe. [IpenctaBMM cebe, YTO rpadM TeTpasapa
oKpaleHsl: 1-1 B — KpacHbii uBeT (4), 2-1 — B 3enensid (B), 3-1 — B cH-
Huit (C) ¥ 41 — Bo Bce 3TH TpH LBeTa (4BC). Jlerko BUOETh, YTO BEPOATHOCTb
rpaHy, Ha KOTOpYI0 ymajeT TeTpasfp npH Gpocamvu, B cBOel OKpacke MMeTb
KpacHbi IBeT paBHa 1/2: rpaHed uYeTblpe M OBe M3 HHX HMMeEIT B OKpackKe
KpacHbiil uBeT. Taxum o6pa3om,

P(4) =1/2.

TouHO Tak Xe MOXHO NMOACYMTATh, YTO
P(B)=P(C) =P{4 |B)=P(BIC)=P(CI4) =
=P(BlA)=P(CI1B)=PUAIC)=1/2,

co6bina A, B, C, Takum 06pa3om, IONMapHO He3aBHCHUMBI.
OpHAKO €C/IH HaM M3BECTHO, YTO OCYHMIECTBMIHCH coObitHa B u C, TO 3aBe-
JIOMO OCYILeCTBHIIOCh H cOObITHE A, T.€.

P(41BC)=1.

Taxum 06pa3zoM, cobeitusa 4, B, C B COBOK YNHOCTH 3aBUCHMBI.

Qopmyna (1'), KOTOpas B cllyuae KJIaCCHUECKOTO OTpe/ieNleHus Obula HaMH
BhIBEJEHA W3 OINpe/ieieHHsT YCTOBHOH BEpPOATHOCTH, B Clyyae aKCHOMaTHyec-
KOro OIpefiefieHHss BEPOATHOCTH OyOeT B3sATa HAMH B KayeCTBE OINpe/ieICHH.
Taxnm 06pazom,B o6meM cnyuae npu P(A)>0 mo onpefeleHU O

P(4B)
P(4)

(B cryvae P(4) = 0 ycnosuas BepoatHocTs P(BlA) ocraerca Heompepenes-
HO#.) DTO MO3BONAET HaM IePeHECTH aBTOMATHUECKH Ha OOllee MOHATIHE Be-
POATHOCTH BCe OTIPEfIENIEHHs H pe3yJIbTaThl HACTOAILETO Naparpacda. '
Tlpeanonoxum Tenepp, 410 coGbITHE B MOXET OCYIIECTBHTHCA C OJIHUM
H TOIBKO C OJHMM M3 B HECOBMECTHMbIX cOObITHH A, A,, . .., A,. NHBIMK

P(B14)=
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CIIOBaMH, TIOJIOKHM, YTO
n
B= . 21 BA,‘, (5)
1 =

roe coGertua BA; m BA; c pasnbivu Mupexcamu I uj HecoBmecTHMbl. Ilo
TeopeMe CJI0XKeHHA BEPOATHOCTEH HMeeM:

n
P(B)Y= X P(BA)).
i=1
Hcrnonp30BaB T€0peMy YMHOXEHH A, HAXOJIMM, YTO

P(B) = 2"3 P(4;)P(B iA4)).
i=1

3710 PaBEHCTBO HOCHT Ha3BaHHe G O DM yJI bl HOJNHO X Be PO A THO C TH¥)
M MrpaeT OCHOBHYIO POJIb BO BCel malbHeH e TEOPHH.

B xauecTBe WIIIOCTpaUMH pacCMOTPHM [IBa IpHMepa.

Mpumep 1. AMeerca nars ypH:

2 ypHbi coc1aBa A, — 1o pa OesbIX 1Apa H OTHOMY YEPHOMY,

1 ypHa cocraBa A, — no 10 yepHbIX WIAPOB,

2 ypHbI cocTaBa A3 — 1o 3 GerbIX LIApa K OTHOMY YePHOMY.

Haynauy BeiGHpaeTcst ypHa U U3 Hee HayJauy BbIHUMAETCA LIap.

Uemy paBHa BepOATHOCTb, YTO BBIHYThIA wiap Gensui (cobpitve B)?

Pe we nue Tak xak BhIHYTBIH I1ap MOXeT GBITb TOJNBKO K3 YpHBI 1-TO,
2-ro Wik 3-ro cocraea, TO

B=A4,B+A4,B +A3B.

To dpopmyne nonHoH BepOATHOCTH HAXOUM, YTO
P(B)=P(4,)P(B |A,) +P(A2)P(B 14;) +P(43) P(B I 43).
Ho scHo, ytO

PA;)=2/5, P(4;:)=1/5, P(43)=2/5,

P(B1A4,)=2/3, P(B14,)=0, P(B14;)=3/4.

Taxum obpasom,
P(B)=2/5-2/3+1/5-0+2/5-3/4=17/30.

Mpumep 2. UsBecTHO, uYTO BepOATHOCTh MOCTYIUICHHs K BBI3OBOB Ha
TenepOHHYI0 CTAHIMIO 33 IPOMEXYTOK Bpemeu ¢ pasHa Py(k) (k=0,1,2,..).

*) QopMyna MONHONH BEPOATHOCTH LIMPOKO WCHOIb30BaNach MaTeMaTHKaMH Hauana
XVIII Beka, HO BuepBhle Obina cHOPMyIMPOBaHA KaK OCHOBHOe IpefJioXeHHWe TeOpPHH
seposTHocted I1. Jlannacom nuub B koHue XVIII Bexa.



60 - In. 1. Cyyaiibie COGBITHS M MX BEPOATHOCTH

C‘!H'l'a}'{, YTO IMOABNIEHHS KaKOro-jIu0o yMcila BHI3OBOB 32 [1BA COCEAHMX npo-
MEXKYTKAd BPEMCHH ABJIAITCH COOBITHAMYU HE3aBHCHMBIMH HaHTH BEPOATHOCTDH
TNIOCTYIUICHHSA § BHI3OBOB 33 MMIPOMEXYTOK BPEMEHH JIHTEJIbHOCTH 2¢t.

Peme Hue. OGo3nauuM yepes A: 4 +7 COOBITHE, cOCTOsLIEE B NMOCTYI-
TielnM K BBI3OBOB 3a BpeMsi OT @ 10 @ + 7. OueBHHO, YTO Mbl HMeeM cllefly JoLlee

PaBEHCTIBO:

0

s _ 0 $ s
Ao, 2:= Ao Ay g t -t Ao ALy,

KOTOpOe O3HayaeT, Y10 COOBITHE A3,2t MOJKHO pacCMaTpuBaTh KaK CYMMY
§ + 1 HeCOBMeCTHMBIX COOBITHH, COCTOAIIMX B TOM, YTO 32 IEPBBIH IMPOMEXY-
TOK BpPEeMEHHM JIUTEIIbHOCTH [ TOCTYIMAaeT | BBI3OBOB, a 32 CJIELYIONIMH IIpOMe-
XXYTOK TOH ke MPOAOJKUTEIIBHOCTH NocTynaeT s — I Bbi3oBoB (i =0,1,2,...,5).
ITo Teopeme ci10>xeHHA BEpOATHO CTEN

s ; .
P2 )= T PUL 4%5))

ITo TeopeMe y MHOXEHH I BEPOSITHOCTEH 11 HE3aBUCUMBIX COOBITUI
P(Ao, 4120 = P ) P75,
Taxum 06pazom, eciti NMOJIOXKHUTH
Py (5) = P45 5,),
TO
s
Py(s)= EO P(0) - Pi(s - 7). (6)
i=

BriocnefcTtBuM Mbl YyBHIMM, YTO TIpH HEKOTODBIX BECbMA OOLIMX YCIOBHAX
(k=0,1,2..)
(ar)"*
Pt(k):k—' e~at’ @)

T/Ie @ — HEKOTOpas KOHCTAaHTa.
U3 dbopmynbl (6) MBI HAXOOHUM, YTO

s (at)ye™ 24! s 1
P2t(s)= E_S)— .—_(at)se—2at —_—
i=o il(s—1i)! i=o0 il(s—iQ)!
Ho
s 1 1 s 5! 1 $
i=0 11(s — 0)! st i=o0 i'(s —i)! s! s!



§ 7. Ycnostas BepOATHOCTb ¥ OCHOBHbIe (POpPMYIIBI 61

TToatomy

(2at)se—2at
Pl = =

TakuM 06pazomM, €ciiu st MPOMEXXYTKA BpeMeHH NIMTEIILHOCTH ¢ HMEET MECTO
dopmyna (7), TO 1A NPOMEeXYTKOB BpeMeHH, B OBa pa3a GOIBLMX, M, KaK
JeTKO yOemuTbCs, st JIOOBIX KDAaTHBIX ! NPOMEXYTKOB BPEMEHH XapaKTep
GOpMyn bl 15 BEPOATHOCTH COXPAHAETCA.

MbI B COCTOAHMM Tellepb BHIBECTH BaxkHbie ¢GOpMyIsi Baiteca wiH, KaK HHOT-
[a rOBOPAT, BEPOSATHOCTU rumoTe3. [IycTs NompesxHeNty KMEET MECTO PAaBEHCTBO
(5). TpeGyercss HallTH BepOSITHOCTb COGBITHA A;, eCliM M3BECTHO, 4TO B mpo-
u3onpio. CIOTTIacHO TeopeMe Y MHOXKEHH S HMEEM

P(4;B) = P(B) P(4;IB) =P(4;) P(B|4)).

s=0,1,2,...).

Otcroma
P(A4,)P(B14))
otz = TAIPE 4D
P(B)
HCTIONb3Ysi GOpPMYITy NOTHON BEPOATHOCTH, HAXOMM, YTO
PA4,)P(B 14;
b, gy = PADPE 14D
n
>

P(4;)P(B 14))
1

l

It

IMonyueHHple Hamu GOPMYJIbI HOCAT HasBaHHE PoOpMya Baiieca®) . Obmas
cxema TpHMEHEHUs 3TUX GOPMYIT K PelIeHHI0 MPaKTAYECKMX 3a7ay TaKOBa.
IIycth coGbiTHe B MOXeT IPOTeKaTh B Pa3iMYHbIX YCJIOBHAX, OTHOCHTEJIBHO
XapaKTepa KOTOPBIX MO>XeT GbITh ClelaHo n rumores: Ay, Az, . . ., 4, .Ilo
TeM WIM HHBIM IPHYMHAM HAM H3BECTHbI BepOATHOCTH P(4;) 3tux rumores
oo ucnprTaHMsa. M3BecTHO Takke, yto rumoTe3a A; coobmaer cobbitHIo B Be-
posatHocts P(BlA;). IpousBeseH omeiT, B KOTOPOM COObITHE B HACTYIMIIO.
370 JOMKHO BHI3BATH e PEOlIEHKY BePOATHOCTEH runote3 A; — ¢popMyinsl baiieca
KOJIMYECTBEHHO DELIAI0T 3TOT BOIPOC.

B apTwulepHickOM NpaKTHKE NPOU3BOIMTCH TaK Ha3piBaemasi NpPUCTpeN-
Ka, MMeKlas CBOEH MeTbl0 YTOYHHTb HAlM 3HAHHUS OTHOCHTENILHO yCIOBHMI
cTpenbObl (HApMMED, TPABWIBHOCTH MpUIieNa). B Teopuu NpUCTPENKH MmMpo-
KO Hcnons3yercs ¢opmyna bafieca. Mpl orpaHHuMMCs TpHBEIEHHEM YHCTO
CXeMaTHYECKOTO TIIpPMMepa MCKIIIOYHTeNIbHO paj¥ WUTIOCTpAlMH . XapaKTepa
3a7a4, peluaeMbIX 3TOH GOpPMYITOH.

*) T. Bafiec NpuBeOcHHBLIX (GOPMYJI He BBIBOIMI, OH OTPAHMYMJICS 3aNUCHIO (POPMYIBI
(1) Hactosiero uaparpada. [puseneHnsle Gpopmynpt Gblin BhIfMcanbt nuus I1. Jlannacom
B koHue XVIII Beka.
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MMpumMmep 1. UmeroTca NATh YPH CTIeOYyIOMIETO COCTaBa:

2 ypHs1 (cocTaBa 4, ) mo 2 GesbIX U 3 yepHBIX 1apa,

2 ypHbl (cocraBa A, ) mo 1 GenoMy H 4 uepHbix 1apa,

1 ypHa (coctaB A3) — 4 GenbIx U 1 uepHbIi Wap.

W3 opHoMt Haypmauy BbIOpAaHHOM YpHEI B3aT wiap. OH okasalcs GenbiM (co-
6biTe B). UeMy paBHA NOCIe ONbITA BEpOATHOCTh (alOCTEpHOpHas BepoAT-
HOCTb) TOTO, YTO IIAp BBIHYT U3 YPHBI TPEThETO COCTaBa?

Pewre Hue. CornacHo npeanoyoxeHuIo

P(4:1)=2/5, P(42)=2/5, P(4;5)=1/5;

P(B1A,)=2/5, P(BIA;,)=1/5, P(BIA;s)=4/5.

CornacHo ¢opmyse Baiteca umeeM:
P(43)P(B143)

P(4;1B)= _
P(A4,)P(BIA,)+P(4;)P(BIA;)tP(43)P(BiA4;)
1 4
_ 575 42
2 2 1 2 1 4 10 5 °
— et — e —
55 55 5%

ToyHO Tak ke HaXOOHM:
P(4,1B)=2/5, P(A,1B)=1/5.

§ 8. IIpumepsl.

Mpbr nmpuBedeM HeCKOJBKO ©Oojlee CIIOXKHBIX IPHMEPOB Ha HCIOJIb30BaHHE
H3II05KEHHOH TEO PUH.

Dpumep 1*). JIpa urpoxa A 4 B NpogoiKawT HEKOTOPYIo UIPy AO MOM-
HOTIO pa30peHMA OOHOTO M3 HMX. Kamutan mepBoro paBHseTCs @ py6., KanHTan
BTOpOro — b py6. BepoATHOCTb BBLMIPbIIIA KaXJIOH MapTUM s Urpoka A
paBHa p, a [1s urpoka B paBHa q; p + ¢ = 1 (umubM OTCYTCIBY®T) . B xaxo#
MapTUM BHIMCPBIU OJIHOTO Mrpoka (M, 3HaUMT, IPOMIPBHU APYroro) paBHAETICA

*) Mt COXpaHsAeM [/ 3TOH 3aJauM O pa3opeHHH HI'PpOKa’ ee KIacCHYeCKylo ¢GopMy-
JIMPOBKY, HO BO3MOXHbI M HHble OPMYNUPOBKH, HallpHMep: MaTepyajbHas 44aCTULA Ha-
XOOMTCSA Ha NMPSAMOH B Touke O W KaXAYK CEKYHILY MOOBepraeTcs CiyyaWHOMY TOJYKY,
B pe3y/ibTaTe KOTOPOIo MepedBHraeTcas Ha 1 cM BIPaBO C BEPOATHOCTBIO P MM Ha | cm
BIEBO' C BEPOATHOCTHIO ¢ = 1 — p. HYeMy paBHa BepOATHOCTb TOTO, YTO MdTepHanbHadA
4acTHUA OKaXeTCs IIpaBee TOMKM C KoophauHaTo# b (b > (), nmpexnae 4eM oHa momafeT B
nonoXeHue, paconokeHHoe jieBee TOYKH ¢ KoopaAnMHaTol a (@ < 0,2 n b — uenbie uncna)?

3apgaya o pa3opeHMM HrpokKa Oblna npefoXeHa W BhepBblc u3ydeHa X. I'ojireHcoM.
Mb! npednonaraeM, 4To BepoATHOCTh coBBITHA “pa3opeHue UIpoKa’™ CyILUeCTBYeT.
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1 pyGnw. Haliti BepoATHOCTD Pa3OpeHHss KaXEOTO M3 HIPOKOB (pe3yNbTaThl
OT/IE/IbHBIX HAPTHH PEIONAraoTCA HE3aBUCHMBIMY) .

Pemenne. OGo3HauuM yepes p, BepOATHOCTb Pa3OpeHMsA UTPOKa A, KOraa
OH uMeeT 1 py6. OueBHIHO, UTO HCKOMas BepOATHOCTb €CTh p; U YTO

Pa+»=0, po =1, )
NOCKONBKY B IEPBOM CITyuae MrpoK A yxe COCpefIOTOUMT B CBOMX PyKax Bech

KanMTall, a BO BTOPOM OH Y>X€ HUYEIO HE HMEET.

Ecniu urpoxk 4 umen n py0. NMepef, HEKOTOpOH MAapTHeH, TO €ro pa3opeHHe
MOXET OCYNIECTBMTbCA OBYMS PAa3THYHBIMM CHOCOOaMM: WIM OH OYEPENHYI0
NaPTUIC BBIMIPAET, 3 BCKO UIPy NMPOMIPAET, MM OH MIPOUTPaeT M MAPTHIO M MIpY.
Ilo popmyiie NONHOHN BEPOATHOCTH MTOITOMY

Pn=P Pn+1 +q'pn-l-

OTHOCHTENIBHO p,, Mbl NONYYWIH ypaBHeHHE B KOHEYHBIX Pa3HOCTAX; JIETrKO
BHIETh, YTO €r0 MOJKHO 3aIMcaTh B CIe[lyIOLEM BHJIE:

Q(pn‘pn—l)=p(pn+l —pn)- (2)

PaccMOTPHM CHauasa pellleHHe 3TOrO ypaBHeHus npu p =q = 1/2. Ilpu sTrom
HOMy1UeHHH

Ppe1 ~Pn=Pp~Pn_1=---TP1 —Po=C,
roe ¢ — nocrosiHasa. O1cioia HaxonuM, YTo
p, =Do tnc
Iockonbky pp =1 u p,,p, =0, TO
_ n
Pa=l™ a+b

Takum 06pa3oM, BepOATHOCTb pa3opeHHs urpoka A paBHseTcs
a b

atbd atb

TMono6HEIM e IIyTeM Hal[eM, YTO B clyuae p = 1/2 BepOATHOCTb pa’opeHus
urpoka B pasHa

a

a+b‘

qp =

B o6iem ciydae npu p # g u3 (2) HaXomuM, 4TO

n n
n
q kl;ll(pk ‘pk_1)=pn kI—}l (pk+1 —pk).
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Tocne cox parueHuii ¥ ydeTa cOOTHOLIeHH# (1) HaXomuM, YTo
Pn+1 —Pn=@/p)"(p1 = 1).

PaccMOTpHM pasHOCTb P, ., — Pj,; OUEBHIHO, YTO

atb-—1 a+tb—-1 %
pa+b_pn_ z (pk+1_pk)= z (Q/p) (p1_1)=
k=n k=n E
(a/p)" —(@/p)**?
1 —gq/p

Hockonbky p,,, =0, TO

n __ a+b
b =(1—p) (a/P)" — (a/p) ’
1 —q/p

=(p1—1)

aTaK Kak po =1, 10

@p)°® —@p)**®

1 —q/p
HcKITiI0uMB U3 OBYX MOCTEHUX PAaBEHCTB BEJIHUMHY P, HAXOOHM, UTO

_ (/)" —(/p)"

1=(1-py)

(@/p)**? -1
O1cro/1a BEpOATHOCTS pa3opeHus urpoka A
q°"? —q°%" 1 —(p/g)®

pa - = .
qa+b _pa+b 1 _(p/q)a+b
Tono6HBIM Xe NyTeM HaxOOWM, YIO BEpPOSTHOCTh pa3opeHHs Hrpoka B
np4d p ¥ q paBHa

1-@/p)’
1-(q/p)°*?

N3 stux dopMys MBI MOXEM c/lenaTh ClleAyIOIMe BbIBObI: eClIM KamuTasi
OIHOrO M3 WI'POKOB, HanpuMep B, HecpaBHeHHO GoJbllle KamMTaia Urpoka 4,
TaK YTO NMPaKTHYECKH b MOXHO CUHTaTh GECKOHEYHO GONBIUMM MO CPaBHEHHIO
C @, a UrPOKH OIHHAKOBO MCKYCHBI, TO pa3opeHue B MPaKTHUECKH HEBO3MOXHO.
BbiBos1 GymeT cOBCeM MHOM, ecid A urpaer myulle, yeM B, u, 3Hauut, p > q.
Cuutas b ~ o, HaXOAHUM, 4TO

4, ~ 1~ (q/p)*

pe ~ (@/p)*.
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O1crona Mbl JeflaeM TOT BBIBOJ, UTO yMeJIblii HTPOK AaXe C MaJbIM KalHTaloM
MOXeT UMeTb MeHbllle LIaHCOB Ha pa3opeHHe, YeM HIPOK c GOJBLIMM KanuTa-
JIOM, HO MeHee YMeJIbIH.

K 3apaue 0 pazopeHHH HI'POKa CBOOMICA pellleHHe HEKOTOPBIX 3a7ad GUIUKH
M TeXHHKH.

IMMpumep 2. Hatu BepoOATHOCTb TOrO, YTO CTAHOK, paboTarwiuuMid B MO-
MeHT !y, He OCTaHOBHMTICA A0 MOMEHTa fo + f, €CJIM H3BECTHO, 4YTO l) 3Ta Be-
POSITHOCTb 32aBHCHT TOJIBKO OT BEJIMUMHBI TIPOMEXYTKa BpeMeHH (Zg, o t+ 1),
2) BepOATHOCTh TOTO, YTO CTAHOK OCTAHOBMICA 3a NPOMEXYTOK BpeMeHH At
nponopuHoHansHa A? ¢ TOYHOCTBIO [0 GeCKOHEUHO MalblX BBICLIMX MOPSA-
KOB*) OTHOCHTENIBHO Af.

PeureHue. O6GO3HauMM BepOATHOCTH uepe3 p(t). BeposATHocTs TOrO, YTO
CTaHOK OCTaHOBHICA 33 MPOMEXYTOK BpeMeHH A¢ paBHa

1 —p(At)=alAt +o(A?),

rae a — HeKOTOpas MOCTOSIHHAA.

OmnpenenuM BepOATHOCTb TOrO, YTO CTAaHOK, paBoTaBUIMA B MOMEHT g,
He OCTAHOBHTCA OO MOMEHTA fo + ¢ + At. II)IA OCYIIECTBIIEHHS 3TOTO COOBITHUS
HeoOX0OUMO, YTOBbI CTAHOK He OCTAHOBWICHA 3a TEepHOAb! BpeMeHH IJIMHBI ! H
At; B CHJIY TEOPEMBI YMHOX€EHHS, TAKUM 0Opa3oM,

p(t+A)=p() -p(AN=p() (1 —alt - o(A?)).

O1cwoaa
p(t+At)—p()

A =—ap(t)-0(1). (3)

Mepeitnem Tenmepb K mpepeny, monoxwus At —> 0; U3 TOro, Yro CyuecTByer
Tpenen nNpaBo# YacTH paBeHcTBa (3), BbITEKAeT, YTO CYLIECTBYET TAKXKe Mpemel
71eBO# YacTH. B pe3ynbrate HaxoguM, 4TO

p()
P ap(t).

PeuieHue 310r0 ypaBHeHUs eCTbh PYHKIUSA
p(1)=Ce™ ",

rae C — nocrosiHHasA, ITa NOCTOSAHHAA HAXOOMTCA M3 TOrO OYeBHIHOIO YCIOBHA,
uro p(0) =1, TaxuM oGpasoM,

pHy=e"".

*) B JanbHedleM A7 3aiMcH Toro akra, Yro HEKOTOpast BeJIM4MH2 « GEeCKOHEYHO
Mana CpaBHUTENIBHO ¢ BenMuMHOM §, Mbl 6yeM NONB30BATLCA 3aNUCHI0 o = 0 (). Ecnu xe
oTHOWEeHWe «/f OrpaHMMeHo N0 aGCOMIOTHON BeNWYHHe, TO MBI GymeM NHUCATh « = o).

3 B.B. ['Hepenxo
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IlepBoe ycnoBMe 3amaud HasaraeT Ha pexxum paboTsl cTaHka GolnblliMe Orpa-
HHYEHHUs, OOHAKO CYLIeCTBYIOT IPOM3BOACTBA, IZe OHO BBINONHAETCA C Gonb-
IO} CTENeHbI0 TOYHOCTH. B KauecTBe NMpHMepa MOXHO NpHBECTH paboTy aBTo-
MaTHUECKOr0 TKAallKOrO CTaHKAa. 3aMeTUM, 9TO K PacCMOTPEHHOMN 3amaue CBO-
OMTCS MHOTO OPYTHX BONPOCOB, HAallPUMep, BOMPOC O PacripelelieHHH BepOsT-
HOCTeH [IJIMHBI CBODOMHOIO MyTM MOIEKYNbl B KHHETHUYECKOW TEOPUM Ta3OB.

IIpumep 3.IIpucocraiennu TabnUL CMEPTHOCTH YACTO MCXOIAT U3 TAKHX
gonyinesuit: 1) BepOATHOCTb TOIO, YTO HEKOTOPOe JIMIO yMpET B BO3pacTe OT £
oo ¢+ At paBHa

p(t,t+AD=a(t)At+o(AY),
roe a (t) — HeoTpULATENbHasA , HelipepbIBHas GYHKLMA.

2) cuuTaercsd, YTO CMepTh JAHHOTO JIMLA (MITH €ro BhDKMBAHHE) 33 paccMar-
pUBaeMbIil TIPOMEXYTOK (f,, f,) BO3pacTa He 3aBHCUT OT TOro, 4TO OBLIO AO
MOMeHTa ¢ 1, 3) BepOATHOCTb CMEPTH B MOMEHT POXIIEHHA PaBHa HYITIO.

Hcxomsa M3 BLICKa3aHHBIX IMPENNONIOXKEHUH, HalTU BEpPOATHOCTD CMEPTH
snua A 0o TOro, Kak OHO IOCTUTHeT BO3pacTa !.

PemeHue. OBo3HauuM uepe3 m(f) BepOATHOCTb TOrO, YTO NUUO A mo-
XUBET 10 BO3pacTa !, ¥ BhIUMCIUM 7 (t + At). OueBUIHO, YTO M3 JOMYIUEHHH,
IIPHHATBHIX B 3a/iade, BHITEKAeT PaBeHCTBO

n(t + Ar)y=n()n(t + At;t),

roe w(t + At; t) ofo3HayaeT BEpPOATHOCTb OOXWTb 10 Bo3pacTa ! + Af, eciu
MO A YyXe IOXHUII0 [0 BO3pacTa t. B cOOTBeTCTBUM C NEPBBIM M BTOPBIM 0-
NyleHUAM#

a(t+ AL D=1 —p(,t+A)=1—a()At —o(At);
03TOMY
n(t+ A =n()[1 —a()At - o(Ar)].

Orcroma HaxonguM, yTo w(¢) yOOBNEeTBOpAeT CledyioineMy OudbdepeHuHab-
HOMY YPaBHEHHIO:
dn(t)
dt

PeLieHHEM 3TOTO YpaBHEHHMs IIpM yueTe TPETbero YCIOBHMA 3ajauyu Oymer
dbyHKUUA

=—a()n(t).

t
—fa(z)dz
n(t)=e
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BeposiTHOCTD yMepeTb Npexre, YeM OymeT AOCTUTHYT BO3pacT !, TaKUM
obpa3oM, paBHa

t
—[a(z)dz
l—-m@®)=1—-¢e "

IIpu cocraBjieHuu TabGIMI, CMEPTHOCTH IJIA B3POCJIOrO HAaceJIeHHS HepeaKo
nosnb3yrIca GopMynoi Makerama, cornacHo KOTOpou

a(r)=o +Be’’,

NOCTOSHHBIE @, §, ¥ — noToxXuTenbHbi *) . [Ipu BHIBOAE 3TOM $OopMyIBl HCXO-
AWM U3 TONYLICHHUS, YTO B3POCTIbIH YeJIOBEK MOXET yMepeTh OT IIPHYMH, He 3a-
BHUCAUIMX OT BO3pPacTa, U IPHYMH, 3aBUCALINX OT.BO3PACTa, IPHYeM BEPOATHOCTH
CMEpTH pacTeT C yBellMYeHHeM BO3pacIa B eOMeTpUYecKoil mporpeccuu. Ilpu
TaKOM JJOTIOJTHUTEEHOM IIPeINONI0XEeHUH

—ozt——-ﬁ—' (e’yt— 1)
m(t)=e Y .

Mpumep 4. B coBpeMeHHOH AOepHOH (PU3MKe IJ1A U3MEPEHHUS MHIEHCHUB-
HOCTH MCTOYHHKA YacCTHL{ HCTIOJIb3YITCA cueTYMKH [eiirepa. YacTuua, nonasias
B CUETYHK, BHI3BIBAET B HeM paspsn, MIALMACA BpeMs 7, B IPOTsXKeHHe KOTOPO-
IO CYeTYMK He PEerMCTpPUpYET YacTHLpl, [fonagamouide B cueTydk. Halitu Beponr-
HOCTb TOTO, YTO CUETYHK COCYHTAET BCE YacTHUIbl, NIONaBIlMe B HErO 3a BpeM 7,
€CITH BbITOJIMAIOICS CIIeAYIOIHE YCTIOBHA: |) BEpOATHOCTb TOro, YTO 32 MPOMe-
XYTOK BpeMeHM ! B CUeTUYMK IOTAXYT K YacTHIl, He 3aBMCHUT OT TOIr0, CKOJIbKO
YACTHI{ MOMAJI0 B CUETUMK [0 Hayala 3TOro MPOMeXYTKa; 2) BEPOATHOCTb TOTO,
YTO 33 NPOMEXYTOK BPEMEHH OT ! [0 o + ! B CUETUYHK NOINafeT K 4acTHI, 3a-
naercsa hbopMyITon *k)

(dl‘)ke_at

pilte, to +1)= BT
rfe a — MOJIOXUTENbHas OCTOAHHAsE; 3) 7 — NIOCTOSAHHASA BeJIMYMHA.

Peurenue. O6o3HauMM uepe3 A (t) — coBbITHe, COCTOsIEe B TOM, YIO
BCe NONABILME 38 BPeMsi ! B CUETYMK YacTHLpI ObUIH COCYMTAHBI; Yepe3 By () —
cobbITHE, COCTOALIEE B TOM, YTO.33 BpeMs [ B CYETUHK IIONAIO K YaCTHIL.

*) UX 3HaueHHe OMpEHeNseICs YCINOBUAMH, B KOTOPBIX HaXOOMTCH TpyINmna ML, Momsie-
MKAIMX H3YUYEHHIO, U [IPeXIIe BCero COLMABHBIMHU YCIIOBHSMH.

**) To30Hee MBI BEIACHMM, TIOYEMY B 3TOM npuMepe ¥ B NpUMepe 2 NpenblAyliero na-
parpada Mbl CYHTAITH, YTO

~ @) ke —at

k k!
ki
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B cwily mEpBOro YCIIOBHA 3aayu IpY [ > T
P{A(t + AD)} =P{AD}IP{B (AN} +
+P{A(t — T)}P{Bo(1)}P{B, (AN} + 0(A1),

anmpuO< r< 71

P{A(r + AD} = P{A(D)}P{Bo(AD)} + P{By(2) } + P{B,(AD)} to(AD).

O60o3Hauum i KpaTkocTH 3amucu m(t) = P{A(z)}; Torna Ha ocHoBaHHM

BTOPOrO H TPEThEro ycnonuit 3aqauu npu 0 < 1 < 7
m(t + Ar)=m(t)e ~?AT + e~ Al Ate + 0(AY)
HTIpH 12T
n(t+ A =w()e A+ n(t — T)e A TaA1e™ T + 0(AT).

Tlyrem mepexona x mpemeny npu Ar —> 0 HaxopuMm, 9ro npu 0 < ¢ < 7 UMeeT

MECTO PaBCHCTBO

dm(t
@ = —an(t) +ae™ ",
dt
aupu ! 2 7 — PaBEHCTBO
dn(t
d( ) - —a[n(®) —m(t —7)e?"].
t

U3 ypaBHenuii (4) HaxomuM, uTo IpH 0 < 1< 7
n(®)=e % (c +ar).

U3 ycnosus
m(0)=1

onpenensAeM NOCTOAHHYI0 ¢. OKoHYatemsHO MpU 0 1< 7
7(t)=e %(1 +ar).

llpu 7< t< 27 BepOATHOCTb T(!) ONpEMENAETCS U3 yPABHEHUA
n(®) _ —ary =

el ~a[r(@)—7n( —1)e 7] =

= —a[n(t) — e *U"T(1 +a(t - ))e ] =
= —a[n (1) — e~ %(1 +a(t ~ 7).

PeweHre 3TOro ypaBHeHHUs JaeT Ham:

- 7)2)

2!

n()=e"? <c1 +at+

)

%)

(6)
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IlocrosHHOe ¢; MOXeT BbITh HallIeHO U3 TOrO, YTO corilacHo (6)
n(r)=e"%"(1 +ar).
Taxum obpasoM, ¢; =1 nogna 7< < 27

2 2
ﬂ(t)=e"”[1+at+ —(—1-(;%)—]

MeToaoM NONHOK MHAYKUMH MOXHO [OKa3ath, uto i (n — 1)7 < ¢t < nr
UMeeT MeCTO PaBeHCTBO

P 2 ak[t — (k- yr]¥ _
k=0 k!

Ynpaxcnenus

A, B, C — cnyuaitHble coBBITHS.

1. KakoB CMBICTT paBeHCTB

a) ABC=A;

6) A+B+(C=A47

2. YNIpOCTHTbL BhIp@XKEHHUs

a) (A+B)(B+();

6) A+B)(A4+B);

B) (A+B)(A+B)(A +B).

3. loka3aTb paBeHCTBA

a) AB =A + B;

6) A +B = AB;

B)yA, +A, +...+A,=A,A,.. A,

r) A,;A,. .. Ap=A, tA, +...+Ap.

4. YeTbIpeXTOMHOE COYMHEHHE PACHOIOKEHO Ha MONIKe B clyyaliHom nopsnk:. Yemy
paBHa BepOATHOCTb TOT'O, YTO TOMAa CTOAT B [JO/DKHOM NOpPAIKe CNpaBa HajleBO H5IM ClleBa
HanpaBo? ‘

S. Yucna 1, 2, 3, 4, 5 HanmucaHbl Ha M[ATH KapTouxax. Haymauy MocneoBaTe/lbHO Bbl-
HHMaIOTCS TPH KapTOYKM, ¥ BbIHYTBIe TaKHM 06pa3oM UMGpLL CTaBATCA CJieBa HanpaBo.
Uemy paBHa BepOATHOCTH TOTO, YTO MOJIydeHHOe TaKHM 06pa3oM Tpex3HayHOe YMCIIO OKa-
WCTCA YeTHbIM ?

6. B nmaptuu, coctoAued u3z N uagenuit, umeorcs M GpakoBaHHbIX. Heynauy BbIGHpa-
I0TCA K U30eNURt U3 9To# napTuu (n < N). Uemy paBHa BepOATHOCTB TOTO, YTO CPEdH HUX
OKAKYTC m GpaKoBaHHBIX (m < M)?

7. TexHH4YecKHUH KOHTDO/L INMpOBepAeT H3Oenus B MapTUH, COCTOALIEH M3 m u3genuit
nepBOro COpTa W 1 U3Nenuit Broporo coprta, [lpoBepka nepBBIX b usMesniuif, BHIGPAHHBIX
W3 DapTUM Hayfdady, [10Kasana, 4To Bce.OHH BToporo copta (b < m). Yemy paBHa BepoOAT-
HOCTb TOT0, YTO Cpe[M CIEeAYIOIIMX ABYX Haydauy BbIOpaHHBIX M3 Cpedpl HenpoBepeHHBIX
H3penuit 1o MeHblllef Mepe OOHO OKaKCTCH TaKe BTOPOro copTa’?

8. [Mo/m3ysACh TEOPETUKO-BEPOATHOCTHBIMHU COOBpaXXCHHAMH, 10Ka3aTh TOXIECTBO

| A~a, A-DUA-a-D  A-0..2:1 4

A-1 @A-1DMA-2) T A-D... @t Ve a
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YkaszaHue. U3 ypHl, cofepkaileif A 11apoB M cpedu HUX & Genbix, HayHoauy BbI-
HuMaloTcsd 1uapbl 6e3 Bo3BpailleHus. HaWTH BepoATHOCTE TOrO, YTO pPaHO WM IO3JIHO Ha-
TONKHYTCS Ha Genblif wap.

9. U3 sumKa, cogepxainero m GenbiX U n YepHeIX WMapoB (m > n), BHIHHMAIOT Haygauy
OOMH LUap 3a ApyruM. Uemy paBHa BepOSTHOCTH TOI'O, YTO HAaCTyIUT MOMEHT, KOIa YHCIIO
BBLIHYTBIX YePHBIX I1apOB GyHeT paBHO YHCITY BLIHYTHIX Genbix ?

10. HexTo Hammucan n afpecaraM IHCbMa, B K&OKIObIH KOHBEPT BIIOXWA MO0 OMHOMY NMCh-
My M 3aTeM Haygauy Halucall Ha KaKOOM KOHBepTe OFHH H3 n afipecoB. UeMy paBHa Be-
POATHOCTb TOT'O, YTO XOTA ObI OOHO NHCHMO MOMATIO [0 Ha3HAUeHUI?' )

11. B ypHe uMeeTca n OUIIETOB C HOMepamu OT 1 Mo n. BuyeThl BHLIHMMAIOTCA Haygauy
no ogHoMy (6e3 Bo3BpailieHus). UeMy paBHa BepOSTHOCTh TOT'O, UTO XOTH GBI IPH OIHOM
BLIHMMAHWK HOMEp BBIHYTOro GuieTa coBHaflaeT ¢ HOMEpPOM NPOU3BEMeHHOr'0 UCNBITAHUA ?

12. U3 ypHel, cofepxailielt n GenbIx U n YepHBIX IIAPOB, HayMauy BLIHHMaeTcs YeTHOE
4HCIIO LIapoB (BCe pasJIMuHbIe CIOCOOLI BELIHYTh YeTHOE YHCIIO LIApOB, HE3aBMCHMO OT MX
4MCIIa, CYMTAOTCA PABHOBEPOSATHbIMHM). HallT BepOATHOCTH TOrO, YTO CpedH BHIHYTBHIX
1IaPOB OKWKETCH ONUHAKOBOE YHCIIO YepHEIX U GeJinIx.

13. 3agaua xaBanepa nme Mepe. Uro BeposATHee: Npu GpocaHuM UYeThIpex
WTPANBHBIX. KOCTeM XOTA ObI Ha omgHOW NMony4yuTk 1 unu npu 24 GpocaHUAX HABYX KOCTeH
XOTA GbI pa3 NONYYHT ABe eIUHUI[bI?

14. Ha otpe3sok (0, ¢) Haymauyy GpolueHml TPH TOYKH. HaliTH BepOATHOCTH TOTO, YTO
M3. OTPE3KOB, PAaBHBIX PacCTOSHMAM OT TOYKH 0 IO TOueK IafeHus, MOXHO COCTaBHTh
TPeyTOJILHUK,

15. CTepxexb AnuHel ! pa3nomaH B OBYX Hayfauy BBIGDAHHBIX TOYKax. UeMy paBHa
BEPOATHOCTB TOT'O, YTO M3 NOJYYeHHBIX OTPE3KOB MOXHO COCTaBHTS TPEYTONBHUK ?

16. Ha orpe3sok AB pnuHbl @ Hayfauy Gpocaerca Touka. Ha oTpe3ok BC nnuHel b Takxke
Haypauy 6pocaerca Touka. Uemy paBHa BepOSTHOCTb TOT'O, YTO U3 OTPe3KOB: 1) OT TOUKHU A
70 nepBo¥ GpOLIEHHOM TOYKH, 2) MeXHy ABYMs OpOUIEHHBIMU TOYKAMH, 3) OT BTOpOH
GpOLIEHHOM| TOUKH X0 TOYKH C MOXXHO COCTaBHTh TPEYTOJIBHHK ?

17. B cdepe panuyca R cnyuaiftHo M He3aBHUCHMO JIpyT OT ApyTa pa3GpocaHo N Touek.

a) Uemy paBHa BepOSTHOCTb TOI'O, YTO PacCTOSIHHe OT LEeHTpa Hmo O.iKaiuleif TOYKH
GymeT He MeHee *?

N
6) K ueMy cTpeMWTCH BepOATHOCTh, HaliflecHHasi B BOIIpoce a), eCmu R —e U I°E

- — wA?
3

IIpumedvaHHe 3agaua 3aHMCTBOBAHA U3 3Be3JHOM AaCTPOHOMHHM: B OKPECTHOCTH
ConHua A =~ 0,0063, ecnu R ¥3MepeHO B napceKax.

18. Cobbitusi A,, A,, . .., ApHeaaBucHMbl; P (Af) = p;. HaltTu BepoATHOCTH

a) MOSABJIEHHA XOTA Obl OJHOT'0 H3 3THX COOBLITHIA,

6) HeNoOABIIEHHWA BCEX 3THX COGBITHH,

B) NOABJEHHS TOYHO OFHOro (6e3pa3nmuyHo KaKoro) CobbITHA.

19. doka3arts, yTo ecny cobblTA A U B HecoBmecTuMbl, P (4) > 0 u P (8) > 0, 1o co-
6biTHd A U B 3aBHCHMBI.

20.Tyctp A, A,, ..., A, — cnyuatineie cobbiTudA. [loxasate Gpopmymny

n n
PlZ Agi=Z PU)- Z P(A:A4j) +
k=1 i=1 1<i<j€<n

+ z PAjAjAR) £ ...t P(A A, ... Ap).
1€i<j<k<n

[TocpexcTBOM 3TOM GOPMYJTBI PeLlIMTb 3202yl 10 1 11,
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21. BeposATHOCTBL TOTO, YTO MOJIEKYJA, MCIBITABIUIAA B MOMEHT ! = () CTOIKHOBEHHE
C ApYroi MOJEKYJIOH M He MMEBIIAA OPYTHX CTOJIKHOBEHHIA 10 MOMEHTA !, HMCIBLITHIBAET
CTOJIKHOBEHHE B TIPOMEXYTOK BPEMEHHM MexAy ! M ! + Af, paBHa AA! + o (At). Hattn
BEpOATHOCTE TOTO, YTO Bpems cBOGoAHOTO mpoGera (T.e. BpeMsa MeXAy OBYMSA cocel-
HMMH CTONKHOBEHMAMM) Gyner Gonbiue f.

22. Cuyrasi, YTO TIPM Pa3MHOXEHHMH GaKTepHi HeneHHeM (Ha [Be GAaKTEPHH) BepoOAT-
HOCTB GaKTEpHH Pa3NelIMThCA 33 NPOMEXYIOK BpeMeHM A! paBHA aA! + o (At) M He 3a-
BHCHT OT YHCJIa TNPEJIIECTBYIOLMX MAETCHHH, a TakXKe OT UMCIAa MMeIOWMXCA GaKTepuit,

HalTH BepOATHOCTE TOI'O, YTO ecfH B MoMeHT O Gnina 1 GakTepus, TO B MOMEHT ! OKa-
weTcsi | GakTepuit.



FTABA 2
[TOCTIEAOBATEJIBHOCTh HE3ABHCHMbIX HCTIBITAHUNA

§ 9. Broausie 3aMeuaHus

[IpoBeneHue pa3NUMHOTO pOAa MCHBITAHWHA U 3KCIEPUMEHTOB SABJISAETCA
HenmpeMeHHbIM YCIIOBHEM DPa3BUTHA HAyKH M NpOrpecca NMPUKJIAAHBIX obnacTel
nestensHocTH. [lpeXxme yeM BHeCTH B PeruCTp HOBBIH COPT MIIeHUNBI, HeoGXO0-
OUMO TIPOM3BECTH MHOTOUHMCIIEHHbIe HCIIBITaHMA, KOTOpbie HOJKHBI JaTh YOe-
OUTENbHbIE NaHHble O TeX HIIM MHBIX NPeMMYILECTBaX HOBOrO COpTa MO CpaB-
HEHHIO C NPEXXHUMH: TOBBIIICHHAA YPOXKaHHOCTh, YCTOMYHBOCTb K IOTOIHBIM
yCnoBHAM, Oollee KOpPOTKHe CPOKH BETeTanuH, yCTOHYMBOCTb K 3abOneBaHMAM
u np. [lepen TeM Kak BBeCTH B MacCOBOE NPOM3BOACTBO HOBBIM THII TeJleBU30PA
(BBIMMCIIMTENIPHOM MAlUMHBI, CTaHKa, caMoJieTa M T.i.) NPOM3BOMSATCA NpencTa-
BHUTEeJIbHbIE HCMIBITAHUA Ha ero 6Ge30Tka3HOCTb B paboTe, NMpOCTOTY Hajlagku,
NPUCIOCOBIEHHOCT, K PEMOHTY, fJonroBeyHocTs. HoBble MeTonpl npenopaBa-
HHS M M3MEHEeHHOe colepxadre oOyuyeHHA TakXe TpeOyloT MIIMTENbHBIX H Mpemd-
CTaBUTEJIbHBIX HAOMMIOOEHHA M 3KCIEPUMEHTOB, KOTOpble MOTJIH 6b1 MPOAEMOH-
CTPUpOBaTh MX NPEUMYLIECTBA. TO Xe CamMOe MOXHO CKa3arb M O npobGiemMax
MeIHUMHBI, 3KOHOMMKH, OpraHM3alluyd NpOM3BOIACTBA, COLMAIIbHBIX HCCIIENO-
BaHMil. Bce HOBOe, mpexqie YeM CTaTb JOCTOSHHEM INPAKTHKH, HOJDKHO ObITh
MpelBapHTEIIBHO TILATENILHO MIPOBEPEHO M NMOATBEPXIEHO UCIIBITAHUAMMU, 3KCIIe-
PHUMeHTaMH ¥ HabJlion eHHAMH.

Ilpuxonurca crankeBatbcd M C APYrod CHTyanued, KOrZa NPOU3BOAATICH
cucTeMarnyeckie HabilofleHHUs 32 ABJIeHMAMM, NPOUCXOZAUWMMHU HE3aBHUCHMO
OT HccnenoBarend. Tak, A8 NpHMepa, METEOPOJIOTH TIPOU3BOIAT HabnlomeHus
33 YMCNIOM OOIaYHbIX [Hel, TeMIlepaTypod BO3[yXa B OIIpefleNieHHble Yachl
CYTOK, ero BfIaXHOCTbIo U Np. TOYHO Taxike OPraHW3aTop NPOM3BOACTBA HaGIIio-
JlaeT 3a NPOU3BOIMTENBHOCTBIO TPYZA PU PAa3IMYHBIX HOpPMax ero OpraHu3aluy.

B HayuHO#il M NpPaKTHYeCKOH [eATeNbHOCTH MNOCTOSAHHO TNPHXOOMICA IPOBO-
OUTh MHOTOKPATHO NOBTOPAMLIMECH HCIBITaHMS B CXOHHBIX YCHoBHAX. Kak
[IpaBUJIO, TIPY 3TOM DPe3ynbTIaTbl NpelleCTBYIOLIMX MCIBITAHHH HMKAaK He CKa-
3bIBAIOTCA Ha mnocienywiwiux. OueHb BaXKeH NPOCTEHIUMM THUN TaKUX MHCIbITa-
HHM#, KOTAa B KaXI0M M3 UCIIBITAHHH HEKOTOpOe coObITHE A MOXET MOABUILCA
C OHOH M TOH e BEPOATHOCTBIO P U 3Ta BEPOATHOCTd OCTAETCA OOHOM M TOMH
e, HE3aBUCHMO OT DPe3yJIbTAaTOB IpelIleCTBYIOILUX MIIH NOCEAYIOMMX HCIIbI-
TaHWH. ITOT THMI MCIBITAHHH ObUI BriepBble HCCIIEAOBAH 3HAMEHHUTHIM LlIBEHHAD-
ckuM yueHsiM flkoB6om BepHymmm (1654—1705) B npom3BefeHuu “Ars con-
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jectandi” (McxyccTBO NpennoJyoXeHHUit), M3LaHHOM [OCNlE CMepTH aBTOpa B
1713 r., u moTomy NONYYM] HauMeHoBaHMe cXeMbl BepHymnu. [logpoGHoe
HCCTIEIOBAHHE TAaKHMX [OCIIEOBATENIbHOCTEN MCTBITAHUIA 3aCIIy>KHBaeT BHH-
MaHHUsl KaK B CHJTy MCKIIIOYMTENIBHOrO MX 3HAUYeHMsA B TeOPHUM BepOSTHOCTEH
U B NPWIOXEHUNX, TAK U B CHIIY BBIABHMBILEHCA B IIPOLECCEe Pa3sBUTHA TEOPHU
BEPOATHOCTEH BO3MOXHOCTH O0O6OGIEHUA TeX 3aKOHOMEPHOCTEH, KOTOpbIe
BIiepBble OBLTH OTKPBITHI NPH U3YYeHHH CXeMbI TIOCIIENOBATENIbHBIX HE33BUCH-
MBIX HCTbITaHMH. MHOrHe ¢axThl, NOOMeUeHHbIe Ha cXeMe bepHysuH, Bnocnen-
CTBHM CJIY)XMJIM NIyTeBOJHOH HMTbIO IIpH M3ydeHUHU Golee CroxHbIX cxeM. Cre-
JIaHHOe 3aMeyaHHe OTHOCHMTCA KaK K NMPOUUIOMY, TaK U COBPeMEHHOMY Pa3BH-
THUIO TEOpHM BepoATHOCTeHd. Mbl ybenumcsa B 3TOM Ha IpUMepax 3aKOHa GoJib-
IIMX YKuces U TeopeMbl MyaBpa — Jlamnaca.

PaccMOTpuM Temepb crlemyiowMid BOMpPOC: YTO CliedyeT MOHMMAaTh B CXeMe
BepHynnu nop, aneMeHTapHeIM coGbITHeM? OueBHOHO, YTO 3TO MOCIIENOBATElb-
HOCTb HaCTYIUIEHHH M HeHaCTYIUIEHHH HHTepecyloiero Hac coopiTust A B ToCle-
OOBaTeNIbHBIX MCHbITaHUAX. OTHECEM HACTYIUIEHMI0 COOBITUA 4 eIMHHLY, a He-
HACTYIUIEHHI0 — Hynb. TOrga 3jeMeHTapHbIM COOBITHEM IJISL N HCIBITAHHI
OyHeT MOCIEeNOBATENbHOCTh M3 N Hyned M enmuHHu. Hampumep, ecnu n = 3, 10
BCE BO3MOXHble 3JIeMeHTapHbI€ COOBITHA 3aNMCHIBAITCA CIELYIOIHMH TPOH-
KaMH Ha3BaHHbIX Hamu cumeosoB: (0,0,0), (0,0,1), (0,1,0), (1,0,0), (0,1,1),
(1,1,0), (1,0,1), (1,1,1). CMbIcn KaXHgO#l U3 HaNMCAaHHBIX Tpoek uucen O u ]
aceH. TlepBasa M3 nepeyucClIeHHBIX TpOeK O3HAYaeT, YTO BO BCEX TPEX MCIMbITa-
HUsIX cobbite 4 He HacTymuno. Bropas rpoiika 03Hayaer, YTO B MEPBBIX ABYX
HCOBITaHUAX COObITHe 4 He HAcTYINMIIO, a B TpeTbeM — Mpou3olwnio. Jlerko no-
HATDb, YTO MHOXXECTBO BCeX 3JIeMeHTapHbIX COOBITHH NIPH 71 MCIIBITAHUAX COCTOUT
u3 2" 3nemeHTOB.

Tenepp Mbl JOMXHbI BBECTH BEPOSATHOCTHYI0 Mepy Ha MHOXeCTBE 3JIEMeHTap-
HbIX COObITHH. JTO HeNaeTcs OJHO3HAuHO. JlefCTBHTENBbHO, BEPOSATHOCTh HACTY-
TUIEHUS] COOBITHA A B HCOBITAHUM C HOMEPOM Kk paBHaA P, a €r0 HEHACTYIUICHHA —
q = 1 — p. Hactynnedue unu HeHacTyIUleHHe cOOBITHA A B MCIBITaHHAX C pa3-
HbIMHM HOMEPaMH [JISl ¢XeMbl BepHY/IM He3aBHCHMBI. 3HAUUT, B CHITY TeOPeMbI
YMHOXEHHUA BEpPOATHOCTeH, BEPOATHOCTb TOrO, YTO COObITHE A HACTYNHT B M
onpeneNeHHbIX UCHBITAHUAX (HanpHMep, B HCOBITAHUAX C HOMEPAMH Sy, S, . . .

..y Sm), a OPH OCTasnbHBIX 1 — M 'He HACTYIMT, paBHa p™q” ~ . Jr1a BepoATr-
HOCTb He 3aBHCHT OT TOTO, K&K PacIOJIOXKEeHbI HOMEPA Si, Sz, . . ., Spy.

Ipocreitian 3agava, oTHOCAWAACA K cxeMe BepHyiH, cocrout B ompene-
JIeHHH BepoATHOCTH P, (M) TOro, 4r0 B 1 MCOBITAHUAX cOBbITHE A NMPOM30MIET
m pa3 (0< m< n).

MbI TONMBKO YTO HalWIM, YTO BEPOATHOCTb TOrO, YTO COGbITHe A HACTYIMT
B HCIbITAHHMAX C OMNpedeleHHbIMH 7 HOMEPaMH, a B OCT&JIbHBIX He HACTYNHUT
paBHa p™q" "™ Tlo Teopeme CIIOXeHHS HCKOMasi BEPOSITHOCTb paBHa CyMMe
TOJIBKO UTO BBIYMCIIEHHBIX BEPOATHOCTeR IJ1Sl BCeX Pa3JIHYHBIX CNOCOBOB pas-
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MeleHUA M MOABIEHUH coObITHS A M n — /M HeNOABIEHHA CPElM /N HUCHbITa-
Hyit. UYHMcno Takux cnoco6oB HM3BECTHO H3 TeOPUH COYeTaHHH, OHO PpaBHO

n!
Cl' = —————— H, ClleqOBaTeJIbHO,
m!(n — m)!
£,(m)=Clp™q"~™ (m=0,1,2,...,n). (1)

TonyyeHHas q)opmyna HOCHT HauMeHOBaHHe PHOpMybl Eepuy/mu Jlerxo
3aMeTHTb, YTO BeposATHocTh P, (m) paBHa xosdpduuuenty npu x™ B pasio-
weHHH GuHOMa (g + px)” mo cTeneHam x. B cuiy 3TOro. CBOKCTBAa COBOKYII-
HOCTb BepOATHOCTeH P, (/1) HA3BIBAIOT GUHOMUALHBIM 3AKOHOM PACNPeOeneHUA
BEpOATHOCTeH.

JIMue HeMHOTO H3MeHHMB HPOBENeHHbIE PACCY’KIeHUsA Jierko 0o0OOWHMTh 1O-
JIyYEHHBIH Pe3yNbTaT. A HMEHHO, eCTH B KaX/IOM HCIIBITAHHH MOXET [POU30HUTH
OOHO M TOJIBKO OFHO M3 k cobbitmit 4,, 4, ..., A, UCTIbITAHUS HE3ABHCUMBI
H B KaXIOM H3 HHX COObITHe A4 ; NPOUCXOJMT C. BEPOATHOCTBIO Py, TO BEPOAT-
HOCTb TOTO, YTO B 7 HE3aBHCHMBIX MCHBITAHUAX NOABATCA 71y COOBITHH A, My
cobbityii A,, ..., M cobbiTuil A, paBHa

n! m, mp. ’
Pn-(ml:mz’---’mk)=—‘—'——~_—'—pl Pz ~...Dg - (1)
myimy! o my!
Jlerxko takxke yOeOUTbCA B TOM, YTO DTa BEPOATHOCTb ABJIAEICA KO3 ULMEH-
TOM TIpH x;"‘x;"’ x:”‘ B Pas3lIOKEHUM MONMMHOMa (pyXx; + paX, +

.+ px, )" 1o cTeneHaAM Xy, X5, . . . , Xi. EcTecTBeHHO, UTO BEPOATHOCTH 1)
Ha3bIBAIOTCA NOAUHOMUAALHBIM pacnpedesneruem. TlonnHOMuUaNbHbBIE pacnpefe-
JieHUsl HAXONAT NPUMeHEeHUs B eCTeCTBO3HAHMHM, 3KOHOMMUYECKMX 3a7jayax, MH-
XeHepHOM [Iene.

Tak Kak BCe BO3MOXHble HECOBMECTUMBIe MeXJy CODOH UCXOIIbI HCHbITA-
HHIl COCTOAT B nosBieHMHd coObituss 4 O pas, 1 pa3, 2 pasa,..., n pa3, TO
ACHO, 4TO

z P, (m>=1.
m=0

310 COOTHOIIEHHE MOXeET ObITh BBIBEOEHO U Oe3 yueTa TEOPETHKO-BEPOATHO-
CTHBIX COOBPKEHHH, TOCKONbKY 10 ¢opmyite GuHOMa HbroroHa

n
Z P(m)=(p+q)"=1"=1.
m=0

HMes B BuAy NOCTAaHOBKY OOWMX 33/1a4, OTHOCALUMXCH K CXeMe He3aBUCH-
MbIX HCHbITaHMIl, PACCMOTPHM Tellepb YHCIIOBbIE MPHMepbl. BeTpeuawoiuuecs
B HHX pacueTbl Mbl He CTaHeM [OBOAMTb [0 OKOHYATeJbHOIO YHCIIOBOT G pe3ylb-
TaTa, OCKOMbKY JTH HOJCYETH JTyullie OCTaBHTh O TOIO MOMEHTA, Koraa OyayT
MOXTOTOBIEHb! yNoOHble H TOCTATOYHO TOYHBIE MeTOAb IJIA UX OCYILECTBIICHHUA.
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IIpumep 1. BepoATHOCTh M3MIENINI0 HEKOTOPOIO NPOU3BOACTBA OKA3aThCHA
OpakoBaHHpIM paBHa 0,005. Uemy paBHa BepOATHOCTb TOro, yro u3 10 000
Hay[auy B3ATBIX M3[1eIMil OpakoOBaHHbIX U3[IeNHl OKaxeTcs a) paBHO 40,6) He
6omnee 70?7

B Hawem npumepe # = 10 000, p = 0,005, nostomy no dopmyne (1) Ha-
XOOMM:

a) Piooo00(40)= ClQOOO 0,995)9960(0,005)40-

BepoATHOCTE TOro, YTO YHCNO OpaKkOBaHHBIX M3MEIHHA OKaXercsi He GOJb-
MM 70, paBHa cCyMMe BepOATHOCTeH YHUCITY OpPaKOBaHHBIX M3MEJIHHA OKAa3aThCA
paBHeiM 0, 1,2, ..., 70. Takum 06pa30M

6) P{u< 70} = z P,(m)= 2 CP0000,99510000—mq gg5m

IIpumep 2. Umerorca oBa cocyma A u B, xaxnpii o6seMom B 1 om°
B kaxmoMm u3 Hux comepxurca 1o 2,7 - 10°? monexyn raza. 3TH cocymsl IpH-
BellcHbl B CONPMKOCHOBEHME TaK, YTO MeXQLy HUMH MPOMUCXOMHUT CBOBOIHBIN
00MeH MOJIeKYJIaMH, HO HeT ODLUEHUsA ¢ BHelIHeH cpenoil. UeMy paBHa BeposI-
HOCTb TOrO, YTO II0 MCTEYEHHI0 HEKOTOPOrO BpeMeHH B OIHOM M3 cOCYHOB
YHCIIO MOJIEKYT OydeT OTIMYAaTBCA OT YHCNIA MOJIEKYJ B APYTOM NO MeHbLlei
Mepe Ha OOHY J.eCATUMHIUTHAPOHYIO YacTh?

Jna kaxgoir MOneKynbl BepOSATHOCTb OKa3aTbCA B onpeneneHHOM cocyne
paBHa nosnosuHe. TakuM 06pa3zom, xak 6b1 npousBomurcs 5.4 - 10°? ucmbita-
HMil, U1 K@XKIOTO M3 KOTOPBIX BepOATHOCTh MONAacTh B cocyd A paBHa 0,5.
Ilycte 4 — UYMCIIO MOTIEKYN, TONABUMX B cocyd A, W, CleNoBarenbHO
54 -10°%—u ectb yMCIIO MOTIEKyY, ONABIMX B cocyn B. Ham HyxHO onpere-
JIUTh BEPOATHOCTB TOTO, YTO

54-.10%2
lu—(5,4-10°2— )| > BTN 54 .10'2

Unaue roBOps, Hy>XHO HalTH BEPOATHOCTD

p=P{lp—27-10*%|>27-10'2}.

CornacHo TeopeMe CroXeHus p = XL P,(m), rae cyMM3 pacmpocTpaHeHa Ha Te
3HAYEHUA M, A KOTOpBIX | m — 2,7 IO“I >2,7-10'2.
PaccmMOTpeHHbIe HPMMEpBI ITOKA3bIBAIOT, YTO {IpH PEHIEHMH PeajIbHBIX 3ajiau

JIOCTOSIHHO BO3HHKAlOT 3aJavu, Ipe6y10ume IIpP[6IIP[)i(eHHOrO BBIYHCIICHUSA
t

cymMm X P, (m) s 3aaHHBIX ¥ ¢ TIpyu AOcTaToyHO Gompumx 7. TOYHO Takxke
m=s : )
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HeoOXOIMMbL NPUOIMKeHHbIe HOPMYIIBI AJIA BBINUCIIEHUA BeposATHOCTEH P, (m)
npu GONBIUMX 3HAUEHHUAX 72 W M WIK Xe NPY MaJblX 7, HO OOJIbMIKMX M. JTH 3a-
naum OGynyT pelueHbl Hamu B Omwkadumx naparpadgax. Ceitdac xe Mbl oOpa-
TUMCS. K yCTaHOBJIEHMIO HEKOTODBIX 3J1eMeHTapHbIX (aKTOB, OTHOCALIMXCH
K H3yuyeHU rnopegeHus P,(m) kak ¢yHkimu m. [Ina 0 < m < n, Kak JIerko
MO[ICUUTATh,

P,(m+1) n-m p

Pn(m) m+l q

O1cwopa crenyet, 4To

P,(m+1)>P,(m),

ecu (n —m)p>(m+1)q,1.e.ecnu np —q > m;

Pp(m +1)=P,(m),
eCIM M = NP — q W, HAKOHEN,
P,(m+ 1)< P,(m)

ecnu m>np —q.

‘Mbi BuAMM, uTO BepoATHOCTL P, (M) ¢ yBesMueHHEM M CHadana BO3pacTaert,
3aTeM JOCTHIaeT MaKCHMyMa M NIpH [allbHeileM pocte m yOpiBaet. [1pu atom
€ClIM np — @ SABIACICA LENBIM YKCIIOM, TO MaKCHMallbHOe 3HaueHHe BEpOSAT-
HOCTh P, (m) npuHMMaeT Qs ABYX 3HAYEHHH M, HMeHHO [ Mg = np — q |
mg =np —q+ 1 =np+ p. Eciu ke np — g He ABIAETCH LeJIBIM YKCIIOM, TO
MAaKCUMAJIBHOI'O 3HaUeHUs BEPOATHOCT P, (M) NOCTHIraeT MpU m = mg, paBHOM
HauMeHBIIEMY LelIOMY 4MCIy, bombliueMy mg. YUKCIIO My Ha3BIBAWT gepoATHEl-
wum 3Haveruem (. Mbl BHIENM, YTO €CNIH NP — ¢ eCTh LEJ0e YHUCIIO, TO UMeeT
IBa BepOATHEHIINX 3HAUEHUA: Mg U Mg =My + 1.

Tabnuua 7

e Lo L omen [ [ e | om ]
<5 0,0000 11 0,0287 {8 0,1080 25 0,0059

5 0,0001 12 0,0470 19 0,0910 26 10,0028

6 0,0004 13 0,0679 20 0,0704 27 0,0012

7 0,0012 14 0,0879 21 0,0503 28 0,0005

8 0,0033 15 0,1077 22 0,0332 29 0,0002

9 0,0077 16 0,1178 23 0,0202 30 0,0001

10 0,0157 17 0,1178 24 0,0113 >30 0,0000
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O1MeTuM, uto ecnim np — q < 0, 1O
P,(O)>P,(1)>...>P,(n),

aecrm np —q =0, 10
P,(0)=P,(1)>P,(2)>...>P,(n).

B panbHedileM Mbl yBHAMM, YTO NpH GOMBIIMX 3HAUeHUAX © BCe BEPOSATHOCTH
P, (m) craHoBATCcH GMU3KMMH K HYIIIO, HO TOJIBKO [JIs 7, OIIM3KHMX K BEPOST-
He#llleMy 3HaueHHI0 Mg, BEPOATHOCTH P, (M) CKOIBKO-HUOYAS 3aMETHO OTIIH-
YalTICs OT Hynst. JToT ¢GaKT BIOCIeACTBUM OydeT [oKa3aH HaMM, a ceiyac
MPOWLTIIOCTPUPY eM CKa3aHHOe YHUCIIOBBIM MPUMEPOM.

Dpumep 3.Iycs n=50, p = 1/3.

BeposiTHeilllIMX 3HaueHUH ABa: My =np — q = 16 u my + 1 = 17. 3HaueHus
BepoATHOCTel P, () ¢ TOUHOCTBIO N[O YeTBePTOro NECATHYHOrO 3HaKa Npef-
CTaBJleHbl B TabIL. 7.

§ 10. JloxansHast npenenTbHas TeOpeMa

IIpy paccMOTPEHHH YMCIIOBBIX MPUMEPOB NpenbInyilero naparpada 6s10 3a-
MeueHO, YTO Mpyu OOIbIIMX 3HaYeHHAX N U /N BbIYUCIIeHUe BepositHoctel P, (m)
NpeBpALIAeTCS B TEXHHUYECKH CIIOXHYI0 3afjauy. 10 0OCTOATENbCTBO GBUIO OT-
MeueHO B pAfe pabor marematukoB Havanma XVIII Beka, nocBseHHbIX nemo-

rpapuyeckuM npobnemaM. Bo3HHKIIa HeOOXOIMMOCTH B aCHMIITOTHUECKHX
b

¢bopmynax kak pns P,(m), tak ¥ nna X P, (m). Jra 3apava Gbuia ucuep-
m=a

npiBaloule pellieHa AGpaxamoM ne MyaBpom (1667—1754), ¢paHiy3ckum
MaTeMaruKOM, BCH >XH3Hb IPOXMBIIMM B AHIiuH. Ilo3pHee HeOmHOKpAaTHO
IBe 3aMeyarellbHble €rO TeOpeMbl, K (OPMYJIMPOBKE M NOKA3dTENIbCTBY KOTO-
PbIX MBI U NepeieM, HAXOOMIIM NPYMEHeHUA M IIMpoKHe 0006uieHusn. IlepBas
U3 HUX TTOJTy4HIIa HaMeHOB4dHHe JIOKAJIBHOM NpefeNbHOM TeOpeMbl.

JloxkanbHasa TeopeMa Myaspa. Ecau gepoaTHocts HacTyniaeHus
HEKOTOpO20 COObITUA 6 N HE3A8UCUMbLX UCHMbITAHUAX NOCTOAHHA U PASHa p
(0 < p< 1), 1o gepoarnocrts P, (m) 1020, 410 8 ITUX UCNBITAHUAX COObITUE A
HAcTynuT po8HO M pas, y008AeTE0PAET NPU N —>° COOTHOLUEHUIO

1 2
Vnpq Py(m)
2w

I
DABHOMEPHO 04 8CeX M, 01 KOTOPbIX

e -1 (N

m — np
X :xmn = (:)

Vnpq

HAXOOUTCA 8 KAKOM-AUDO KOHEUHOM UHTepsane.
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Hoxaszatensbctso. [lpuBomnMoe HaMu J10Ka3aTeNbCTBO OMUpaeTCs
Ha H3BECTHYI0 M3 Kypca MaTeMaTHyecKoro aHanusa ¢popmyny Crupnusra (OfiHO-
BPEMEHHO OTKPbITY10 U Myaspom)

50
sl= \2ns s’e%e S

B KOTOPOM OCTaTOYHBIN MMOoKa3aTtesib ¢ yIOBIeTBOPsieT HEPaBEHCTBY

1 '
o< — - 2
( si 12s ( )

3aMeTHM, UTO PaBeHCTBO (2) MOXeT ObITh 3aMMCAHO B BUJE
m=np+x\/npq.

O1crona cnefyer, 4TO
n—m=nq —x~\/npq.

Hocnenune PaBeHCTBa MOKAa3bIBAIOT, UTO €CIIM X OCTACTCHA B KakoM-linbo orpa-
HHYEHHOM OTpe3Ke, TO YNCiia M u-n — N BO3pacTawT Ao 0eCKOHeUHOCTH BMe-

cre ¢ n. Tlocne 3Toro 3aMeuaHuss Msl MOXeM MCHONL30BaTth ¢opMyny CtHp-
sipnra. Ee mpuMeHeHne maetr HaM

nt

= e m,n—m _
Py (m) m!(n_m)!p q

_ 1 / n _efn m no n—m
S ome—m) (;n-p) <mq> ’

rae

1 1 1 1
0=0,—-0, -0, < —|— +— + )
12 \n m n—m

Orciolla Mbl BHIMM, UTO, KaKOB Obl HU GbIN 0TPe30K 4 £ X < b, BenuuuHa §
PABHOMEPHO OTHOCHTE/IBHO X B 3TOM OTpE3Ke CTPeMMTCH K HYIIK NP 7 —> o,

CnenoBatenbHO, MHOXXHUTEND 6_6 [TPp4 TOM XK€ YCJIOBHM PABHOMEPHO CTPEMUTCH
K e/IMHHLE.

PaccMOTpHM Tenepb. BETHYNHY

) n m n n—m
Ind, =In (—- p) (————— q) =
m n-m

= —(np +x \/npq )ln(l +x \/’_qi) —(nq — x~/npq )in(l —xV L) .
np np
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/4 /P
B ycnmoBusax teopemMbl BenwYMHB \/— U 4/ — IpH HOCTATOYHO GoOrb-
np nq

LMX N MOFYT GBITH C/IENaHbI KaK YTFOOQHO MAlIbIMH, IO3TOMY MOXHO BOCHOIb-
30BaThCA: PA3TIOXKEHUEM JIOFapupMa B CTeneHHOM pAL. OrpaHHuYMBILKMCH IBYMSA
TIEPBLIMH WIEHAMU, HAX OTIUM

1n(1+x\/z) -x\/—z'—l—qf—z— +0(l >

np np 2 np n3f2
1 2 1
1n(1—x /L)zﬁx./p___!’x +0( )
nq nq 2 nq n3/2
x? 1
Hecnoxwbie momcuetsl noxasmBawT, uto lnd, = ——+ O |— ) n
2 Vn

P2BHOMEDPHO OTHOCHUTEIILHO 11 B TI060M KOHEYHOM OTpPE3KE X
2
X

Apie 2 -1 (n > ).
n
Hasnee, \/npq - \/—————— = 1 paBHOMEpPHO B KaM{IOM KOHEYHOM
m(n —m)
OTpe3Ke: X.

[ puBe e HHbIE TTOJCUETHI HOKAZBIBAIOT TEOPEMY .
o cymecTBY TeMM e MOICYETAMH MOKHO IOKA3aTh aHATIOTMUHYIO JIOKaTlb-
HYI0 TEOPEMY M U1 MOJIMHOMMATIBHOTO paclipefleNeHus.

JloxkanbHan reopema. Few gepoarwicru py, pa, .- . . P NOAGAE-
. (5]
HUS cOOT8ETCTBEHHO cOObITUL AS‘), A?)‘ o A ;;.” 8 $-M UCNBITAHLU He 3a8U-
CAT OT HOMepa ucnviTaius u otauunbl oT Guor 1 (O<p;<1.7i=1,2,....k),
TO 8epoATHOCTY Py(my, m,, ..., my) To20, 4TO NpU N.He3A8UCUMbIX UCNBITA-
Husx cobwirus AL (i=12,...,k)nosearca mspas (m, +my +...+my =n),
Y00841€eT80pAEeT COOTHOUEHUID
1
-~ Z qix}
e 2i=1
[k —1 .
20 Pn(m17m2>"'7mk)' k1 -1

2m % Vpips .. bk

(n— )
mi —np;

Vvhp:q;

pagromepHo Ons écex m; (i = 1, 2, ..., k) das xoTopbix x; =

HAXOOATCA 8 NPOUIBOAbHBLX KOHEUHbIX UNTepEAnax 4; < x; < b;.
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k

k
W3 papeHcTBa X m; = n BBITEKaeT cOOTHOWeHHme X X; Vhpiq; =0,
i=1 i=1

KOTOpOe MO3BOJISET OIHO M3 X; BbIPA3UThH Yepe3 OCTaIbHbIE. 3aMETHM B/IOGAaBOK,
k
yro X p; = 1. llpu k = 2 u3 310# TeopeMbl, KaK HYaCTHBIA CIyyaH, NONyYaeTCs
i=1
Teopema Myaspa.
Mpumep 1. B npumepe 2 npeppigywero naparpada Ham HYXHO Obu1o

onpegemuts P,(m) npu n = 10000, m = 40, p = 0,005. Ilo TONBKO YTO fiO-
Ka3aHHOH TeopeMe HMeeM:

_ )
Po(m) ~ ————¢ 2 \Vnpa
2mnpq

Jns Hausero nmpHmMepa

Vnpg = +/10000-0,005-0995 = /49,75 ~7,05,

m —np
— ~—1,42.
vnpq
CrneoBaTeNbHO,
1,427
! B
P,(m)y~———e
7,05 /27
Oyukuusa
x2
W= 7
o(x) = — e
\/in

TabyIMpOBaHa; KpaTkas Ta0NHULA 3HAUeHHH 3TOH (YHKIMH NpHBEAEHA B KOHIE
KHUrH. Ilo 310 TaGnMie Haxo UM, UTO

>

6
P, (m) ~ = 0,00206.

TouHble MOACYeTHI Oe3 MCNONb30BaHMA Teopembl MyaBpa—Jlamnaca partr Ham
P, (m) ~0,00197.

JUTs winlocTpaluu XapaKTepa IpuOIMKeHHH, laBaeMblX Teopemor Myaspa—
Jlannaca, a TakxXe A reOMeTpHuYecKOro NOACHEHHsA IPONENIaHHBIX NpH ee
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Tabnuua 8

n=4

m 0 1 2 3 4
Py (m) 0,4096 0,4096 0,1536 0,0256 0,0016
X -1,00 0,25 1,50 2,75 4,00
\hpgq Py, (m) 0,3277 0,3277 0,1229 0,020S . 0,0013
v (X) 0,2420 0,3867 0,1295 0,0091 0,0001

Ta6nuuoa 9

n=25

m x Py (m) | N/npq Pp(m)| p(x) || m x Py (m) | \/npq Pp(m)| ¢ (x)

~2,5 0,0037 0,0075 0,0175 8 1,5 0,0623 0,1247 0,1295

0

1 -20 0,0236 0,0472 0,0540 9 2,0 0,0294 0,0589 0,0540
2 -1,5 10,0708 0,1417 0,1295 10 2,5 0,0118 0,0236 0,0175
3 -1,0 0,1358 0,2715 0,2420 11 3,0  0,0040 0,0080 0,0044
4 -05 0,1867 0,3734 0,3521 12 3,5 0,0012 0,0023 0,0009
5 00 0,1960 0,3920 0,3989 13 4,0 0,0003 0,0006 0,0001
6 05 0,633 0,3267 0,3521 14 45  0,0000 0,0000 0,0000
7 10 0,1108 0,2217 0,2420 >14 >45  0,0000 0,0000 0,0000

Tat6numa 10
n =100

T
m L x Pp(m) | \/npq Pp(m)| ¢ (x) || m x | Pp(m) |</npq Py (m)| ¢ (x)
1

8 —-3,00 0,0006 0,0023 0,0044 21 0,25 0,0946 0,3783  0,3867
9 -2,75 0,0015 0,0059 0,0091 22 0,50 0,0849 0,3396 0,3521
10 ~2,50 10,0034 00134 0,175 23 0,75 0,0720 0,2879  0,3011
11 -2,25 0,0069 0,0275 00317 24 1,00 0,0577 0,2309  0,2420
12 -2,00 10,0127 0,0510 00540 25 1,25 0,0439 0,178  0,1826
13 -1,75 0,0216 0,0863 00862 26 1,50 0,0316 0,1266 0,1295
14 -1,50 10,0335 0,1341 0,1295 27 1,75 00217 0,0867 0,0862
15 -1,25 0,0481 0,923 0,1826 28 2,00 0,141 0,0565  0,0540
16 ~1,00 10,0638 0,2553 0,2420 29 2,25 10,0088 0,0351  0,0317
17 -0,75 0,0788 0,3154 0,3011 3¢ 2,50 0,0052 0,0208 0,0175
18 -0,50 0,0909 0,3636 10,3521 31 2,75 10,0029 0,0117  0,0091
19 -0,25 10,0981 0,3923 0,3867 32 3,00 0,0016 0,0063  0,0044

20 -0,00 10,0993 0,3972  0,3989
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TaGnuma 11
n =400

m x Py (m) | Nnpq Pp(m)} ¢ (x) || m x Py (m) | \/npq Pp(m) | ¢ (x)

56 —3,000 0,0004 0,0034 0,0044 81 0,125 0,0492 0,3956 0,3957
57 -2,875 10,0006 0,0051 0,0064 82 0,250 0,0478 0,3828 0,3867
58 ~2,750 0,0009 0,0076 0,0091 83 0,375 0,0458. 0,3666 0,3719
592,625 0,0014 0,0104 0,0127 84 0,500 0,0432 0,3459 0,3521
60 ~2,500 0,0019 0,0156 0,0175 85 0,625 0,0402 0,3215 0,3282
61 —-2,375 0,0027 0,0218 0,0238 86 0,750 0,0368 0,2944 0,3011
62 —2,250 0,0037 0,0298 0,0317 87 0,875 10,0332 0,2656 0,2721
63 -2,125 0,0050 0,0399 0,0417 88 1,000 0,0295 0,2362 0,2420
64 —2,000 0,0066 0,0525 0,0540 89 1,125 0,0259 0,2070 0,2119

" 65 —1,875 0,0089 0,0679 00684 90 1,250 0,0223 0,1788 0,1826
66.—1,750 0,0108 0,0862 0,0862 91 1,375 10,0190 0,1523  0,1550
67 —1,625 0,0134 0,1075 0,1065 92 1,500 0,0160 0,1279- 0,129
68 —1,500 0,0164 0,1316 0,1295 93 1,625 0,0132 0,1059  0,1065
69 —1,375 0,0198 0,1583 0,1550 94 1,750 0,0108 0,0865 0,0862
70 -1,250 0,0234 0,1871 0,1827 95 1,875 0,0087 0,0696  0,0684
71 -1,125 0,0271 0,2175 0,2119. 96 2,000 0,0069 0,0553  0,0540
72 -1,000. 0,0310 0,2483 0,2420 97 2,125 0,0054 0,0433  0,0417
73 -0,875 0,0349 0,2789 0,2721 98 2,250 0,0042 0,0335 0,0317
74 -0,750 0,0385 0,3081 0,3011 99 2,375. 0,0032 00255  0,0238
75 0,625 0,0419 0,3317 0,3282 100 2,500 0,0024 0,0192. 0,0175
76 —0,500 0,0447 0,3580 0,3521 101 2,625 0,0018 00142 0,0127
77 -0,375 0,0471 0,3766 0,3719 102 2,750 0,0013 0,0105 0,0091
78 —0,250 0,0487 0,3919 0,3867 103 2,875 0,0009 0,0075  0,0064
79 -0,125 0,0497 0,3973 0,3957 104 3,000 0,0008 0,0054  0,0044
80 —0,000 0,0498 0,3985 0,3989

pJokajsaTelbeTBe AHATUTUYECKHMX Mpeo6pa3oBaHUM, Mbl PACCMOTPUM YUCIIEHHBIA
IpHMeD,
Ilycty BepostHOCTy p paBHa (,2. B tabn. 8-—-11 cobpaHsl 3HayeHUsA m,
m — np

Xx = —————, BepoATHOCTeH P, (m), Benuuun ~/npg P,(m), a Takxe GpyHK-
vnpq )
X
ugu p(x) = e 2 ¢ TOMHOCTHIO 10 YeTBEPTOrO [IECATUYHOTO 3HAKA COOT-
V2m

BETCTBEHHO [IIf YMCNa KchbiTahuil n = 4,25, 100, 400. Ha puc. 102 opouHaTs
306paxanT 3HaUeHHS BePOSTHOCTEH P, (/) NpU pasTHUHBIX LeTOYMCIIEHHBIX
3HayeHUAX abcuuccel m. Ilo pUCYHKY BHJIIHO, YTO C. yBeITMHYeHHEM N BEIHYMHBI
P, (m) paBHOMepHO yGbiBaloT, 1% TOro 4T06hl Ha pUCYHKe TOUKHU [m, P, (m) ]
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a3

Bm
040F
a)

0,30 _—

0,20 &
%o *n=25

0710 I~ ¢ c"c
. . e, n=400
X e o n=1000,

_‘r_ o .. TS Lo | 1 Zteps
10 20 30 55 75 85 35 m
Puc. 10

I

i

5 -2 -1 0 1

2 J
Puc. 10 (mpononxeHue)
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yXe ISl pacCMaTpUBaeMbIX 3HAYEHHH N He CIIWIHCh ¢ OCbIo abcuMcc, Mbl Bbibe-
peM pe3KO pa3/InyHbIe MACIUTA0bI IO OCAM KOO pIHHAT.

m —np

Vn
M opoMHaT y,(m) = ~/npq P,(m) o3Hauaer 1) mepeHOC Hauana KoopmlpﬂqziT
B TOuKy (np, 0), Haxomswylocs BOIM3M OT MakCHManbHOH OpauHatel P, (),
2) yBelMueHHE eOWHMIIbI MacluTaba mo ocH abcuuce B \/npg pa3 (MHBIMH
cNOBaMH, ckaTHe TpadMKa MO Ocu abeuuce B A/npg  pas), 3) yMeHblieHue
eMHUUBI Macuiraba Mo OCH OpPOMHAT B +/npq pa3 (MHBIMH CJIOBAMH, pacTs-
KeHde rpaduKa 110 OCH OpPAMHAT B \/npg pas).

Ha puc. 106, 6, @ n306paxkeHp! KpUBasAg ¥ = ¢ (X) U NpeoGpa30BaHHbIE TOJILKO
YTO OIMCAHHBIM CNOCOGOM TOUKH [m, P,(m)], T.c. ToukH [ X,. ¥,(m)]. MBI
BH/IMM, 4TO yxe mpH n = 25 1oukH [x,, y,(m)] cruBaworcs Ha rpaduke c
COOTBETCTBYIOIIMMH TOYKAMH KPHBOH ¥ = ¢ (x). ITO COBMAIeHHE CTAHOBUTCH
ellie JIyyle Tpy GOJIBIINX YeM 25 3HAUCHHAX M.

Y106l MOIYuHTh HATIIATHOE IpedCTaBJIIeHHe O TOM, B KaKOH Mepe MOXHO
MOJIb30BAThCH aCHMITOTHUeCKOH ¢opmyroi MyaBpa—Jlamiaca npH KOHEUHBIX
n*), T.. 3aMeHATh OWHOMMAJIbHBIA 3aKOH TIpH BBIYMCIIEHHH BEpPOSTHOCTEH
P, (m) oyHxkuued y = p(x), npuenem Mpumep. st TPOCTOTbI PacCMOTPUM

PaccMOTpeHHe BMeCTO abClMce m M OpauHat Py () abeumce X, =

Ta6nuua 12

n Py On Pp—-Qn Py /Q@n

25 0,09742 0,09679 0,00063 1,0065
100 0,04847 0,04839 0,00008 1,0030
400 0,024207 0,024194 0,000013 1,0004
1156 0,014236 0,014234 0,000002 1,0001

cnyvail p = ¢ = 1/2 1 BO3bMeM JIHLIb Te 1, IjI KOTOPbIX BO3MOXHO 3HaueHHE
Xpm = 1; Takumu moryT 6biTh, Hallpumep, 1 = 25, 100, 400, 1156. NUmeHHO

I HUX Xy = 1 mpum = 15, 55, 210, 595. |

\2nnpg
p=q=1/2u xpym=1.

CornacHo JIOK4nbHOM Teopeme MyaBpa—Jlarmaca oTHowenue P,/Q, IOIXKHO
CTPEMMTbCH K e[MHHLe, KOrjga n — o, BpluMcileHHe NpH Ha3BaHHBIX BbIILE 3Ha-
YeHHAX N [deT

_x2 2
Tonoxum mis Kpatkoctd P, (m) = P, u e nmlZ=g npH

*) OyeHb TOUHbIC OLEHKHM OCTATOYHOTO WieHa paHbl B pabore C.H. BepHuuteitHa “Bos-
BpaT K BONPOCY O TOYHOCTH npefesibHOR ¢opmybl Jlannaca™ (M3s. AH CCCP. — 1943. —
T.7.)
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§ 11. MurerpannHas npeebHas reopema

TONBKO YTO BHIBEIEHHYIO JIOKAIBHYI0 NpeHelibHyI0 TEOpPEMY MbI MCIIOJIb3yeM
I BBIBOJA [PYTOTrO MNpedefibHOrO COOTHOLUCHWA TEOPHM BEPOATHOCTEH —
MHTerpasbHO# TpesieNibHOA Teopembl. Maoxenne HayHeM C MPOCTEHLIEro YacT-
HOTO CJTyuas 3TOM TeOpeMBl — UHTErpanbHO Teopemsl Myappa—Jlannaca.

NuTterpanbuasgsteopema Myaspa—Jlannaca. Ecmu u ecre uucao
HacTynAeHuil co6bITUA @ N HEe3d8UCUMBLX UCNBITAHUAX, 8 KAKOOM U3 KOTOPbLX
8EPOATHOCTY 3TO20 COBBITUA pasna p, npudem 0 < p <1, T0 pagHoMepHO OTHO-
cuteaso a u b (—e <a<bh <+°) npu n->°° umeer Mecro COOTHOULEHUE

22

P{ <“_"p<b} L

as —— - e z.
vnpq V2anma

HoxkazatenbcTBO. BBemem [jId KpaTKOCTM MUCbMa 0OBO3HayeHHe
H#—np }

P,,(a,b)=P{a< —<b

vapq

JTa BepOATHOCTb, OUEBHIIHO, paBHAa cymme 2 P,(m), paclpocTpaHeHHOM Ha
T€ 3HAYCHHUA M, U1 KOTOPBIX & S X, < b, roie nonpexxHeMy 0GO3HAUYEHO X, =
m—np

vnpq
Onpepenum teneps dpyHkumio y = I1,, (x) cnenyromum o6pazom:
np
0 max <xy=— ———=H
vapq
1 1+
y=N,(x)=10 uHHX>xn+—~—~—=—n£,
vnpq  ~Nnpq
V ”qun(m) HITA Xy <x<xm+1 (m:()’ 13' .- 1")-

OueBupiHo, yro BepoATHOCTh P, () paBHA IUIOLIANM, OrpaHUUEHHOM KpHBOI
y=11,,(x), ocbio OX M OpOMHATAMM B TOUKAX X =X, UX = X4, T.C.

Xm+1

P,(m)=/npq P,(m) x4y — xpm)= [ [, (x)dx.

Otciopa cremyer, urto MCKOMas BepOATHOCTb P, (a, b) paBHa miomamu, 3aK-
TII0YEHHOU MeXJTy KpuBOH y = Il,(x), ocbto OX H OpIMHATAMM B TOYKAX X,y

X o, TOemy m ONpeae/sTCsa 10CpeJCTBOM HEpaBEeHCTB

1 ]
asSxy Sat——, b<x,; <b+ —F——=

= Vnpq Vnpq
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Taxum oBpazom,

Xm
Py@ b)= [ 1,()ydx=
*m
Xm *m

,
=f Mpx)dx+ [ M,(x)dx—- J M,(x)adx
a b a

Tak Kak MaKCHMMIBHOE 3HaYeHHe BEPOATHOCTH P, (M) IpHUXOOMTCA Ha 3Ha-
yeHne My = [(n + 1)p], TO MakcumanbHOe 3Havenue [, (x) mpuxomutcs Ha
HHTEpBaI

mgy — np mogt1 —np 2
0< — <x< < .
“VApq vhpq vnpq

‘B 3TOM MHTepBane AeWcTBYeT JOKabHaA Teopema Myaspa—Jlamnaca, ¥ Ml
MOXeM TI0ITOMY 3aKJIOUHTb, YTO IIPH BCEX JOCTATOYHO GONBIMX 3HAYEHMAX 71

1 2
max I, (x) <2 —— maxe™* /% =y/2]x.
n (%) o3 V2/

-OT1cropa Mbi MPEeXIae BCEro BRIBOIAM, UTO

Xm Xm Xm

low I=1 f M,(x)dx ~ [ M,(x)dx|< [{max[l,,(x)dx+
b a

*m 2 2
+ f maxIl,(x)dx<v —(—b+x5; + X, —a)<2/
a m

mnpq

HYTO, CJIEAOBATETLHO
‘iim p, =0.

n-—»o-

Taxum o6pazoM, P,(e, b) TONBKO Ha BeJUMUMHY GECKOHEYHO Malylo OTIHYa-
b

etcsa ot J I, (x)dx.
a

Mb1 IpennosoxXuM CHAayaTa, yTo @ U b — KoHeuHsie uucina. Ilpu aTom mpen-
IOJIOKEHHH COTNIACHO JIOKAIbHOM TeopeMe NMpH a <x,, <b

e m?[1+ an(xm)],

Hn(xm)= 21“’

rae 0, (X,;) — 0 Ipu n —> °° pABHOMEPHO OTHOCHTENBHO X,,. OYEBMOHO, YTO U
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IIpY TIPOMEXKY TOUHBIX 3HAYEHUAX apryMeHTa

I, (x)=

1
e 12 1+, (x)],
id

npuyem lim  lim &, (x) = 0. le#icTtBuTenbHO, IpU Mobom m B MHTEpBale
n—ow a<x<b

X Sx < X,p4+1 HMEEM!

M, (x) = 1, () = e " 12 [1 +a,(x)],

Vin

roe
a,(x)=e 2 [ap(xn,)+1] —1.
Tak xax
x? —x2 max (|al,|1b1)

S<ixl-lx—-x,I1<

bl
2 vnpq
TO SICHO, YTO

lim max a(x)=0.
now e x<p

CobpaB BmecTe Haii[ieHHble OLECHKH, NOJIYYaeM, YTO
1 b

P,(a b)= \/Tﬁaf e=x"12 dx + Ry,
rie
Ry= —2= f ¢ " ay (x)dx + pn.
V2r G

Tak xak
1
Va2

b
. 2
iR, max la,(x)]- fe*12dx +p,,
asx<b a
TO M3 CKa3aHHOTO AICHO, YTO
lim R,=0.

n-~»oo

B cpnemanHoM HaMHM [0 XOJy OOKa3aresibcTBa YaCTHOM TPENNIOJIOKEHHH Teo-
pema JoxKasaHa. Ham ocraercst ocBOGOOMTLCE OT 3TOTO OIpAHHYCHMA.
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C 3T0ii 1eJIbIO TIpeK/Ie BCETO 3aMETHM, UTO

2
fe Z12dz=1.
V2w
Toaromy f7s no6oro € > 0 MOXXHO BbIOpaTh CTONb Oonbioe A, 4To

L T
e z -,
V2T —4 4

1
V2t -

A 2 o 2 €
[ ez %dz= [ e 2 12dz< —.
= A 8

V27

BbIﬁepeM Jajiee, B COOTBETCTBHH C JOKa3aHHbLIM, CTOJIb 601151110

€ M, yTo MpH
—A<a<b<A40oypert:

1 22 €
P,,(a,b)—\/.z_T_T.afe dz <4

Torpa oueBHaHO, UTO
P,(-A4,4)>1-¢/2,
P(—, —A)+P(4, +)=1 —P(-A4, A)<¢€/2.
Temepb H0oKaXeM, YTO NpH J1I00bIX @ U b (— o <a <b <+ ) Bynert:

1 »

I e 12z | <e

Pn(a:b)—ma

YeM, OUEBH/IHO, U 3aKOHUHMTCS IOKA3aTellbCTBO TeopeMsl Jlamnaca.
HJnst s10r0 Hapgo pa3o6paTh OT/HENBHO pa3THYHbIE CIIyya pACHOJIOKEHHSA
Ha MPSAMONA TOYEK @ M b OTHOCHTeNbHO MHTepBalla (— A, A). Pa36epem, Hanpu-

Mep,ciiyvaid a <—A, b > A (ocrasibHble PeIOCTABUM YHTATENO) .
B 3tom cnyuae

e = — (fA+
27 a ¢ Z—\/27T a

1":::

+ f e ¢ /2dz)
A

P,(a, b)=P,(a —A)+P,(—A, A)+P, (4, b).
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loatomy
P,(a, b)— jl?e_zzlzdz P,(a,—A)— 1 —f e—zzlzdz +
V2T a V27 oa
1 A
P,(-4,4)- T [ e * 12 dz |+| P, (4, b) —
T -A
fb _z2l2d <P ( A)+ 1 "j_q _zalzd +
- e Zis —oo e z
2 A n N TS
1 A
Pn(—A,A)—\/2 [ e "4z [+ P, (4, +) +
T -4
by € € €
J e—z2/2dz<i +—+— +— =¢,
\/2M 2 4 8 8

Mb1 mepeitmem Temepp K GOpMyNTUpOBKe HHTErpabHOM NpeneNpHOM Teope-
Mbl B OGLUEM cCllyyae CX€MbI MOCIIeOBATENIbHOCTH HE3aBHCHMBIX HMCIbITAHHHA.
ITycte monmpesxuemy u; (F = 1, 2,..., k) O3HauaeT 4MclIO NMOABJICHHH COGBITHH
Af) (s =1,2,...,n) B n NOCIenOBaTeNbHbIX MCIBITAHHAX. B 3aBUCHMOCTH
OT cillyyasgs M; MOTYT NpUHMMATh JUIUb 3Hauenus 0, 1, 2,..., n, IpuueM Tak
KaK B Ka)I0M HCIIBITAHUH BO3MOXHBI X HCXOHIOB H 3TH MCXO/IbI HECOBMECTHMBI,
TO [OJIXXHO MMeTh MECTO PaBEHCTBO

My Y ot =n (1)

CraHeM Telepp HA BeJIMYMHBI My, M2,..., Mg CMOTPETb KaK HAa MPAMOYTroOllb-
HbIe KOOPAMHATHI TOUKH B X-MePHOM €BKJIMIOBOM IIPOCTPaHCTBE.

IIpu 9TOM pe3ynbTaThl A UCTBITAHUA H300pa3ATCA TOUKOH ¢ LIeNTOUMCIIEHHBIMHI
KOOpAUHATAMH, HE MEHBUIMMH HyJA U He OONBUMMH #; OyneM B fajibHelieM
Ha3bIBATh TaKHe TOYKH L eJTOo4YH CJIe H-
H bl M u. PaBeHctBo (1) mokasbiBaert,
YTO pEe3yNbTaThl HCNBITAHHK U300pa3ATcA
He MPON3BOJIbHBIMU LIETIOYHCIIEHHBIMHU TOY-
Kamu B runepkybe 0 < u; < n (i = 1,
2, ..., k), a IUIIb TeMH M3 HUX, KOTOpbIE
HaxomsATca B rumepmnockoctd (1). Ha
puc. 11 wu300paxeHO NOJOXKEHHE BO3-
MOXHBIX Ppe3yNbTATOB MCNBITAHWHA B TH-
nepmiockocty (1) mnaA ciaywaa n = 3,
k=3

[TpousBenem npeo6GpasoBaHMA KOO PHK- N1(37U,U) Puc. 11

ng\
',\\E \\\ﬂk

NS
. L Ti0,3,0)
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HaTbl IO popMyJiaM

M; —np; .
Xj= ———= ((=1,2,...,k; q;=1—p;).
VNp;q;
YpaBHeHue rHNepIwiockocTH (1) B HOBBIX KOOpJAHHATAX MepeluiIeTcAd B Clle-
IOyioueM BUJE:

K
'21 xivnpg;=0. (2
=

Touxy unepmwiockoctd (2), B KOTOpble NepeuUid LENOYMCIICHHbIE TOUKH
runepwiockoctd (1), YCTOBHMCA TaKxe Ha3bBaTh "M eJIOYHCIIE H-
HBIMHU”,
O6o3HaunM uepe3 P, (G) BepoATHOCTb TOTO, YTO B pe3y/IbTATE N HCIIbITa-
Huit wacna u; ( =1, 2,..., k) NoABNeHMHA KaXAOTO U3 BO3MOXHBIX HCXOHAOB
Hi —np;

Vhp;q;

OKa)XYTCA TaKHMMH, YTO TOUKA C KOOpHHATAMH X; = nonageT BHYTphb

obnactu G.

Torna umeet mecTo crenyowas

Teopema. Ecau 8 cxeme nocnedogarenbHOCTU HE3ABUCUMbBIX UCNbLTA-
RUll 8 KAWOOM U3 UCNbITAHUL 8O3MOXHbL K UCX0008, NpUYeM 8EPOATHOCTb KaX-
0020 U3 UCX0008 He 3dB8UCUT OT HOMepd UChbiTahul u otauyna or Ou or 1,
T0 Kaxosd bl HU Oblaa o6aacte G eunepnaockoctu (2), 0aa xoropoii (k — 1)-
MepHblii 00%emM ee 2paHuybl pasen HynK, PAGHOMEPHO oTHocurensho G npu
n - °°, UMeeT MeCTO COOTHOWEHUE

1
-5 x?
P, {G} - M fe 2 qurldv’

k G
@m*-! .leiqf
iz

20e dv o3Hauaer 3emenT obwvema obnactu G u uHTEZpAN PACNPOCTPAHAETCA
Ha o6Gnacts G.

Jloka3zareNnbCTBO ¥ MO MAee M IO OCYWIECTBAEHHIO ABJIACTCA TIOYTH NOJIHOH
KOMHe: paccyX[eHHuil, MpOBeIeHHBIX TIpH [0Ka3aTejIbCTBE WHTETpajibHOH Teo-
pembl MyaBpa—Jlannaca.

BamevaHnue. Tonpko uro cHOpPMYNHPOBAHHOH TEOpEME Mbl NpPHAAIH
¢opMy, B KOTOpO# Bce IlepeMeHHbIe X, X3, . . . , X, HTPAIOT OMHAKOBYIO POJIb.

B wmHTerpassHOW Teopeme MyaBpa—Jlamiaca Mbl,  OAHAKO, NpPEANIOWIH Npo-
BOJMTb PAaCCyKMACHUA, HApYIMB OJHOPOJHOCTb TEPEMEHHBIX X; H X, TOJIBKO
¢ MEepeMEHHbIM X = X ;. ['eoMeTpHueCKky ITO O3HAuasIo, YTO MBI paccMaTpHBaeM
He CaMM pe3yJIbTaThl HCIbITAHMH (LEIOYMCIIEHHbIE TOUKH Ha MpAMOH X, +Xx; =
= (), a ux npoexuuu Ha ocb OX. INopoGHbIM e 0Opa3oM Mbl MOXEM, Ha-
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pPYUIMB ONHODOJHOCTh M B OOIIEM cllyyae, pacCMOTPETh MHTEIrpPHPOBAHKE He IO
obnacti G, a 1o ee NpoeKuMH G’ Ha KaKyw-THGO KOOPOMHATHYIO TMIEpPIUIOC-
KOCTb, CKaXX€eM, Ha IJIOCKOCTh X; = 0. JrieMeHT 06beMa dv' B rUIEPIUIOCKOCTH
X, = 0 cBA3ZaH ¢ 71eMeHTOM 06bema dv TUIEepIIOCKOCTH (2) COOTHOLIEHHEM

dv'=dvcosy,
e ¢ — YroJd MexXny YKa3aHHbLIMM TMIepIUIOCKOCTAMH. JIErKO IOMICYMTATh,
4To
VPrdk
COS P = ——m—- |

B KOOpIHMHATHOM THMNEpPIUIOCKOCTH /eMeHT obbema dv’ =dx,dx,...dxy_q,
MO3TOMY HMeeT MeCTO paBeHCTBO

1
.- _—Eq-X?‘
"%—qk——f" 2 gy =
2m*~ ZpiqiG
1k
.. — ——zq‘X?
S L iy S T PR N
k-1
@em* "pe ¢

B mogMHTerpasbHOH (PYHKIMM Mbl HOJDKHBI NPOM3BECTH 3aMeEHYy X Ha ero
BLIPAXKEHHE YePe3 X1, X3, . .. , Xg_y !

1 k=1
X =— —— Z \/p;q; xi.
k VBrds i=1 Diqi X;
B pe3y/ibTaTe ITOH 3aMEHbI MbI IMEEM:
k k—1 D 2 1/p. i Diq;
T gixi= Zgit+—) x+2 z XiXj VOB
i=1 i=1 Pk 1<i<j<k-1 Px

=Q(x15x29 R ,xk——l)'

UHTerpanibHas TNipefelibHasi TeOpeMa MoOxeT ObITh, TAKMM oGpa3oM, chopmy-
JMPpOBaHa ¥iHaye, 8 HMEHHO
B ycnoBuAX HHTETPAJIbHOM NpefielIbHON TEOPEMBI IIPU 11 —>

1
e == QXX g5 Xy _ )
PG> Bl Tem1 o T ETT Y dxydxg.. dxe_y.

@m*pi G’
(14)

ilotHATHO, YTO HHTerpaltpHas rteopema MyaBpa—Jlamiaca ABNAETCA YACTHBIM
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ClyyaeM TOJLKO UTO [OKA3aHHOM TeOpeMbl: OHA JIETKO MOXeT ObITh MOIYy-
yeHa u3 popmynsl (14).

JIyig 3TOrO0 AOCTaTOYHO 3aMETHTh, YTO B cXeMe bepnHymuu k = 2, p = py,
q=p2=1-p. 5

Tlpu k = 3 popmyna (14) NpHHEMAET CleIy OLUMHA BHI:

1
q192 “;Q(-xuxz)

—— dx, dx,,
2m*ps ¢

P(G)~

roe
p3=1-p; —Da,

1X2 =

D1 2 P2\ , VP141P292
—)x71+tq {1+ —)x3+2 ————

Q(xl,xz)th(l"' 2
Ps3 D3

= qlqz(xf +x2 +2+/ P1Pa XIX2).

D3 4192

3

[IpocToit mopicueT MoK a3bIBaeT, uTo

P3=1—py —p2 =019, —p1P2,

03TOMY
1
Q(xy,x2)= m(ﬁ +x3 +2+/ Piba xlxz).
B P1D2 9192

1 -
4142

§ 12. JlpuMeHeHHs HHTErpankHoii reopeMsl MyaBpa—Jlamwiaca

B xauecTBe MepBOro NpWIOKEHUA HHTIErpajnpHOH TeopeMbl Myaspa—Jlan-
jlaca Mbl OLEHHM BepOATHOCTb HEpaBEeHCTBA

E~1v‘<e,
n i

roe € > 0 — MocTosHHOE.
Hmeem

leﬁapi<e}=P{—e\/ —n—<ﬂ_np<6\/—n‘— }
U r rq rq

vhpq
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H, 3HAUMT, B CHJ1y HHTerpajsHOH Teopemsl Myaspa—Jlamiaca

V4
1 ———
E—p”<e}= 2..fe 2dz=1.

lim P{
n i m

n-—»oco

HU1ak, KaKoBO Obl HM ObIIO TNMOCTOsAHHOe € > O, BEpOATHOCTL HEpPABEHCTBA

M
——p | < € CTpeMHTCH K e[MHHULLE.
n

OGHapyxeHHbiH HaMH ¢akT Gbul BHepBble HaWAeH fl. BepHynnu; OH HOCHT
Ha3BaHWE 30KOHa Goabuuux Yucen WU Teopemst bepuynau. Teopema Bepnyn-
JIX U ee MHOTOUMCIIeHHbIe ODOOIIEHUs ABIIAITCA OJHMMH M3 BaXKHEHUMX Teo-
peM TeopHH BeposTHOcTeH. Uepe3 HMX MMEHHO TEOpHs CONpPHKACaeTCs ¢ Mpak-
TMKOM, MMEHHO B HHMX 3aoxeH (GYHIAMEHT ' YCIeXOB NMPUMEHEHHsS TeOpHH
BEPOSTHOCTeH K Ppa3iHyHbIM IIpoOlieMaM ecTeCTBO3HAHMA M TexHMKH. 06 31O
Oymer mompoOHee CKa3aHO B INIaBe, NMOCBALUGHHOM 3aKOHY GOMNBIINX UMCEN;
TAM X€ Mbl JaJiMM A0Ka3aTelIbCTBO Teopembl bepHyiun Gosiee npocTeiM MeTo-
AOM, OT/IMYHBIM, K@K OT TOJIBKO YTO H3/I0)KEHHOTO, TaK M OT yNOTpeSIeHHOro
S. Bepuysnnu,

Mbs1 paccmMoTpuM Tenepb THUNMuHbIE 3afaud, NpHBOAsAIUHE K Teopeme Myas-
pa—Jlannaca.

[lpousBopuTCcA N He3aBUCHMBIX HCNBITAHMH, NPH KaXIOM M3 KOTOPBIX Be-
POATHOCTB HACTYIUIeHUs COObITUA A paBHA p:

1. CnpaumiBaetcs, yeMy paBHa BEpOATHOCTH TOTO, YTO YACTOTA HACTYIUIEHUA
coObITHA A OTKIOHHUTCS OT BEPOATHOCTH p He Goiree ueM Ha &? JTa BEpOATHOCTD

paBHa
u i I n u—-np n \
Pl|=-pl<a =P{~a\/——< Lt <ay — !~
{ n ! J pa  npq pa |
| a\/pL:[ x?t 5 oz\/i x?
_ PY.
~ 2 dx = — 2 dx.
\/21T —af_n_e x \/21T 0{ x
pq

II. Kakoe HammeHdblllee 4MCIO MCHBITAHMA HY)XHO IIpOM3BECTH I TOTO,
4yTOGBI C BEPOATHOCTBIO, HE MEHBILEH (§, YaCTOTa OTKJIOHAIACh OT BePOATHOCTH
He OoJibllie ueM Ha a. Ham Hy’>xHO onpenenuTh 7 U3 HepaBEHCTBA

P{ .ﬁ—p1<a}>6.

n
BepoatHocth, ¢GuUrypHpywuiylo B JIeBOH YaCTH HEpaBEHCTBA, MbI 3aMEHAEM
NpHONMXEHHO 10 Teopeme MyaBpa — Jlamnaca murerpanom. IUis ompenene-
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HUA 11 B. p€3YyJ1bTATEe II0JIYyUYaeTCA HEPABEHCTBO

n
a _ X
2 pa  ——
—_— [ e dx = .

V2w 0

III. Mpn panHOM BEepOATHOCTH 3 W UMCIIE MCUIBITAaHMH n TpebyeTcs ompepe-

. MHpiMM crtoBamuM, 3HasA

M
B 4
n

JIMTb CPaHHLY BO3MOXHBIX H3MEHEHHi

M N1, HY>KHO HafTH ¢, IJ1s1 KOTOPOTo

el

—=p

n
[IpumeHeHre HHTErpaibHOH Teopemnl Jlamlaca [maeT HaM I ONpeleNeHHsA
@ ypaBHeHHe

J=

o

pq 2
[ e *?dx=4.
0.

<a}=ﬁ.

a
2
Van

YucneHHoe pewieHHe BCEX PAacCMOTPEHHBIX HAMM 3ajlay TpeByeT yMeHHs Bbl-
YMCIATh 3HAYEHHs] MHTEFpasa

x 2
fe *1dz (1)
V2T
npu TOObIX 3HAYeHMsX X M peliaTh OOGpaTHYI0 3ajauy — [0 BeJIMYMHE. MHTEr-
pana ®(x) BBIUMCIATH COOTBETCTBYIOlee 3HAYEHHe aprymeHTa. X. JIus aTux
pacueTOB. TpeByHTcA CllelManphple TabIulbl, Tak kak uHTerpan (1) mpu 0 <
< x < °° B KOHEYHOM BHME uepe3 VleMeHTapHbie GYHKUMU HE BBIPAXKACTCA.
Taxue TAGIHILI COCTABIIEHBI M MMEIOTCA B KOHIIE HACTOAIEH KHHTH.

Puc. 12 paer Harnamnoe npepcrabienne o dynxouu P (x). [Ipn nomomm
TaGNIb! 3HaueHHH GYyHKIMH P (x) MOXHO BhMHCIATH [0 (opmyne J (g, b) =
=@ (b) — P (a) TakKe 3HAYEHHE HMHTEFpaja

d(x)=

b. 2
[ e % 1?4z,
V2m af

Tabnuua dyHkuuu P(Xx) cocraBieHa TOIBKO OJis IMOJIOXKHTENIBHBIX X; IJIA OT-
pHLATENBHBIX X YHKIMA & (X) oNpenesiseTcs U3 paBeHCTBA

@ (—x) = —d(x).

Mb1 Telepb B COCTOSIHUHM JOBECTH JIO KOHIIA peleHue pumepa 2. § 9.

J(a, b)=
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Jipumep 1. B npumepe 2 § 9 Ham HY>kHO BbUTO. HAUTH BepOATHOCTD
p=ZP{u=m},

e cymMma pacnpoCTpaHeHAa Ha T¢ 3HAUCHHUA 71, U1l KOTOPBIX
fm-—27-10%2 >2,7-10'2,

NMpU yCIOBMH, uTO OBIee wicno uenbitanmii 7 = 5,4 - 1022 u p = 1/2. Tak kak

lpu—npl 2,7-10"? lu—npl
p:p] K P > zP{L—L>2,333’10 ,
l "pa fsa 1022 L vnpa
’ 4
B CWy TeopeMbl Jlammnaca
2 o0 2
p~ e * 12 dx.
V27 2,33f-10
“Tak xak

' }oe“xz/z dx < ! }‘,xe"“"!/'2 dx= le‘zzp,
z Z 2z 4

“TO
1

< ﬂe—2,7'100 < 10—100
-

P

‘0O TOM, KaK Maja 3Ta BePOATHOCTb, MOXHO CYIMTb IO ClIEIyHLIeMYy CpaBHe-
Hup. [Ipemnonoxum, yro map paguyca 6000 KM HallofNHEH GeNbIM IMECKOM,
‘B KOTOpBIH TONaja OfiH& YepHas NecuMHKa. Pa3Mep TECUMHKHU paBeH 1 mm>.

=1

¥ y=3
y=0@
0 T

1

y=-3

Puc. 12
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Haypauy u3 Bceil 3T0# Macchl HeCUMHOK DepeTcs OfiHa; YeMy paBHa BepOi{THOCTb
TOTO, YTO OHa Gy/eT yepHOTO LBETa?

Jlerxo mopcuuTaTh, yT0 06bEM luapa pagMyca 6000 KM HEMHOTHM MeHbLUE
10°° mm® u, crefioBaTeNnbHO, BEPOATHOCTb W3BJIEUb UYEPHYIO TIECUKHKY HEMHO-
rum Gonbite 10720,

[Ipumep 2. B npumepe 1 § 9 Ham HyxHO ObUIO HAaHTH BepPOATHOCTD
TOro, YTO YHCJIO OpaKOBAaHHBIX H3IENMH OKaXeTcs He GONblUe CeMUIECATH,
€CJIM BepOSITHOCTDb [IA KaXOoro H3fenus 6bpiTh 6pakoBaHHBIM paBHa p = 0,005
u ydono mapenuid pasHo 10 000. Tlo TONMbKO uTO HOKA3aHHOW TEOpeMe 3Ta Be-
POSATHOCTb paBHa

50 u-—np 20
P{u<70)}=P < <
\/ 4975 v npq V49,75
P{ 700< L } ! Y
=Py /00 — <284~ —— e z=
\Vnpq 27 -7,09

= d (2,84) — ®(-7,09) = D (2,84) + D (7,09) = 0,9975.

3uavenns ¢ysxunu P (x) npu x = 7,09 B Tabnuuax HeT, MbI 3aMEeHWIH €rO
TIOJIOBHHOM, COBEPLIMB TIpH 3TOM OLIMBKY, MeHburyio 10719,

EcTecTBEHHO, YTO B IpMMEpax HacCTOAINEr0 M NpedbAYWero naparpados,
PaBHO KaK H B JII0ObIX APYIMX 3a7ayax, OTHOCAIIMXCA K OMNpeNeNIeHHIo Be POSAT-
‘HOCTeH Pp(m) Npu KAaKUX-IMGO KOHEYHBIX 3HAYEHHAX M M M IO ACHMMITOTH-
yeckum Qopmyinam Myaspa—Jlamnaca TpeGyeTcd OlEHKa COBepLIAaEMOH MpH
TaKOH 3ameHe OlMOKH. B TeueHne oueHb JONTOro BpeMeHH TeOpembi MyaBpa—
Jlannaca NpUMEHSUTHCh K PelUeHHI0 MONOOHOro pona 3anau 6e3 CKOJIbKO-HHOY Ob
YHOBJICTBOPHTENIBHOM OLEHKH OCTaTOyHOro wieHa. Co3panach YMCTO SMIUPH-
YeCcKas yBEepEeHHOCTD, YTO IIpH M MOPANKA HECKOJIBKUX COTEH WIH ellle GObllIeM,
a TaKxe [pH p, He CTMIIKOM 6nm3kux K O unu 1, ynotpebnenue Teopem Myas--
pa—Jlarulaca npuBOOMT K YJOBJIETBOPUTENIbHBIM pe3ynbTaTam. B HacTosiuee
BpeMs CYHIECTBYIOT [OCTaTOYHO XOPOILUHE OHEHKH IIOTpEeIIHOCTEH, COBep-
1JaeMbIX INIpH  IMOJIb30BAaHHM  ACHMMITOTHYeCKOH ¢opmynoin Myappa—Jlan-
naca*).

Mb1 OCTaHOBHMCHA elle Ha 06001IeHHH TeopemMbl bepHyinu Ha cnyyait oGuiew
CXeMbl NOCNeNOBATEIIBHOCTH He3aBHCHMbIX McNbiTaHud. Ilycts B xaxpgom uc-
NbITAHKH BO3MOXKHBI K HCXOJIOB, BE pOATHOCTh KaXAOTO U3 HUX COOTBETCTBEHHO
PaBHA Py, P2 . ... Pk M My, My, ..., Mg — YHCTIA TIOABJIEHHH KaXIOro HCXomna

*) CM., HAapUMep, UUTHPOBAHHYIO HA crp- 84 paGoty C.H. BepHiureitna.
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B NOJ1eJ0BATEJIbHOCTH 71 HE3dBHCHUMbBIX HCIIBITAHHHA. OnpenenHM BEpOATHOCTDH
OJHOBPEMEHHOTO OCYIlECTBJICHHHA HE pABEHCTB

My
T Pk
n

M2

— — P2

My

— —p, | <ey, <eé€...., < ek. (2
n

T.¢. HepaBeHCTB

n n /[ n
lel<€1\/"'_‘_’ IX2I<62 /—a~~-’|xk|<€k " .

P14 P24q2 Pk

MocnenHee M3 3THX HepaBeHCTB, COGCTBEHHO, SIBNAETCSA CleJCTBHEM Mpeblily-
HIMX, TaK KaK cornacHo (2) § 13 nepBole k¥ — 1 U3 HepaBeHCTB (2) AT OlLIEHKY

k-1 /D: a:

i=1 Prqk i=1 Pkqxk

CornacHo (16) § 13 BepoarHocTs mepBpix & — 1 HepaBeHctB (2) [a cepo-
BaTeNIbHO, TAK)Ke HepaBeHCTBA (3)] MMeeT CBOMM IIpefielloM NPH A —> °© UHTErpast

1
o T —=Q(x, ., xg)
\/@F“Tﬂ*lf...fe T dxydxy ... dx,_, =1,
2m)* ™" px

§ 13. Teopema Ilyaccona

_ k-1 \/ piqi.
| x| = —X;

Mp1 Buenu Npn [oKa3atelsCTBe JIOKAILHOM Teopembt Myaspa—Jlamnaca,

YTO ACHMMIITOTHYECKOE NpeCTaBlieHHe BepOATHOCTH Py, () NOCpeAcTBOM (pYHK-
|
DU ——— ¢
V27

4aeTCA OT NOJIOBHMHBI, T.e. YEM MEHbIIME 3HAYEHHS P WIM ¢ TPUXOIUTCH pac-
CMATpHBATh, ¥ 3TO MpeACTABIEHHE OTKa3bIBaeTCA CINYXUTh Npu p =0, q = 1,
a Takxe npu p = 1, ¢ = 0. OgHAKO 3HAUHTENbHBIA KpYT 3a1a4 CBA3aH C HEOHXO-
OUMOCTbI0 BBIYMCIIEHUSI BEPOATHOCTEN P, () HMEHHO HpPH MAJbiX 3HAYECHHUAX
p*) . dns 1010 4T06b! B 3TOM Ccllyyae Teopema MyaBpa—Jlannaca gana pe3ynibTat
¢ He3HauMTeNIbHOH OWMOKOH, HeoOXOmMMOo, YTOGbl YMCIIO 77 UCTIBITAHHHA BbINO
OueHp BeNMKO. Bo3nukaer, takum 06pa3om, 3afjaya pa3bICKAaHHS ACHMIITOTH-
4eCKOM (OpMYIIbl, CNEUNAIbHO NPUCNOCOBNeHHOM Wis ciyuast mansix p. Takas
¢dopmyna 6buta HafipeHa Hlyaccorom,

p— 2 v
*"/2  nelcIBYeT TeM XyxXe, YeM 6OTIbLLe BEePOATHOCTb p OTIH-

*) Unu TaKkKe fpu MaJIBIX 3HAYEHHUSIX ¢  HO OUYCBHMAHO, YTO 32[aUd Pa3bICKaHMA ACUMIITO-
rHueckux popmyn mna Pp(m) npu Mameix 3HAYEHUSX P MM g CBOAATCA OfIHA K APYTOM.

A T B VN ereartoney swes
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PaccMOTpHM NOCIIeIOBATENBHOCTD CEePHi

B KOTOpO#M cOGBITUA OJTHON CepPHM B3aUMHO HE3aBHCHUMBbI MEXIY cOOOM u UMEIOT

KaXJ10e BEPOSATHOCTh D, 33BMCAILYI0 TOJIBKO OT HOMepa cepuu. UYepes i,

0603Hayae T YUCNO GaKTHYeCKH MOSBUBIMXCA COBBITHI n-H CepuH.
Teopema Ilyaccora. Eciu p,~>0 npu n—>, 10

adn g
P(un=m)—7n—!e "0, (1
20e
an = npy.

HoxazatenscTsBo. OUEBHIHO, UTO

P, M) =Pl =m}=Clph (1 —p,)" ™=

(e YT
m!(n—m)!(n) (1‘7) }

2

Oycts m dukcupoBaro. BeiGepem npousponpHo € > 0. Torga MOXHO BbIG-
patb A = A(€) cTOMD GOJBLIMM, YTOGBI IPH @ = A BbUIO
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PaccMOTpHM cHauana Te HOMepa nm, QJIf KOTOpeIX &, = A. s atux n,
no HepaBeHcTBY 1 —x<e ¥ 0< x< I:
m n-—-m

an an €

P, (imys —e " < — upd n=2m
m! 2

m

g - €

Il P (P G

m! 2

HoatoMy s yKkasaHHEIX 7
m

a —
P, (m) — L‘ e " <
n:

PaccMoTpum Temeper Te HOMepa 7, I KOTOpPHIX 4, < A. Tak kak

an\" -
lim {(1— —"—) —e a"} =0 npH @, < A W IpH OCTOSAHHOM M

n—roo n

(020

TO B cuny popMynsl (2) npH n = ng (€)
ar

P, (m)— —— e °P
m!

< e,
i
YTO U TPeGOBAIIOCH JOKA3ATh.

3ameTuM, uTO Teopema JlyaccoHa MMeeT MeCTO U B TOM cliyyae, KOrna Be-

POATHOCTDH coObITHA A B KaXXaOM HCHbITaHHHU PaBHa HYIO. B atom Cllyyae
a,=0.

0603HaYMM
am
P(m)= —— e 9
m!

ITonyueHHOe pacnpenesieHHe Be POATHOCTEH HOCUT HAa3BaHHE 3aKOHA Iyaccona.

Jlerko mopcuMTarh, YTO BEJIMYHHBI P(m) ynoBnersopsior PaBEHCTBY
Z P(m) = 1. U3yuum nosenenne P(m) xak byukuun m. C 3T0H Lesnbr0 pac-
m

A%
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CMOTpPHM OTHOLIEHHE
P(m) a

Pm-1) m
Mpr BUOMM, uro ecnu m >a, 10 P(m) < P(m — 1), ecnu xe m<a, 10
P(m) > P(m — 1), ectn, HakoHel, m =a, 10 P(m) = P(m — 1). Otcioia MbI
BBLIBOJMM, YTO BelTMYMHA P (m) Bo3pacraeT IpH yBenuuyeHud m ot 0 1o m, = [a],
M IpH fajibHeHllleM yBelHuyeHHH m yObiBaer. Eciu a — uenoe uucno, 1o P(m)
HMeeT [BA MaKCHMATbHbIX 3HAUEHHs: TIpH Mo = a U Ipu my =a — 1, [IpuBegem
IPHMeEpBL.

ITpumep 1. BepoATHOCTb MNOMAJaHMA B LENb MPH KaXOOM BBICTpEe
pasHa 0,001. Haiitu BepoATHOCTb NMONAfAHHMA B UENb ABYMA H Oollee MyNsaMu,
CTIM YMCIIO BBICTPENIOB paBHO S000%)

CunTast KOKIbIA BBICTpeNl 3a HCIbITAHHE M NOMAJaHue B Lielib — 32 COOBITHE,
MBI MOEM 151 BHIYMCIIEHUA BePOATHOCTH P (U, = 2) BOCHONB30BaTLCH TeOpe-
moii Ilyaccona. B paccmarpuBaemMoM NpumMepe

a, =np =0,001 - 5000 = 5.

Hcxomast BepOATHOCTb paBHa
Plu,>2}= X P,(m)=1-P,(0)- P, (1)
m=2

Mo Teopeme Ilyaccona

P,(0)~ e % P,(1)= Se®.
floatomy

P{u, =2} = 1 -6e™® ~ 09596.

MakcumanbHOe 3HaueHHE BepOATHOCTb P, (m) npunumaer npu m =4 um = 5.
TH BepOATHOCTH PaBHBI ¢ TOYHOCTBIO [I0 YETBEPTOrO [eCATHYHOIO 3HAKa

P(4) = P(5) ~ 0,1751.

BoruuciieHHsi TI0 TOYHOM ¢opMylie [alT C TOYHOCTbIO JI0 YeTBEPTOro 3HAKA
P;o00(0) =0,0071, Psoo0(1) =0,0354 u, cimeioBatenibHO,

P{u,=>2) =09575.

*) B Besinko# OteuecTBeHHOM BOMHe peasibHOe OCYIeCTBJIeHHMe YCIOBHH Halle# 3amavu
MMEJIO MeCTO TIpH OGCTPeIHBAHUM CaMOTIeTa M3 MeXOTHOro opyxust. [lyneft camoneT moxer
6biTh IOAGHT NULIL NPH NONAJAHUH B HeMHOT'Me yA3BHMbIE MECTd — MOTOP, JIETYHK, GeH30-
64aKHU M TIp. BepOATHOCTH OTIANAHMS B 3TH YSA3BUMbIe MECTa OTIIeJIbHBIM BBICTPENIOM BecbMa
Mana, HO, KaK MpaBHIIO, TIO camoJleTy Bello OTOHb ifeJioe [ojpasfelicHue, H oflluee KOMH-
YeCTBO BBICTPENOB, BBITYIIEHHLIX NO CamoJleTy, OblIO 3HauuTesibHbIM. B pesynprate se-
POATHOCTb NONAJAHUA XOTH Obl OOHON MNM ABYMSA DyNSAMH MMeJid 3aMETHYIO BeJIMUMHY.
310 06CTOATENBCTRO OBII0 NOAMEYEHO U YUCTO NPAKTHYECKH.
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Ommbka OT MCHOJIb30BAHMA ACHMITOTHUECKOH ¢opmynbr MeHsble 0,25%
BBIYKCIIAEMOM BEJTHUHHBI.

Ipumep 2. Ha npamwibHoi ¢pabpuke pabOTHHLA OGCIYXHBAET MO He-
CKOJIBKO COTEH BepeTeH, Ka¥(Ioe M3 KOTOPBIX MpANET CBOH MOTOK IPSXH.
[1pu BpaleHHH BepeTeHa TIPsAXKa H3-32 HEPaBHOME PHOCTH HATAXKEHHS, HEPOBHOTBI
M JpYyrHX MpPUYMH B MOMEHTHl BpeMeHH, 3aBHCALINE OT cilyuvasi, peercs. [ns
IMPOM3BOJCTBA BAXHO 3HATh, KAK YacTO MOTYT MPOMCXOMUTh OGPBIBBI TIPH TeX
WIH HHBIX YCIIOBHAX paBoThl (COPT MPSIXKH, CKOPOCTb BEPETEH H T.11.) .

Cumras, uro paBoruuna obGenmysxuBaer 800  BepereH M BepOATHOCTb OGphiBa
IpsDKM Ha KaXXIOM M3 BepeTeH B TeUeHHe HEKOTOPOrO IMPOMEXYTKa BpeMEeHH T
paua 0,005, HaliTh Haubonee BepOATHOE YHCIIO OGPBIROB H BEPOATHOCTb TOTO,
YyTO B TEUEHHE MpPOMEXYTKAa BpPEMEHH 7 NpOM30izeT He Gonee 10 oBpbiBOB.

Tak kak

a, = np =0,005 - 800 = 4,
TO HauGoJee BePOATHBIX UKMcell OOpPBIBOB 32 MPOMEXYTOK BpeMEHH T OyleT IBa:
31 4. Ux BepossTHOCTH

Psoo(3) = Pgoo(4) = Cioo - 0,005 -0.9957°¢.
Mo ¢popmymne [lyaccona umeem:

3 a 32
Pgoo(3) = Pyoo(4) ~ 3"‘ e =

. e”%=0,1954.

(98]

TouHoe 3HaueHHe Pggo(3) = Pgoo (4) = 0,1945. BepoATHOCTb TOTO, YTO YHC/iO
0GpbIBOB 34 IPOMEXYTOK BpeMeHHU T Oyer e Euiiee 1L paBHa
T 10 o
Plu, <10} = 2 Pgoolm)=1—- X Fyeolm)
m=0 m=1i
B cinty reopemsr [yaccona
m

Pyoo(m) ~—— ¢ (m=0.1.2,..),
m!

[MO3TOMY
oo 4"1
Plu, <10}=1- X - e .

m=11 m!

oo 4"‘! 411 412 413
3 g >(__+_.+ )
m=11 m! 1 12! 13!

412 .14

=——— ™ = 0,00276.
11139

Ho
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C npyroii cTOpOHbI,

oo 4m 411 412
—et < e+ e+
m=11 m! 1! 12!
_ . 40 4 4 \? 4'? .24
t+e” l+—+{— +... |=—e7* =0,00284.
13! 14 14 11135

Taxum 06pazom,
099716 < P{u, < 10} < 0,99724.

[ono6HO TOMy, Kak M TpH KCTONb30BaHMM Teopembl Myappa—Jlannaca,
BO3HMKAeT BONpPOC 06 OLEHKEe COBEPLIAEMOH OLIKOKH MpH 3aMeHe TOUHOR
dopMybl 15 BhMKCTIERHs P, () Ha acumiTroTHuecKyto dopmyny [lyaccona *) .

U3 paBencrBa

an n nln(l—ﬂ\
P, (0)=<1——) e n
n
© 1 (ap kl a
= n S— ) Vet
exp{ no x— ( n) [~ ¢ (1 —Rn),

MbI NIETKO MOXEM HaWTH 3Ty OHeHKy mns crmyuas m = 0. B camom pene, tak
KaK NpH Mo6om nonoxmtensiom x 0 < 1 — e ™" < Xx, T0 KaKOBbI Gbl HH GbUTH
a,un

> 1 [/a, k
0<R,<n E—(—).

k=2k\n’
Tak kak ‘
Sy s i)
k=2 k\n 2n? 3 k=3\n
_ap N a _ a; 3n-an < a} .
2n? 3n3<1—-?—) 6n? n—ap 2n(n —a,)
n

*) 9ra 3apaua nomgpobHO MccrenoBand B crathe [0.B. [Ipoxopopa AcumnroTudeckoc
NoBeNeHHe OHMHOMHANEHOTO pacnpepeneHua” (YMH. — 1953, — T. 8. - C. 135-142)
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1O
@

2n—an)

U3 1010, UT0 R, HEOTPHUUATETIBLHO, Msl 3aKIIIOYaeM, uro npH 3ameHe P,(0) Ha
- G,
e " Mbl HeCKOJIbKO yBEJIMUMBAEM BEPOATHOCTh P, (0).

0<R, <

§ 14, Wumioctpaius cxeMbl He3aBH CHMBIX HCIBITAHHH

B kauecTBe WINMIOCTPAlMU HCIIONB3OBAHUA IpeAblIYIIUX pPe3y/IbTaTOB A
needl eCTeCTBO3HAHMSL Mbl PAacCMOTPHM BeCbMa CXEMAaTHUECKH Tipobremy
chyyaiiHbIX 6Ny>KOaHUH YacTHLbI Ha MPAMOM JIMHMM. JTa 3a[aua MOXeET pac-
CMATPHUBATHCS KakK NpoO6pas peadbHpIX GU3UUECKHX 3a7ad T€Opuu M dy3ny,
BGpOYHOBCKOTO ABMIKEHHUS M TIp.

IlpencraBum ceBe, 4TO B ONpe/ieIEHHbIE MOMEHTbHI BPEMEHH YacTHUA, HAXO-
OANAAcA B HAua/lbHbIA MOMEHT B TOJIOXKEHHM X =0, HCIIBITHIBaET CIIyYalHbIE
TONUKH, B pe3yJIpbTaTe KOTOPbIX OHA IIONIyYdE€T CMeEILEHHME BIPaBO WIM BIIEBO
Ha efuMHMNy MaciuTaBa, Takum o6pa3oM, B Kakabi U3 3THX MOMEHTOB YaCTHIA
C BEpOSATHOCTbIO 1/2 cMemaeTcss Ha €MHMIY BIIPABO WIH C TaKOH e BEPOST-
HOCTBI0 -~ Ha eJWHHIY BNEBO. B pe3ynbTaTe n TONYKOB YACTHLA I€PEMECTHTCS
Ha paccTOsiHHe (. SICHO, uTo B 3TOM 3a7aye Mbl HMeEM JIeN0 cO cXxeMoi BepHynnu
B uucToM BuAe. OTCroaa creyeT, YTO TIPH KaXIbIX 1 U 1 Mbl MOXEM BbIYMCIIHTh
BEPOSTHOCTb TOTO, YTO & = 11 a UMEHHO
. m+n 1 n

C, ? (;) , ECNH —nsS m<n,

P{u =m} = 1

0 ,ecnu [m| > n.
[Ipy GOJIBILMX 3HAYEHHAX M, KAK 3TO CJIe/lyeT U3 JTOKAJILHOM TeopeMbl MyaBpa—
Jlannaca,

1
P{u=m}~ ———e¢ 327 (1
2mn

Ha monyueHHY0 GOPMYNY MBI CMOXeM CMOTpETb Clle/iy oM o6paszom. Ilyctb
B HayalbHbIH MOMEHT MMeJIOCh GOTbIIOE YMCIIO YaCTHI, MMEKIIKUX KOO POUHATY
x = 0. Bce 3TM YaCTHMIbI He3aBUCHUMQ Jpyr OT OPYTra HAYMHAKT TIePEMELIATHCA
[0 NpAMOi NOJ, BIMSAHMEM CIIyuYaHHBIX TOJYKOB. Tor[a nocie n TOIYKOB JIOJIA
yacTHI, epeMeCTHBLIMXCA Ha pacctosiHue /72, naeTcs ¢popmynoi (1).

TIOHATHO, YTO MBI PacCMATpUMBaeM MU eallU3UPOBaHHBI € YCIOBUA
[BM>KEHHsI YACTHIl M pearlbHble MONEKYIIbl IBWKYTCA NIpU TOpa3fo Hosee Cnox-
HBIX YCIOBHAX, OJJHAKO TIOJIYYEeHHBIH pe3yNbTAaT HAeT MpaBWIbHYH KayecCT-
BEeHHY 0 KAapTUHY SBJICHUA.
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B ¢usnke npuxomurcA paccMaTpHBaTh GOJee CIIOXKHbIE NPUMEPDI CITYYaMHBIX
OnyxpaHuiA. Mpl OrpaHMYMMCs CTOJIb JK€ CXEMATHYECKHM pPacCMOTpPEHHEM
BIMSAHUA 1) OTpaxkawuiei CTEHKH, 2) MOTJIOIIAI0LIEH YaCTHIIbI CTEHKH.,

[IpencraBum ceGe, YTO Ha pPAcCTOAHMM § EIUHHI] BIPAaBO OT TOYKH X = 0
HMEETCA OTpaXawllasd CTeHKa; TaK YTO YacTHlla, MOMNaBIIAs B KaKOM-THGO
MOMEHT BPEMEHHM Ha 3Ty CTEHKY, NpU CIIeAYIIEM TOJYKE C BEPOSATHOCTHIO
e/IMHHIIa BHIOMBAETCA B TOM )Xe HalpaBJIeHHUH, OTKY/a OHA IPHIUIA,

HnA HATIADHOCTH CTaHeM M306paXkaTh INMOJIOXKEHHE YACTHLBI Ha IUIOCKOCTH
(x, t). Tlyrs vacTuusl M306GpasuUTCA MpH 3TOM B BHJE JOMAaHON nuHuM. Ilpu
KaXJIOM TOJIYKEe YacTHLA [EepeaBUTaeTcA Ha eOMHHMIY ~BBepX” M Ha €IUHHLY
BIIpaBO MJIM BJIeBO (KaxKObId pa3, korga x < §, ¢ BEPOATHOCTbI NOJIOBHHA),
Ecniu ke X = s, TO NpH ovepeJHOM TONYKE YaCTHIA CIOBHTAETCA HA €IHHHULY
BJIEBO.

Ins mopcyeta BepoATHOCTH P{u=m} nocrymum cnemymowiuM o6pa3om:
MBICJIEHHO OTKHHEM CTeHKY M pa3pelllMM YacTHLE OBHUTAaTbCA CBOOOIHO, KaK
ecnu Obl He Gbuto creHkH. Ha puc. 13 nokasanbl Takue HOeanM3MpOBaHHbBIE
TyTH, NPUBOJsAILME B TOUKH A U A', CHMMETPHUHO PaclONIOKeHHbIE OTHOCH-
TEJIBHO CTeHKH. fIcHO, uTO mIsA TOro, urofbl peasibHas YacTHIQA, ABMIasCh C
OTpaXXeHHSAMH, OOCTHIIA TOYKH 4, HEOOXOAHMO M JOCTATOYHO, YTOOBI YaCTHIA,
ABMTapIIasacad B HACATH3NPOBAHHOH O0GCTaHOBKe (6e3 oTpakallleil CTEHKH),
HocTHrna nMu6o Touku A, u6o Touku A'. Ho BeposTHOCTH MomacTs B TOUKy A
B MOealIM3MPOBAHHON 0GCTaHOBKE, OYEBUAHO, paBHA

2 2

Bl e n! (_}_"
tu=m}= <nz+n)’<n*m)' 2) '

!
TouHO Tax e BEpOATHOCTb MONacTs B TouKy A’ paBHa (abcuucca Touku A’ pap-
Ha 25 —m)

n! 1\”
P{u=2s—m}= -} -
n-m n+m 2
(s+ ! —s !
2 2

HckoMas BepOATHOCTb, CIIEOBATE/IBHO, PABHA
Py (m;s)y=P{u=m}+P{u=2s5s-—m}.

Ecnu BOCIONb30BaThCcA JIOKANILHOM MpeniesibHON TeopeMoit MyaBpa—Jlaraca,
TO HAXOIUM, 4TO

2

m . (25-m)?

1 —_——
Pam)~ e

V2an
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310 M3BecTHast GopMyia U3 TeOPAH GPOYHOBCKOTO ABWXeHUA. OHa NproGpeTaeT
Boriee CHMMETPUYHBIH B[, €CIM HAyajO0 KOOpPOMHAT NOMECTUTb B TOYKE X = §
U, Cle0BaTeJIkHO, MepediTH K HOBOH KoopauHaTe z 1O ¢opmylie z = X — §.
B pesysbrate 3TOM 3aMeHBI MIO1yUHUM, YTO

| _(k*9)° (k-9)?

P, (z=k)=P,{k +s s}=———{e 2" +e 2n
2wn

MpI mepeiifem Telepb K pacCMOTPeHUI TpeTbeM CXeMAaTHUYeCKOH 3a[aud, KOrja

t A f
i A
\ i A A,
4R, N i
; \. /s
N\, 7
AN 2
/|
Y s
) m S Z
Puc. 13 Puc. 14

Ha MyTH YaCTHLGI MIOCTABJIEHA B TOYKeE X = § MOTJIOILAKOILASA Mleperopojka, 4acTtu-
1fa, MOMaBLIaf HA [eperopoaKy, B [anbHedlieM [ABMXXEHUM YUYaCTHS yXe He
npuHuMaeT. OueBH/IHO, YTO B 3TOM INpUMEpe BEPOATHOCTH TONACTh B TOUKY
x =m (m< s) nocne n TOMUKOB OyjieT MeHslie, yeM P, (m) (T.e. MeHblue Be-
POATHOCTY MOMAfIaHMA B 3Ty TOUKY  Ge3 MOrIouIAlomed CTeHKH); 0GO3HauUMM
MCKOMYI0 BEPOATHOCTh CHMBOTIOM Py, (1 ).

Jljis MocueTa BepOATHOCTH Pp(m; §) CHOBa MBICIIEHHO Y6epeM NOMIOowaLo-
HIYi0 CTEHKY M NIPeJOCTABHM TEM CAMbIM 4acTHLE CBODOIHO ABHMIATHCA MO Mps-
Mo#, YacTuia, monaBuias B HEKOTOPhIE MOMEHT BPEMEHHM B MOJIOXKEHHE X = §,
0Ka3bIBaETCS B MOCIEAYyIOLIMEe MOMEHTbI BPEMEHH CIIpaBa M cjieBa OT MPAMOM
X = s C OOHOM M TOH e BEepOATHOCTbI0, TOUHO TAK ke MOCiae MMONajJaHus Ha
MpAMYI0 X = § YacTHLA C OJHOM U TOW e BEPOSTHOCTbI MOXET MONACTh KaK
B Touky A (m, n), 12K U B T0uKy A’ (25 —m, n). Ho B Touky A’ vacTuua Moxet
MOMaCTh, TOJBKO IONAB NpeABAPUTENIbHO B TMOJIOXEHHE X = §, MO3TOMY IJif
BCAKOTO TYTH, BEylliero B TOUKY A', HMeeTcs myTb, CHMMETPUUHBIA OTHOCH-
TeJbHO NMPAMOMN X = § ¥ BeyWIHil B TOUKY A; TOYHO T4K e AIs BCAKOro 3ampe-
HIEHHOTO B AEHCTBUTENBHOM JIBH)XKeHUH NYTH, NPUBOAMALLEM B TOUKY A, cyuiecT-
ByeT CUMMETPUYHBIA OTHOCHUTENILHO NPAMOH X = § NyTb, PUBOJALIMA B TOY-
Ky A' (puc. 14). Ilpn 310M 3aMeTHM, UIO MbI PACCMATPUBAEM CHMMETDHIO
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nyTe#, TONbKO HAauWHasA ¢ MOMEHTa MoMNafgaHus Ha npamyio x = s. [lpoBenenHsIe
paccyIeHUA MOKa3piBAalOT HAM, YTO H3 MyTeH, IPHBOAAILHMX B TOUKY 4 B HJea-
IU3MPOBAHHOM IBHXKEHHM, MbI JOJDKHBI OTGPOCHTD IIpU MozcyeTe uucna Giaro-
NPUATCTBYIOIIMX CyyaeB B pealibHOM [BHXXEHHH POBHO CTOJIBKO, CKOJIBKO
nyTeii Benet B Touxy 4'. OTclofia, OUeBHIHO, CIIE/lyeT, 4TO

Py(m,s)=P{u=m}—P{u=2s—m).
B cuny nokansHO# Teopemsl MyaBpa—Jlamnaca umeem:
m _ (25-m)?

_ 1
Pums)~——=le " -¢ 2 )
2mn

Ynpawnenus

1. Paboumit oGcnyxuBaeT 12 OOHOTHAHBIX CTAHKOB. BepOATHOCTB TOro, 4ro CTaHOK
nmorpebyeT K cebe BHUMaHHA pabouero B TeuYeHHe NPOMEXYTKAa BPEeMEHH MIHTENILHOCTH T
paBHa 1/3. UeMy paBHa BepOATHOCTb TOTO, YTO

a) 3a BpeMa t 4 cTaHKa NoTpebyoT K ceGe BHUMaHHus pabGoyero;

6) umcrno Tpe6GoBaHHH K paboueMy O CTOpPOHBI CTAHKOB 32 Bpemsa 7 OymeT Mexay
3 u 6 (BKIIOYAA rpaHMub!)?

2. B HekoTopom cemeitcTBe UMeeTca 10 neTeH. Cuntasd BepOATHOCTH POXIEHHI MalTbyu-
Ka H IeBOYKH paBHBIMH 1/2, HARTH BepOATHOCTDb TOTO, YTO B ceMmeHCTBe

a) 5 MaJIbYUKOB H S IEBOUYEK;

6) UMCIIO MAJTLYMKOB 3aKITIOYaeTCA Mexay 3 U 8.

3. B ofluecTBe, COCTOAMMM H3 4 YellOBeK, OHH POXOECHHH Tpex MPHXOAATCA Ha OOHUH
MecCAl, 4 YeTBEPTOro — Ha OJWH M3 OCTaJBHBIX OOMHHAANATH. CUMTAs BePOSTHOCTH POXMe-
HUA B TeYeHHe KaXKOOrO M3 MecsleB ANA KaXIOro MHua pasHo#t /12, HalTM BepOATHOCTH
TOrO, YTO

a) yKasaHHbIe TPH JIMIA POOMIIKCE B AHBAPe, a YeTBEPTOE JIHIO B OKTAGpe;

6) Tpu MU POOHIIMCH B KAKOM-TO OJHOM MecCsIEe, a 4eTBepTOe B KAKOM-TO M3 OCTallb-
HBIX OMMHHALOUATH.

4. TIpu 14 400 Gpocanusax mMoHeThl rep0 Bbinan 7428 pa3. Kak BepoATHO cTONb 6ObliOe
unu Gonbillee YKJIOHeHHe YMCNA BhbINafdeHHWt repba OT np, eCIH MOHETa CUMMeTpHUHA (T.c.
Be pOATHOCTB BhinafieHus rep6a B KaA0M MCMBLITAHKUM paBHa 1/2)?

5. K anekTpoceTH NOOKI04YeHO n NpUGOpOB, KaXObIH MOLIMOCTBIO 4 KHIOBATT M IOT-
pebnsieT B OAHHLIE MOMEHT SHEpPrHi0 C BepOATHOCTBK p. HaATH BepOATHOCTHL TOrO, MTO
norpebndeMas B JaHHbI! MOMeHT MOLIHOCTD

2) OKaxeTcCs MeHblue YeM rnap;

6) npeB3odger rnap (r > 0) NpH yCIIOBHH, YTO NP BENHKO.

6. B ogHOM H3 yueGHbIX 3aBegeHuM obyuatorcA 730 cTydeHTOB. BeposaTHocTh TOrO,
YTO OcHb POXOCHHUA Haygawy B3ATOrO MO CIIMCKY CTYJLEHTA MPUXOQMTCA Ha ofpefelieHHbIA
OeHb TOfa, paBHa 1/365 ana kaxporo u3 365 gHel. Halth

a) HauGolee BepOATHOE YUCIIO CTYAEHTOB, POAMBLUMXCA 1 AHBAps.

6) BepOATHOCTH TOTO, YTO HAWAYTCA TPH CTY[ACHTA, HMEKILHKE OfMH H TOT e AEHb POX-
OeHuA.

7. W3BecTHO, YTO BepPOATHOCTh BBLINYCKA CBepJid MOBBilIEeHHOM XpylKocTH (Opak)
paBHa 0,02. CBepna yKinagmiBaworcs B KOpoGKH no 100 mrryk. YemMy paBHa BepOATHOCTD
TOrO, YTo .



YopaxHeHUs 107

a) B kopoOGKe He OKa)eTcA GPaAKOBAaHHBIX CBEPI;

6) uMcno 6paKOBaHHBIX CBepJl OKaXeTcA He Gonee 3;

B) CKOJIBKO HY>XHO KJIACTh B KOPOOKY CBepJ'l !rroﬁm C BepOATHOCTBIO, He MeHbllle# 0,9,
B Hell 6b1710 He MeHee 100 ucrpaBHBIX?

Y ka3aHHue Bocnons3oBarbes pacnpenene}mem Tlyaccona.

8. B crpaxoBom o6uiecrBe 3acTpaxoBaHo 10000 niuu OOHOro Bo3pacra M OfHOM co-
UMaTLHOK PpYINbI. BepoATHOCT CMepTH B TeyeHHe roja IJisi Kaxaoro nuua pasHa 0,006.
Kaxxqeit 3acTpaxoBaHHbI BHOCHT 1 sHBapA 12 py6. cTpaxoBbIX M B Clyyae CMepPTH €ro
POICTBEHHHKH TMoJ1yyalT or obiuectBa 1000 py6. YeMy paBHa BepOATHOCTh TOTO, UTO

a) o6uiecTBO NOTEPIHT YOBITKH;

6) nonyyur NpuSbUIb, He MeHbLIYIO 40000, 60 000, 80 000 py6.?

9. Jloka3sarb TeopeMy: ecii P u P' — BeposTHOCTH HauGollee BePOATHOTO YHCNIA TIOSB-
NeHUit coObITHA A B n M n+ 1 He3aBHCHMBIX MCHBITAHMAX (B KAXKIOM M3 UCIBITAHHR
P(4) =p). 10 P'< P; paBeHCTBO MCKIIOUaeTCs, eclH (1 + 1) p — He Uenoe uucno.

10. B cxeMe BepHynnu p = 1/2. Ilokasars, uro:

1
a) < Py(n) € ————;
V2n+1
+h :
6) lim fi."_fi;)_ = e“zz,

n—es P, (n)
ecmt z=h/\/n (0<z< +e).
11. [loxa3sats, 4T0 ipu npq > 25

zz

P (m)= — 2 e-s[ €-nE -1, ,,
NerT 6/mpg |
Tae
_3
gomomp o 0ASH0SIp-ql T Ve

\/npq v {npg)?

12. Ilpou3seieHO n He3aBUCHMBIX WCHUBLITZHHA. BepOATHOCTL TOABJIEHHS cobbITus A
H I-M HCILITAHHK PaBHA p;; P, (M) — BepOATHOCTH M-KPATHOIO HOABIIEHUS COGLITHA A B n
HcllbITaHUAX. Jloka3aTk, yTo

Pn(l)> Py (2) > P"(n) )
Pr(0) " Py(l) T Ppm-1)

a)

6) Pp(m) cHavana Bo3spacTaeT, a 3aTeM yGbiBaeT (eCid TOJIBKO Py, (0) unu Py, (n) camu
He ABIIAIOTCA MaKCHMAJlbHBIMH) .

22

oo
13. HokasaTe, yro npu x > 0 GyHkuus [e L YIAOBIIETBOPseT HepaBeHCTBAM




108 [n. 2. Cxema Bepuynnu

14. 3apmaua Baunaxa. Hexu#t MateMaTHk HOCHUT C coGOH nBe KOPOGKH CIIHUYEK.-
Kaxnpiit pa3, KOrma OH XoueT [OCTaTh CNMYKY, OH BhIGMpaeT Hayraji ogHy H3 KOpOGOK.
HaitTy BepOSTHOCTb TOTO, YTO KOT[a MaTeMaTHK BBIHET I1YCTYI0 KOpOOKyY, B Apyroi kopo6-
Ke OKaxercd r cnuyex (r =0, 1, 2, ..., n; n — YKCIO CNUYeK, OLIBIIUX NepPBOHAYAILHO
B Ka¥AOH U3 KOpOoGOK) .

15. K nuHHM 3neKTpoNlepellaud IOOKIIIOYEHO N MeXaHH3IMOB. BepOSTHOCTL TOrO, 4TO
MeXaHH3M, MOTpebsiolmui 3HEPrHIO B MOMeHT BpeMeHM ! IIpeKpaTHT ee NOTpebneHue
OO MOMeHTa ¢ + Af, paBHa aAt + 0(At). EciM B MOMeHT ¢ MexaHu3M He morpebnser
3HEpPIrHH, TO BEepOATHOCTL TOI'O, YTO OH CTaHeT ee MOTPebNATL A0 MOMeEHTa { + Af paBHa
BAt + v(At) He3aBHCHUMO OT paboThl ApYTUX MeXaHH3MOB. CocTaBHTh AuddepeHLHanLHbIe
ypaBHeHHUSI, KOTOPBIM YIOBIIETBOPSAIOT BEePOATHOCTH Py(t) TOro, YT0 B MOMEHT ! 3HEpPTHIO
OTpebNAIOT ¥ MEXAHH3MOB.

NMpumeuyaHnue Jlerko ykasaTb KOHKPeTHble OCYILECTBIIEHHS YCIOBUR 3TON 3amauu:
OBWXeHHe TPaMBaeB, JIeKTPOCBapKa, MOTpe6lieHHe 3HEPTHH CTAHKAMM C aBTOMAaTHYECKHUM
BBIKITIOYeHHEM U IIp.

16. Oauy pa6ounit o6cnykKMBaeT 1 OJHOTUIIHBIX CTAHKOB-aBTOMAaTOB. ECiM B MOMEHT ¢
craHok paGoraer, TO BepOATHOCTL TOTO, YTO OH MOTpebyeT O6GCNYyXHBaHWUS A0 MOMEHTa
t + At paBHa a A7 + o(At). Ecnu B MOomeHT ¢ paGounit 06cny xuBaeT KaKOH-HHOY nb CTAHOK,
TO BEPOATHOCTb TOrO, UTO OH 3aKOHuMT O6CIyXXKMBaHMe 1O MOMeHTa f + Af, paBHa
gAt + o(At). CoctaBurs AuddepeHunanbHble YpPaBHeHHS, KOTOPbIM YHOBJIETBOPSAIOT
BepOSITHOCTH P, (t) TOrO, YT0 B MOMEHT { paboTawT 7 — 7 CTaHKOB, OOUH ob6cnyxuBaeTcs
H r — 1 oxupmawT oyepenH Ha o6cnysxkuBanue (P, (f) — BepOSATHOCTb TOrO, YTO BCe CTAHKHU
paboTawT) .

[IpumeyaHue HerpyaHO aHaNOTHYHBIM NyTeM COCTaBUTb AN depeHIHabHble YpaB-
HeHus Iy 60Mee cloXHOHN 3amaum, korma NV craHkoB o6cnyxuBaeT Gpuraaa us k paGoumx.
IIns npakTHYeCKHUX Liefleit BaXKHO CPaBHUTb 3KOHOMHUYHOCTb TOH U APYTOH CUCTEMbI OPraHH-
sauuu Tpyga. C aTo¥ UeNblo cleflyeT M3YUMTh YCTaHOBHUBIUMHCHA DEXHM, T.e. paccMOTpeTh
BEPOATHOCTH Py (t) mpU t —> oo,

Oxa3spiBaeTcs, pab6ora 6pHramsl, 06cnyxuBamoLe kn cTaHKOB BbITOJIHEe KAK B CMBICTIE
AyyLIero HCIONb30BaHUS paboyero BpeMeHM CTaHKa, Tak M paboyero BpeMeHH paGouero,
yem 06¢iy)KMBaHHe OTHUM pabouuM 1 CTaHKOB.



I'TABA 3
HEINU MAPKOBA

§ 15. Onpenenenne nems Mapxona

HenocpencrBeHHBIM O0OGILIEHHEM CXeMbl HE3aBHCHMMBIX MCTIBITAHUH ABIAET-
CA CX€Ma TaK Ha3biBaeMbIX e Me# MapKkoBa, BiepBble CHCTeMaTHYECKH
M3yYeHHaA M3BECTHBIM DYCCKMM MaTeMaTHKOM A.A. MapKOBbIM. Mbl OrpaHu-
YMMCSA U3JIONKEHHEM 3JIEMEHTOB €r0 TEODHUH.

MpencraBum ceGe, 4TO MpPOU3IBOOUTCH TMOCNIEOBATEIBHOCTb HCHLITAHMHA, B
KaXJ/IOM U3 KOTOPBIX MOXET OCYLIECTBHUTbCH OJHO U TOIBKO OJHO M3 K He-
coBmectuMbIX cobbrmmit A9, 48D, . ., A,ﬁ‘ (BepxXHHMH HHMIEKC, KaK H
B Npelplayluei riaBe, 0603HayaeT HOMep MCTIbITAHUS ) . MbI ckaxeMm, 4To nocre-
OOBaTeNIbHOCTh MCNbITAaHUR oOpa3yeT yen» Mapkosa, TOuHee, NPOCTYHO yenb
Mapkosa, ecnu ycaosHas 8epoaTHOCTy 8 s + 1-m ucnwitanuu (s =1,2,3,...)
OCYWeCT8UTLCA COBBbITU Ai(”') (i =1,2,....k) 3a8ucur T046K0 OT TO20,
Kaxoe cobbiTue NPOU3OUWLN0 NPU S-M UCNBITAHUU U He USMEHAETCA OT 006a80Y-
HbIX c8edeHUll O TOM, KaKue cobuiTus npoucxoouau 8 00.ee PaAHHUX UCNbl-
TAHUAX.

YacTo mpH M3NOXEHWH TeOpUH Lened MapkoBa NMpuaepXUBAaOTCS HHOM Tep-
MMHOJIOFMH U FOBOPAT O HEKOTOPOH HHU3NUECKON CUCTeMe S, KOTOpas B KaXXIAbIH

MOMEHT BpeMeHH MOXeT HaXOAUThCS B OJHOM M3 COCTOAHUA A,, A,, . . ., Ay
U MEHAET CBOE COCTOAHME TOJIBKO B MOMEHTh! [, 1. ... . 1,, ... s uenei
MapkoBa BepOATHOCTb MepeliTH B Kakoe-ubo coctosHue 4; (i = 1,2, ...,k)

B MOMEHT [, 3aBHCHT TOJIBKO OT A; MW TOro., B KAaKOM COCTOSHHH
CcMCTeMa HaxonOunach B MOMeHT f (f;_; < 7 < /), M He U3MeHAETCA OT TOTO,
YTO CTAHOBATCHA U3BECTHBIMHU €€ COCTOAHUA B BONlee paHHUE MOMEHTHI.

JInis WIUTIOCTPALMK PaCCMOTPUM JIBa CXEMATHUeCKHMX IIpUMepa.

I pume pi. IlpencraBum cebe, 4To yacTMUd. HAXOUAINAACA HA IIPAMOI,
ABWXXETCS MO 3TOH NpsIMOH NOJ BIMAHUEM C/1y4YaHHbIX TOJYKOB, TIPOUCXOMISIIIMX
B MOMEHTHI [, {;. t3. ... YacTUlla MOXeT HaXOJUTbCA B TOYKAX C LEJOUMCTIEH-
HBIMM KOOpOMHAaTaMu @, ¢ +1,a + 2, ..., b: B ToUkax ¢ ¥ b HAXOAATCA OTpa-
Xamolue CTeHKM. Kaxmpiil To/uOK MepeMellaeT YacTHIY BNPaBO ¢ BEPOATHO-
CTbIO P M BJIEBO C BEPOATHOCTBIO ¢ = | .~ p. €C/IM TOJIEKC UACTHIIA HE HAXOAMUTCA Y
CTeHKH. ECJIM e YacTULA HAXOOUTCA Y CTEHKHM. TC 110007 TONYOK NepeBOIUT ee
Ha eIHHHMILY BHYTPb MPOMEXYTKA MEXAY CTeHKaMM. Mb! BUAMM, 4TO IIpOBeMIeH-
HbIH NpuMep 61y>XJAHUS YacTUIbI MpeACIaBIIAT COBON TUIMYHY:0 Lenb Mapxo-
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Ba. ToyHo Taxxe MOXHO Gbl ObUIO pacCMOTpeTh Cllyyad, KOT[a YacTHIA TpHIH-
TaeT K OJHOH U3 CTEHOK HIIH K 00eHM U3 HUX.

HDpumep 2. Bmogenn Bopa aToma BOBOpoAa 37MeKTpOH MOXET HaXOIUTh-
Cs Ha OHOM M3 aonycTHMBIX OpbuT. O603HauKM yepe3 A; coBbITHE, COCTOAILEE
B TOM, YTO 3JI€KTPOH HaxoJWTca Ha i-H opbute. [Ipepnonoxmm panee, uro u3-
MeHEeHHe COCTOSHMA aTOMa MOXET HAacTyNaTh TOJIBKO B MOMEHTHI £y, 5,23, . . .
(B ReMCTBUTENBHOCTH 3TH MOMEHThI NPEACTaBIAIT COGOU CiTyyaiHble BETHUH-
HbI) . BeposATHOCTL Nepexona ¢ i-i OpGUTHI Ha j-10 B MOMEHT 7 3aBMCHT TOJIBKO
OT iuj (pa3sHOCTb j — i 3aBMCHT OT KOJIMUECTBA 3HEPIHH, HA KOTOPYIO H3MEHHII-
cA 3apAf aToMa B MOMEHT /) U He 3aBHCHT OT TOTO, Ha KaKMX OpOMTax Haxo-
JIICA 3MeKTPOH B IPOLIIOM.

Hocnenuuil npumep npenctaBnser cofGoil mems MapkoBa ¢ GeCKOHEYHbIM
(npaBpa, TONBKO B NpHHIMIIE) YHCIOM COCTOSHHA; 3TOT NmpHMep Gbul GbI He-
CPaBHEHHO OnMXe K peasibHOH 0GCTaHOBKe, €C)IH Gbl MOMEHTHI llepexofia Halllel
CHCTEMBI B HOBOE COCTOAHHE MOIJIH MEHATHCA HENIPEPHIBHO.

§ 16. Marpuna nepexona

Mpb! orpaHuuMMcA Janee U30oXxeHHeM MpocTeHlmx $HaKTOB W OOHOPOOHbIX
yeneii MapKoed, B KOTODHIX YCTIOBHA BEPORTHOCTh NOABNEHUs coBbiTHA A1)
"B (s + 1)-M MCTIBITAaHWM NIPH YCJIOBHMH, YTO B $-M UCHBITAHHH OCYLIECTBHIIOCH
cobbiTHE Al.(s) , He 3aBMCHT OT HOMEpa MCIIBITAHMA. Mbl HazoBeM 3Ty BeposT-
HOCTb 8€POATHOCTLI0 Nepexodd © 0603HaUWM OYKBOH p;j; B 3TOM OGO3HauCHHH
TEepBbIH MHIeKC Bcerga OymeT 0603HAayaTh pe3ynbraT NpedlleCTBYIOUIErO0 HCIIbI-
TaHHUA, a BTOPO# MHIEKC YKa3plBaeT, B KAaKOe COCTOSIHME TIepEHMIeT CHCTeMa B
NOCIeNyOIHA MOMEHT BpEMEHH.
IonHas BepOATHOCTHAA KapTHHA BO3MOXXHBIX H3MEHEHHH, OCYHIECTBISAIOUX-
¢A TIpH Mepexode OT OOHOrO HMCHBITAHHA K HENMOCPEACTBEHHO ClleMyIouieMy,
3ay1aeTCA MaTprLed

Piv P12 .-- Dik

P21 P22 ... P2k
m =1 . ..

Pki Pkz2 ... DPkk,

COCTABJIGHHOM M3 BepOATHOCTe# Nepexoja, KOTOpPYlo Mbl GydeM HasblBaTh
marpuyeii nepexooa.

OTMeTHM, KaKHM YUIOBHAM JOJKHBI YAOBJIETBOPATH JIEMEHTBI 3TOH MaT-
pHust. Ilpexae Bcero oHM, KaK BepOATHOCTH, AOJXKHBI ObITh HEOTPHIATEIbHBIMH
UKCIIAMM, T.e. TIpM BCeX | H

Jlanee U3 TOrO, YTO NpH MEepeXoAe H3 COCTOAHHA A 8) B s-M HcTBITAHMH cHCTe-
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ma 0653aTeJIbHO MEepPeXOaUT B OJIHO M TONIBKO B OAHO M3 COCTOSHHM Aj(s D g
(s + 1)-M HCTIBITAHHH BHITEKAET PABEHCTBO

k
Tp;=1 (=1,2,..., k).
j=1

Taxum o6pa3om, cyMMa 371eMEHTOB KON CTPOKM MAaTpHLBI NepexoNa paBHa
eTMHULIE.

Hawia nepBas 3agaya B TeopHM Lened MapwoBa cOCTOMT B OIpeJelieHHH
BEpOATHOCTH Iepexofa H3 COCTOAHMA Al.(‘) B §-M HCIBITAHMH B COCTOSHHE

Af(‘ *7) yepes n uchpiraHuit. OGO3HAYMM DTY BEPOATHOCTb 3HAKOM P;i(n).
PaccmoTpuM Kakoe-HUOYOb ITPOMEXKYTOUHOE HMCTIBITAHHE C HOMepoM § + m.
B 3TOM HCIEBITAHMM OCYIMECTBHUTCH KaKOe-TO OOHO M3 BO3MOXKHBIX COGBITHH

A,(”'") (1 €r < k). BepOATHOCTb TAKOro II€pexofia, COIJIACHO C TOJIBKO YTO
BBEICHHBIMK 00O3HaueHMsaMH, paBHa P;,. (m). BepoATHocTh xe mepexopa M3
cocrosnus 4 (°*™) B cocrosmue A/-(””) paBHa P,;i(n — m). Ilo dopmyne
TIOJTHOM BepOATHOCTH

k
Pi/'(n) = ,z=:1 Py (m) 'Prj(”—m)- (1

O603HaulM yepe3 m, MATpHIly Mepexona yepe3 H HCIHBITAHUH

Py (WPya(n) .. Pyy(n)

Cornacio (1) MexXngy mMaTpHUaMM Ty C Pa3/IMYHBIMU HHOPKCaMH CYLIECTBYE]
COOTHOLUEHHE

T = Ty - Ty (0<m <n).
B yacTHOCTH, MpH M = 2 HAXOOUM, YTO
= =2,
My =My - My =T,
npu n=3
3

My =My ‘TT2=TT2 My =Ty

H BOOOIIE pH J1060M N1

Tp, = 77,
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OTMeTHM 4acTHbIH criyuait dopmynel (1): npu m = 1
n
Pij(n) = Zl pirPr/‘(n - 1).
=

B xauecTBe yIpaKHeHHs NpeyIaraeTcsA YMTATe/II0 HAKCATh MAaTPHIY e pexo-
[a [u1s MepBOro MpuMepa NpeapIayLiero naparpaga.

§ 17. Teopema o mpenenbHbIX BEPOATHOCTAX

Te opewma. Ecau npu nexoropom s > 0 6ce 31eMeHTbl MATPULb! NEPEX00a
Ty NOAOKUTEAbHYL, TO CYECTEYIOT TAKUE ROCTOSKKble yucaa p; (j=1,2,...,k),
YTO He3a8UCUMO OT UHOEKCa | UMEIT MeCTO pageHCTsa

lim P,-/-(n) = p]
n-—+oo

HoxkaszartenbcTBoO. Uaea noxas3arenbCTB 3TOX TEOpEMbl BeCbMa IIPOC-
Ta: CHavaja yCTaHABIMBAETCHA, YTO HanGONbIIAA M3 BepoATHoCTeH P;;(n) ¢ poc-
TOM N He MOXeT BO3pacTaTb, a HaWMeHbllIasd He MOJKeT yObIBaTh; [ajee NOKa-
3BIBAETCA, YTO MaKCHMyM pasHoctu Pyj(n)—Py(n) (i,1=1,2,...,k) crpe-
MHUTICA K HyJI0, KOrga 7 > °°. 3THM [0Ka3aTe/IbCTBO TEOpeMbI, OUEBHOHO, 3a-
Bepiuaercs. JeACTBUTENbHO, B CHIIy M3BECTHOH TeOopeMbl O Mpeiesie MOHOTOH-
HOH MOCIeJ0BaTENbHOCTH Mbl 3aKJII0Y4€M H3 MEepPBbIX [ABYX YKa3aHHBIX CBOMCTB
BepoATHocTe# P;;(n) , uTO CY1IECTBY 0T

Jm_ o, P =

lim max Py(n)= p,.
n—+ee  |<i<k

A Tax KaK B CWIy TpeTsero U3 yKa3aHHbIX CBOWCTB
lim  max |Py(n)—Pyn)| =0,

n—o 1< ISk
TO
p; = b; = p;
Me1 HCPCFUICM TENEPb K OCYIIECTBJ/IEHHIO HAIMEUYEHHOTIO IUTaHa. 3amMeTUM mpex-

[ie BCEro, 4TO IpYU 11 > | HMeeT MeCTO HEPaBEHCTBO
k Kk
Pij(n) = E} puPy(n —~1)=> min Py(n-—1) ’zzlpil =

1 <I<k

= min Pj(n - 1).
1<i<k
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IT0 HepaBEeHCTBO MMeET MECTO NMpPH KAX/IOM i, B YACTHOCTH IIPH TOM, IPH KO-
TOpOM

P,v,-(n) = min Pll(n)
1<I<k

Taxum oGpasom,

min  Pi(n) = min Py(n - 1).
1<i<k 1<i<k

[ToioBGHEBIM e myTeM J1erko 0GHapy)HUTb, 4TO

max Py(n) < max Pyn—1).
1<i<k 1<i<k

Mb! MOxeM cuMTaTh, YTO A > §, H IIOITOMY HMEEM IIPABO 3aMHCATh M0 GOpMY-
ne (1), uro
k

Py(n) = rzzl Py (s) - Ppi(n —s).

PaccMoTpuM pa3HOCTb

Pi,'(n)v = Py(n) = él Py(s) Ppj(n - s) — éler(S) Pjn—s) =
K

= T {Puls) - PiA)| Pl — ).

OGo3HaunM mnonoskutensHsie pasHoctd P;, (s) —P;, (s) cumBomom B,.f’) , 4 Hermo-
JIOJKHMTENIbHBIE PA3HOCTH yepes — ;-f’) . Tak xak

k k
T Pu(s) = Z Pu(s) =1,
r=1 r=1

TO

[kl

r=1

[Pi(s) — Pu(s)] = (E) 84" — (E) i = 0. )

U3 storo PABCHCTBA 3aKJIWOYAEM, UTO

hy = Z B =2 B,
() )]

Tak kak no npegnonoxexuo npu Bcex i ur (i,r =1,2,3,...,k) P;,(s) >0, 10

k
TR < T Pyls) = 1.
(r) r=1
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Taxum 06pa3om,
0 €< hy<l.
flycts

h = max hy.
1<i,i<k

Tak KaK YucIIO BO3MOXHbBIX MCXOIOB KOHEYHO, TO Hapaly C BEJIHYNHAMH h“ BeE-

JIMUHHA h YIIOBNIETBOPAET HepaBEHCTBAM
0<h<1.
W3 (1) Haxopum, yto mpu meleix { u 1 (1,1=1,2,...,k)
Piy(n) = Py(m) | =12 B P (n =5) = T B OP(n =) 1<

<| max P,(n-s) X BN~ min Pyn~s) E BN <

1<r<k (r) 1<r<k
<h| max Py(n-—-s)— min Py(n-s)|<
1<r<k 1<r<k

<h max |Py(n-s)—Pyn-s)l
1<i, i<k

H, ClleOBaTesIbHO, TAKXKe

max | Py(n)—Py(n)I<h max |[Py(n-s)— Pin—s).

1<iI<k 1< 1<k

"
ITprMeHHB 3TO HEPABEHCTBO {——] pas, Haufaem, uYTo
s

(e 2])-

’fnJ

i

max | Py(n) - Py(n)[< ht*4 max
1<i,I<k 1<ilI<k

"
- P,,-(n - [ -—} s)’
)
Tax kak Bcerga lP,,(m) Pjy(m)| <1, 10 ACHO, uTO

max | Pyi(n) - Py(n)| < hIL

1<i ISk

“ly
—

3)
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n
ITpu n -0 TaKxe [—— ] - o0 | me3TOMY B cuny (3) orciopa ciiefiyer, 4To
s

lim max |P;(n)—Py(n)| =0.

n—o 1< I<k

U3 mokazaHHOroO 3aKJiuaeM TakKXxe, 4To

k
j=1
JleHCTBUTENBHO,
k k
]':1 n— oo ]': 1 n—oo

Takum 06pa3oM, Ha BeJIMUMHBI P; MOXHO CMOTPETb KaK Ha BEpOATHOCTH IIO-
ABJIeHUsI Hexopa A /-(") I N-M HCIIBITAHUM, KOTIa 71 BEJIUKO.

DU3NUECKHH CMBICTT JOKA3aHHOH TeOpeMbl fCEH: BEPOATHOCTb CHCTEME Ha-
XOIUTbCA B COCTOSHHH A MPaKTHYECKH He 3aBHCHUT OT TOrO, B KAKOM COCTOS-
HMHM OHA HaXOIWJIACh B /1aJ1eKOM IIPOLIIOM.

Tonbko 4TO OBGHApYXeHHas TeopeMa Gbula BIepBble JOKA3aHa TBOPLOM TEO-
PHH LEMHBIX 33aBHCHMOCTeH A.A. MapKOBBIM: OH2 SIBUIaCh IEPBbIM CTPOIO JI0-
Ka3aHHBIM pe3YJIbTATOM Cpeiy TaK Ha3bIBaeMbIX 3PrOJHYECKHX TEOPEM, UIpalo-
LIMX BaXKHY10 pOJib B COBpeMEHHON PU3MKe U HHXXEHEPHOM Jejle.

Ynpaxuenus

1. BepOSITHOCTH IepexOAd AAIOTCH MATpHLUe i

‘12 13 1/6
=, =t 1/2 1/3 1/6
1/20 13 1/6/
Yemy paBHO YHCJIO COCTOSIHMU? HaltTH BepOSTHOCTH IEPEXOMa U3 COCTOSIHUS B COCTOsIHHE
34 /1Ba 1lI4ra. ’

2. DNeKTpOH MOXeET HAaXOOUTLCA Ha OJHOM W3 CUETHOI'O MHOXECTBAa ODOGMT B 3aBUCH-
MOCTH OT HaJimMHOM! 3HeprTHM. [lepexon ¢ i-# opGUTHI HAa £10 IIPOMCXOOMT 3a OOHY CeKYHAY C
BeposTtHOCTBIO ¢ X171,

HaliTh: a) BepOSATHOCTH Tiepexofa 34 IB¢ CeKYHIbI, 6) MOCTOAHHLIE ;.
3. BepOATHOCTH Nepexoia AATCs MaTpHiledt

0 172 1/2
m={1/2 0 1/2

1/2 1/2 0

Npumenuma 1M B pannom cnyvae Iproguueckas Teopema Mapkoma? Ecnm ga, To HaWTH
HpeacibHbe BEPOATHOCTH.



FTABA 4

CIIYYAUHBIE BEJIMUHHBI
U OYHKUHUH PACIPEOEJIEHUA

§ 18. OcHoBHbIe cBolicTBa GYHKUMHA pacnpeneneHHs

OOHHM H3 OCHOBHBIX NOHATHH TEOPHH BEPOATHOCTEH ABJIACTCA NMOHATHE CIy-
uaiiHOM BenMuMHbl. Hlpexne yeM nepexoanTh K GOpPMaTbHOMY €ro ONpeesieHUIO,
Mbl OCTAHOBUMCS Ha pacCMOTPEHHH NIPUMEPOB.

YHC10 KOCMHYECKHX YacTHL, NMONAaJallIUX Ha ONpedeSeHHBIH YYacTOK 3€M-
HOHf NOBEpXHOCTH B TeueHHe IIPOMEXYTKa BPEMEHH OIpEAEeHHOH IUTHHbI,
IOJIBEPXKEHO 3HAUMTENLHBIM KOJIeGAaHUAM B 3aBUCHMOCTH OT MHOTHX CIlyuai-
HbIX OGCTOATENILCTB.

Yucino BbI30OBOB, MOCTYNMMBIUMX OT aOOHEHTOB HA TellepOHHYIO CTAaHUMIO B
TeueHHe OIlpelleNIeHHOro INMPOMEXYTKa BPEMEHH, He OCTaeTCs NMOCTOSHHLIM, a
MOBEPXEHO 3HAUUTEJIbHBIM CJ1YUaHHbIM KOJIe6aHHAM.

Pazmep yKIIOHeHMs TOUKHM NaJleHHs CHapAzAa OT LEHTpa LENH Onperensercs
BONBIIMM KONHYECTBOM DPa3HOOGpa3HbIX MPHUMH, HOCAWMX CIYyyaWHbIA Xapak-
Tep. B pesynbTaTe B TeOpHH CTpesbObi BbIHY>KIEHbI CYHTAThCA C ABJIEHHEM pac-
CeMBaHUA CHApANOB OKOJIO LEHTPa LellM KaK CO CNyuyaliHpIM AIBJIEHHEM M pac-
CMaTpHBaTh YKa3aHHbIE YKJIOHEHHA KaK ‘¢/lyuaiiHble BEJTHUMHBL.

CKOpOCTb MOJIEKYJIbI [23a HE OCT4eTCHA HEH3MEHHOH, 2 MEHSETCA B 3aBHMCH-
MOCTH OT CTOJIKHOBEHHiI ¢ OPYTMMH MOJIeKYNamH. 3THX CTOIKHOBEHHA OYeHb
MHOTO [axke B TeueHHe KOPOTKOrO MPOMEXYTKa BpeMeHH. 3Hasi CKOPOCTb MOJle-
KYJIbl B JaHHBIH MOMEHT, Hellb3s ¢ NMOJHOi ONpe/ieNIeHHOCTBIO YKa3aTh e¢ 3Haue-
HHe, ckaxeMm, yepes 0,01 win 0,001 cexyHabi. M3aMeHEHHe CKOPOCTH MOJIEKYTIbl
HOCHT CJ1yuYaiHbIH XapaKrep.

[TpuBeseHHble NpHMepbl IOKAa3blBAKT C JOCTaTOYHOH ONpeNesIeHHOCTHIO,
YTO €O C/YYaHHBIMM BeJTHYMHAMH MIPHXOOHMTCA UMETb HENO B CaMpIX pasHOO6-
pa3HbIx O67aCTAX HAYKM H TEXHHUKH. BO3HMKAeT eCTeCTBEHHAsA H MPUTOM BeCbMa
BaXKHas 3a/laya CO3NaHHUA METOINOB W3yUEHHsA C/TYYaHHbIX BEJIUYUH,

HecmoTps Ha BCH pa3sHOPOOHOCTb KOHKDPETHOIO COIEPIKaHUs NPUBEIEHHBIX
HAMM IPEMEPOB, BCe OHH C TOYKH 3peHMA MAaTEMATHKH NPENCTaBIsAT OQHY H
Ty K€ KapTMHY. A HMEeHHO, B Ka)XJ0M TIpHMepe Mbl HMEEM MENO C BelIMYMHOHM,
TAK WIM MHaue XapaKTepHsyiowed Hccrenyemoe ssnenue, Kaxnas n3 sTHX Be-
JIMYMH NOjL BIMAHHEM CIYYaHHBIX OOCTOATENBCTB CNOCCOHA NMPHHHMATh pas3/iHy-
Hble 3Hauewus. 3apaHee IpelcKas3aTbh, KaKoOe 3HAUCHHe TIPUMET 3Ta BeSIHUKHA,
HeNlb3, TAK KA4K OHO MeHAETCA CNYyYaiHbIM O6pa3om OT HCHBITAHMA K HMCIbI-
TAHHIO.
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Takum 06pa3zom, mjig TOro 4ToObl 3HATh C/yuYalHYI BE/IMYMHY, IPEXMIE
BCEro HEOBXOAMMO 3HATh T€ 3HAYEHHS, KOTOpble OHa MO>XeT NpHHHUMaTh. OnHa-
KO OJHOTO II€peyHsA 3HAUeHUH CIIyYalHOW BEJTMUMHBI €Lie HETOCTaTOUHO, YTO6BI
MO HHUM MOXHO 6GbUIO [eflaTh KaKHe-TMGO cyliecTBeHHbIe BbIBOAbI. IleicTBH-
TEJILHO, €C/IH B TpeTheM IIpUMEpPE PacCMOTpPETh Ia3 MPH pa3HbIX TEMIEpATypax,
TO BO3MOXHbIE 3HaYeHUA CKOPOCTEH MOJIEKY/l OCTAHYTCS TEMH € CaMbIMH,
TOrHa KaK COCTOSIHMA ra3a OymyT pa3nuyHel. TakUM 00pa3oM, [ 3a[1aHuA CIIy-
YallHOH BeJIMUMHBI HeOOXOOMMO 3HAaTh He TOJIBKO, KaKHMe 3HaueHUA MOXET OHa
MPHHUMATh, HO M KaK YacTo, T.e. C KaKOH BEpOATHOCTbIO OHA MPUHUMAET 3TH
3HAUYEHHS.

PazHooGpasre clyuaifHbIX BeJMUHH BECbMa BEJHMKO. UMCIIO NMPUHUMAEMBIX
MMH 3HaUYeHMH MOXET ObITh KOHEYHbIM, CUETHBIM HJIM HeCYETHbIM; 3HaueHHA
MOTYT ObITb PACIOJIOKeHbl JUCKPETHO MWIM 3aMOJIHATD HHTEPBAJIbI CIUIOIIb UITH
e He 3aMoJIHATb MHTEpPBaJIbl, HO PAacIoJIaraThCs BCWOAY WOTHO. I TOro uyto6s!
3a[aBaTh BEPOATHOCTH 3HAUEHWH CIIYUaMHBIX BEJIMYMH, CTOJIb DA3JIMYHBIX MO
CBO€H NpUpoIe, U TIPUTOM 33a[aBaTbh HX O/THUIM M TEM XXe CMOCOBOM, B TEOPHH
BEPOSITHOCTEN BBOIAT NOHATHE @ Y HK LMK pacnpeleNeHuUus cny-
Ya@dHOH BEJHUHUHBL

Iyctb § — cnyyaiHasi BeJTMYMHA M X -~ MPOU3BOJILHOE AEHCTBUTEIBHOE UHCIIO.
BepOoATHOCTb TOTO, YTO § MpUMET 3HaueHHe, MEHbILEE YEM X, HA3bIBACTCH HYHK-
yueii pacnpedeaeHus 8epOATHOCTell CITy4aitHON BeJIMUMHBI § :

F(x) = P{g<x}.

YenosumMea B manbHednieM, Kak IMpaBWIO, clyyaiHble BeJIMUMHBI 0603HAYATDH
rpedyeckK dMHU GyKkBamu, a NpHHUMAaeMble UMM 3HAUEHHA — C TP O U H bl -
MU TATHHCKHMH.

PesomHpyem CKa3aHHOE: CAYUGUHOU 8eAUYUHOU HA3bIBAETCA BeJIMUMHA,
3HAYeHHs KOTOPOH 3aBUCAT OT CIyYasw M Ui KOTOPOH onpepieneHa QyHKUUA
pacripeneeHHs Bepomﬂocreﬁ*) .

PaccmoTpiM NpHMephl GYHKUMHA pacripefenenus.

Mpumep 1. OBo3HAUMM Yepe3 | YHCIIO TIOABJIEHNHA COBBITHA A B mocre-
OOBATENbHOCTH N HE3aBMCHMBbIX MCNBITAHMHA, B KaXAOM M3 KOTOPbIX BEpOAT-
HOCTb eTO MOSAB/IEHUSA MOCTOSSHHA U paBHa p. B 3aBUCUMOCTH OT CIIy4ast 4 MOXET
NpUHAMATb Bee LeJIOUMCiieHHble 3HaueHHs oT O 710 7 BKiouuTenbHO. CornmacHo
pe3ynbTaTaM riaBbl 2

P,im) =P{u=m} =C,"p"q" """

Camo coBoit pazymeeTcs, 4TO 3THMH Cl0BAMHM Mbl He HaJId MaTeMaTHYeCKO-
ro onpemneieHuss HOBOMY NOHATHIO, @ TOJIBKO OMMCAH To obliee NpecTaBleHue,
KOTOPOe CK/AIbIBAETCH y UYEIOBEKA. 3HAKOMSALIETOCs C peanbHbIMU NpUMeEpa-
MM CTYVYaiHbIX BEJTMUHH.

*) Ha c. 119 mavo opmManyzoBaHHoe onpefiesieHHe clyyaitHOM BeliMUKUHBL
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OyHKIMA paclpeleNieHus BEJTMUMHBI U ONpeHeNseTCsa ClIeAY UM CIIoco6oM:
0 s x <0,
F(x)= k§ P,(k) ona 0<x<n,
x

1 ans X >n.
OyHKIMA pacnipeneneHus Npe[CTaBifeT cOGON CTYNEHUATYI0 JTMHUIO CO CKayKa-
MH B Toukax x =0, 1,2, ..., n; cKayok B Touke x = k paBeH P, (k).

PaccmoTpeHHbIft mpuMep NMOKa3bIBaeT, YTO TaK Ha3piBaeMas cxema bBepHyn-
JIM MOeT OBbITb BKITIOUEHA B OOLLYI0 TEOPHIO CJIYYaHHbIX BEJIHYUH.
Mpumep 2. Mycts cnyvaiiHas BenuuuHa £ mpuHUMaeT 3Havennsn 0, 1, 2, . ..
¢ BepOATHOCTAMH
Ate—A
pn=P{£=n}=T (n=0,1,2,...),

rge A > 0 — nocrosgHasA. OyHKIMA paclpejefieHUsA BejMYMHDbI £ Mpe/ICTaBIAET
coGoil kak Obl JleCTHHIY ¢ §eCKOHeYHbIM YHMCIIOM CTyINeHeK, CO CKauKamH BO
BCeX HEOTPHMIATENbHbIX IIETOUKCIIEHHbIX TOukax. BelMuMHa ckayka B TOuKe
X = n paBHa p,; npu x <0 umeem F (x) = 0. [Ipo cnyyaiiHyio BeJIHuMHy, pac-
CMOTPEHHYI0 B HRacTOsAILEM NpUMepe, TOBOPAT, YTO OHa paclperiesieHa Mo 3a-
xony Ilyaccona.

ITpumMep 3. MsickaxeMm, 4TO ClyyaiiHasi BeJIMUMHA HOPMAIbHO pacnpede-
.1¢Ha, ecny ee GYHKIMSA pacipelesieHUst HMEeT BUIT

x _(z-a)’
®x)=C [ e 29 idz
oo

rae C > 0, 6 > 0, a — nocrosiHHble. BOOCIEACTBHM MbI YCTAHOBUM CBSA3b MEXIY
NOCTOSIHHBIMH 0 M C W BbIACHHM TEOPETUKO-BEPOSATHOCTHBIA CMbICH TapaMeTPOB
a u 0. HopmanbHO pacnipesiesieHHble ClyyaiHble BETMYMHBI HIPalOT 0coGO Bax-
HyI0 pONb B TeOPUH BepOATHOCTEM M ee NIPUIIOKEHHUsIX, B JanbHediueM y Hac Gy-
JIeT MHOTO MOBOIOB YOeINTbCS B 3TOM. o

3amMeTHM, 4TO eclM B JABYX TMepBbIX PacCCMOTPEHHBIX HAMH NIpUMepax cilyva-
HbI€ BeJIMYHHBI MOTTIH [IPUHUMATD TOIBKO KOHEYHOE WIIH CYeTHOE MHOXECTBO 3Ha-
yeHH# (OUCKpeTHble BESIMMMHBI), TO CIIyuailHple BeIMUKHBI, paclpelielieHHble TTO
HOpMaJIbHOMY 3aKOHY MOIYT INpHHMMAaTb 3HaueHMa M3 06G0oro HMHTepBana,
JelcTBHTENBLHO, Kak Mbl YBHOMM HHXKE, BepOATHOCTb HOPMAJILHO paclpeiesieH-
HOM CIYyyaHHOM BejiMuMHe IIPHHATHL 3HaYeHHE, 3aKJlloudioleecs B HHTepBaje
x, <t <x,,paBHa

X, (z -a)?

®(x,)-P(x,)=C [ e 20° dz

U, CNeJIOBATENIbHO, IpH NMIOBIX X; M X,(X, F X, ) MOJIOXKHTENbHA.



. § 18. OcHoBHHEe cBolCcTBA GYHKUIMHA paclipenesieHHA 119

Ilocne coenaHHbIX HAMH 3aMEYaHHH HHTYHTHBHOIO XapaKTepa MOXHO epedTH
U K H3JIOKEHHUIO NIPHHATOrO Temepb CTporb ¢$bopmasnbHOro olipenesieHUA Clyyan-
HOH BEJIMYMHBI.

B cooTtBeTCTBHMM ¢ OGIMM aKCHMOMATHYECKHMM MOHATHEM CIYYAHHOTO COOBI-
THA, Mbl Oy[ieM UCXOOUTb U3 MHOXXECTBA 3jleMeHTapHbIX coObiTuii 2 . Kaxgomy
37IleMEHTApHOMY COGBITHIO W IOCTABUM B COOTBETCTBME HEKOTOpOE WYHCIIO

£E=f(w).

Msl ckaxem, 4To £ ecTb ClyuyaliHasa BeNHUYMHA, eCNIH YHK-
uuda f(w) uU3MepMMa OTHOCHTENbHO BBeJAeHHOH B pac-
cMaTpuBaeMOM MHOXecTBe 2BepoAaTHOCTH. HMHaye rosops,
Mbl Tpe6yeMm, YTOObI s KaXA0ro u3mepumoro no bopenio mMHoxecTBa A 3Ha-
ueHMid & MHOXECTBO A, Tex w, 1A KOTOphiX f (w) C Ay NpHHALIEKANO MHO-
KecTBY F cliyuailiHpix COOBITHI 1, ClleqOBaTeNIbHO, JIA Hero 6butia 651 Olpeiene-
Ha BEPOATHOCTD

P{eCA}=pP{4,}.

B 4acTHOCTH, eClTi MHOXeCTBO A COBMajadeT ¢ nonynpamor £ < x, T0 BepoAT-
Hoctb P {4} ectb bynxuua nepemenHoro x

P{t <x}=P{A4,}=F(x),

KOTOPYI0 Mbl Ha3Banu GpyHKIMeHd paclipefe/leHUaA C1yYaiHON BeJTHYHHBI &.

I pumep 4. PaccMOTpHUM NOCIENOBATENILHOCTD 1 HE3ABUCUMBIX MCIIBITA-
HU#l, B K2)XIOM M3 KOTOPbIX BepOATHOCTb NMOABJIEHHA COOBITUA A MOCTOAHHA H
paBHa p. B >TOM mHpuMepe 3meMeHTapHbIe COOBITHA COCTOAT U3 MOCIEeNOBaTENb-
HOCTEHl TOAB/IEHUN M HENOABJIEHUH COObITUS A B N UCHBITAHHAX. Tak, OmHUM
H3 37IEMEHTApHbIX COBBITHH OYOET MOABJIEHHE COOBITUA A B KaXIOM M3 HCIIBITA-
Huil. Bcero, xak HerpymHO MoOcuyMTaTh, OymeT P 3/1€MEHTApHBIX COOBITHH.

OupenenuMm yHknM g = f(w) OT IMeMEHTAPHOTO COGBITHA 0 TaK: OHa
paBHa YKCIly NOABJIEHHA cOObITUA A B 2JIeMeHTapHOM COBLITHH w. CormacHo pe-
3YJIbTATAM IJ1aBbl 2

P{u=k} =Pu(k) = Ckp*q"~*.

UameprmMocTh GYHKUMH 1 = f(w) B nojie BepOATHOCTER HEMOCPEICTBEHHO Oye-
BupHa. OTClofd, COTJIaCHO OIflpedesIeHHI0, 3aKJTI044eM, UTO M €CTh CllyyaiHas
BeJIMUMHA.

ITpumep 5. llponsBeneHol Tpu HaGIIOOEHHUS 32 [010KeHMEM MOJIEKYJIbI,
ABHIraOIEHCA N0 TPAMON JIMHAM. MHOXECTBO 3/11eMEHTapHBIX COBBITHI COCTOUT
H3 TOYEK TPEXMEPHOIO €BKJIMAOBA NpPOCTPaHCTBA R3. MHOXeCTBO ClyyaiHsbIx
COGBITHH F COCTOMT M3 BCEBO3MOXHBIX GOPENEeBCKHX MHOXECTB IPOCTpaH-
crBa Rj.
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JINA Kaxmoro CyuaiiHoro coGbiTUst A ompenenum BeposTHocTs P { A } no-
CpeACTBOM PaBEHCTBA

L (G, —a)? +(x, —a)?+(x,~a)*]
P{A}“ fff : : dx dxydxs.
/ )3

PaccMoTpuM Teneps GyHKIMIo § = f(w) 3/1eMEHTAPHOro COOBITHs, ONpesie-
JIeHHYI0 [TOCPeICTBOM paBEHCTBA

1
£= g(xl +x3 tX3).

J1a PYHKLUUS U3MepUMa OTHOCHTESIBHO BBeJEGHHOH HaMM BepOSITHOCTH, T03-
TOMy £ sABJseTcA ClyuyadHOH BeJIMYMHOH. Ui Hee yHKUMsA. paclpelesieHUs
.paBHa

3

1 ‘21_02 zi (xk -~ a)z

Fix) =P{E<x}= —— I e - X
(0\/ 277)3x|+5c:+x3<3x
x 3z —a?

X dxydx,dxy= ———— [ e 20" dz.

> e

o —m
3

C TOJIBKO 4TO pa3BUTOH TOYKH 3peHHsi ACHCTBUSA Haj, CJIYYAHHBIMU BeJIMYH-
HaMH CBOJATCA K HM3BeCTHbIM oONlepauusiM Hapg ¢yHkuuamu. Tak, ectu &,
U £, SABJIAITCA CJIYYaHHbIMH BeJIMUMHAMH, T.e. H3MEPHMbIMHU OTHOCHUTEJIbHO
BBeEHHOM BePOATHOCTH (GYHKUUAMHU

£ = fi(w), £ = fi(w),

10 Nwbas GopeneBckas GYHKUMA OT HUX TaKXe fBJISeTCA CJIYYalHOH Besu-
uuHOM. Ii1s npumepa

§=5t&

M3MepUMA OTHOCHTEJIBHO BBeJEHHOH BepOATHOCTH H NOTOMY SBJIAETCS Clly-
YaHHOW BeJIMUMHOM.

[Tosjmee Mbl pa3oBbeM TOJIBKO UTO C/e/laHHOE 3aMeyaHHMe M II0JIyYHM psifl
BAXHDBIX [UIsl MpUMeHeHuil pe3ynbraToB. B yacTHoCTH, MBI BbIBemem Gopmy-
bl WA QYHKUHM pachpeneseHHs CyMMbl M YaCTHOTO ABYX CJIYYaHMHBIX Be-
JIMYUH TI0 paclipeliesleHUIo cylaraeMblX.

ITpu nomowm ¢yHKUMH pacipefiesieHUs Cly4yaHHOH BeNMYMHbI £ MOXHO
ONpe/eNIUTb BEPOATHOCTh HepaBeHCTBa X; < & < X, NpH JIOOBIX X; H X,.
B camoM pene, ecnu uepe3 A o0OO03HAuMThb COObITHE, COCTOALEE B TOM,
yTo £ MpUMeT 3HaueHHe, MeHbIlee YeM X,, uepe3 B — coObITHe, cocrosulee
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B TOM, uro ¢ < X, W, HaKOHeL, Yepe3 C — cobbITHe X; < < X,, TO, OUEBHI-
HO, HMeET MEeCTO Cllely1ollee PaBeHCTBO:

A =B+C
Tak xak cobeiTHA B 1 C HECOBMECTHMBI, TO
P(4) = P(B)+P(C).
Ho
P(4) = F(x;), P(B) = F(x,), P(C) = P{x, <t<x,},.
MO3TOMY
P{x, <E<xp} = F(x;) — F(x,). )]

Tak Kak, MO ONpefeNeHHI0 BEPOSTHOCTh €CTh HEOTPHLATENLHOE UUCIO, TO
U3 paBeHcTBa (1) crlemyer, yro MpH MOGBIX X, M X, (X, > X,;) HMEET MECTO
HepaBeHCTBO

F(x,) =2 F(x,),

T.€. YTO PYyHKYuA pacnpedenerus awbol CayyaiHoU 8eauduHbl ecTs HeyObleaio-
was PyHKyus.

OueBuAHO, Janiee, yTo GYHKIMA pacnpeneneHus F (x) Mpu M06OM X yIOBiIeT-
BOpSAeT HePaBEHCTBY

0 < Fx) < 1. ()

Me1 ckaxem, 4TO GYHKUMA pacnpenenieHust F (x) MMeeT IIpU X = X, CKAYOK,
eciu

F(xO +0)—F(XO—O) = CQ > 0.

DYHKYUA PACNPEDENEHUS MOXET UMETb He 60aee YeM CUEeTHOE MHOKECT80
cxayxos. B camom pene, cxaukoB pa3mepa, Gombiiero 1/2, ¢yHKuus paclpe-
HeIeHUA MOXeT MMeTb He DoJlee OHOrO; CKaykoB pa3Mepa OT OJHOH YeTBepTOH
mo nonosuHs! (1/4 < Cy < 1/2) — He Gonee Tpex. Boobie ckaukoB pa3Mepom
ot 1/2" mo 1/2" ~! moxer 6biTh He Gonee uyem 2" — 1. CoBEepIIEHHO ACHO,
Y10 Mbl MOXEM IIPOHYMEpOBAaTb BCE CKAUKM, DACTIOJIOKUB HX 1O BeJIHUHMHE,
HauMHass ¢ GonblIMX 3HAYEHHH M NOBTOPAA paBHble 3HAYEHHS CTONBKO pas,
CKOJIBKO CKAa4YKOB 3TOM BeJTMUMHBI UMeeT GyHKIMA F (X).

YcraHOBHM elne HECKONbKO OOIMX CBOHCIB YHKUMH pacnpelelleHHs.
Onpepenum F(— ) u F(+ ) paBeHCTBAMH

F(—%) = lim F(—n), F@o>) = lim F(+n)

n—~+

oo n - oo
H JOKaXeM, 4To
F(—o) =0, F(+%)=1.
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Jle#icTBUTENBHO, TAK KaK HepaBEHCTBO £ < + o JOCTOBEPHO, TO
P{t<+oo}= 1.

O6o3HauMM uepe3 cobbITHe, cocTosAmee B ToM, uto kK — 1 < § < k. Tak
pe3 Lk . ¢

KaK coGblTHe £ < + % JIKBHBAJIEHTHO CyMMe cOGbITHH (0, TO Ha OCHOBaHMM

pacumpeHHoﬁ AK CHOMBI CITOXECHUA

Pl < +oo}= T P(Q).

= —oo

CnenoBarteyibHO, IpH 11 —> ©©

g) P{Q,} = % [F(k) —F(k —1)] = Fn) —F(-n) > 1.

k=1—n k=1-n
Orciofia, IpUHUMAasi BO BHUMaHKMe HepaBeHCTBa (2), 3aKJI0uaem, YTO [pH 1 —>°
F(-n) - 0, F(+n)—> 1.

DyHKua pacnpedenerus HenpepblgHa caesd.

BribepeM Kaxkyo-HUGYIp BO3PACTANILYI0 TOCHENOBATENBHOCTE X < Xy <
<xy<...<x,<...,cCXOO0I1yIOCqd K X.

O6o3Haunm uepe3 A, cobbitie {x, < ¢ < x}. Torpa scHo, uto A; C 4,
npu i > j, ¥ Npou3BefeHHe BceX COGBITHI A, eCTb HEBO3MOXHOe COOBITHE.
o akcuoMe HelpepbhIBHOCTU TODKHO ObITh

lim P(4,) = lim {F(X)-F(x,)}=
n— oo

n —» oo

= F(x)— lim F(x,) = F(x)—F(x-0) = 0,

yTO UM TPeBGOBANOCh TOKA3aTh.
TouHO Tak Xe MOXHO J0Ka3aTh, YTO

P{: < x} = F(x+0).

MbI BHOMM, TAKHUM O6pa30M, UTO kaxoas PyHKyul pacnpedeneHun a841er-
cA  HeyObigawwel, HenpepbigHOU caesad U yooeaereopawell  ycaoeuam
F(—=) = 0u F(t>) = 1 gynxyueil. BepHo u obparHoe: xaxoas gyHKyus,
YOQ8AETEOPAIOWAR NEPEHUCACHHBIM YCAOBUAM, MOXET DACCMATPUSATSCA KAK
PYHKYUA pacnpedenelus HeKOTOPOIL CAYHAUHOU 8eAUYUHbL.

3ameTHM, YTO B TO BpeMs KaK KaX[as ClyyaidHasi BeJIMUMHA OJIHO3HAYHO
ollpefieNsgeT CBOKW GYHKUMIO pACHpedesieHus, CymecTBYeT CKOJIbKO YTOJHO
DA3MMUHBIX CJIYYailHBIX BEJIMUHH, HMEKIUMX OOHY W Ty e QYHKLUMI pacrpe-
meneHus. Tax, ecnu § NMpHHUMAaeT [BA 3HaueHUd —1 M +1, Kaxaoe ¢ BePOATHO-
cteio 1/2 u n = —§, TO ACHO, YTO BCerfia £ oTnuuHa oT n. TeM He meHee o6e 3TH
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CyyaiiHble BEJMYMHBI UMEIOT OJIHY M TY Xe ¢HyHKIMIO paciipeie/IeHUs
[0 opu  x < —1,

1/2 mpu -1< x < 1,

ll nmpa x> 1.

Flx) =

§ 19. HenpepsiBHEIE U THCKpPETHBIE paclipenie/IeHHs

HHorna moBedeHMe CiIYyYalHON BeJMYMHBI XapaKTEpH3YWT HE 33[aHUEM
ee GYHKUMH paclpedesieHus, a KakKUM-THO60 HHbIM criocobom. Beskas takas
XapaKTepUCTHKA HOCHT Ha3BaHMe 3AKOHA pacnpedenenus Cy4adHOH BEUUMHBI,
eCITH TOJBKO IO OINpeeIeHHbIM MPAaBMIaM MOXHO HONYYHTh M3 Hee QYHKIHMIO
paciipeencHuA. Tak, 3aKOHOM paciipefiefieHusi 6ymeT ¢yHKIMA HHTepBana
P{x,, x,}, npencraBnsioman coGoi BepOATHOCTh HEpaBeHCTBA X; < § < X;.
TeiictButensHO, 3Haa P{x,, x,}, Mbl MOXeM HailTH GYHKIHMIO paclpe/e/icHHs
o popmyie

F(x) = P{—o, x}.

MeI yxe 3HaeM, uTo ¥ o F (x) MOXHO HaHTH Wi M06bIX xl U X, GYHKIHIO
P{x,x;}: P{x,,x;} = F(x;) —F(xy).

Yacto B KaueCTBE 3aKOHA paclpelelleHHA MOJIE3HO OpaTh cbymcumo MHO-
xectpa P{E}, ompeneneHHYy0 1A BCEX 6opene13c1<nx MHOXECTB M Ipe/ICTaB-
nAoMYy0 oGO BepOATHOCTh TOTO, YTO CIyYaHHAA BeTMUUHA £ mpuMeT 3Haue-
Hue, IpHHAMIexKamee MHoXecTBY E. Beposatsocts P{E}, B cily pacuIdpeHHOH
AKCHOMBI CIOXEHHMS, €CTh BIIOJIHE ANJMTHUBHAA GYHKIHA MHOXeCTBA, T.e. A
M060ro MHOXecTBa E, IpeCTaBIAIOWEro cobol CyMMY KOHEYHOTO MM CYeT-
HOTO UYMCITA Helle peCceKaoIMXCs MHOXeCTB £y

W3 BCEBO3MOXHbBIX CIYYAHHBIX BEJTHYMH MBI BBIAEIMM [PEX[E BCETO Te, KO-
TOpbIE MOTYT NMPHHUMATh TOJILKO KOHEYHOE MIIH CYETHOE MHOMECTBO 3HAUECHHH.
Takue BeNHMUMHBI Mbl Gy[ieM Ha3bIBaTb QUCKPETHbIMU. Iid MOJIHOW BEPOATHOCT-
HOM XapaKTePUCTUKH JUCKPETHOH CIIyyaiHOH BennuMHbl £, HPHHUMAIOIIEH C 1o-
JIOKHTEAbHBIMHU BEPOSITHOCTSAMHM 3HAUYEHHS X1, X2, X3,..., HOCTATOUYHO 3HATb Be-
posTHOCTH Py = P {£ =X, } *). OueBMAHO, YTO [0 COBOKYNHOCTH BEPOATHOCTEH
Pk MOXHO oTpefeliuTh GYHKUMK pacnpeseiedns F (X) nocpencTBOM paBeHCTBa

F(x) = ZPk,

B KOTOPOM CyMMHMpOBAHHE DAcIlpOCTpaHsAETCA HAa BCE Te MHIIEKChI, WA KOTO-
phIx X < X.

OyHKIMA pacrpelie/ieHns JIoGOH AUCKPETHON BEIMMUHBI pa3pbiBHA, BO3-

pacTaeT CKaykamM ITpH TeX 3HAYEHHAX X, KOTOphIE ABIAITCA BO3MOXKHBIMH

*)JTH ¥ TONBKO 3TH 3HAUCHHS Xy Mbl Ha30BEM 603MOXHbIMU 3HAYEHUAMU LIMCKPETHON
cryyadHo BeJIHUMHB & .
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3HaueHUAMH . BenuuuHa ckaukoB GYHKUMK F(X) B TOUKE X, KAK MbI BbIACHUIIH
paHee, pasHa pasHoctd F (x +0) — F (x).

Ecnu [Ba BO3MOXHBIX 3HaYeHUA BETMYMHBI £ pa3feneHbl HHTEPBAJIOM, B
KOTOpOM [PYrHUX BO3MOXHBIX 3HaUeHH# & HeT, TO B 3TOM HMHTepBase QYHKUMsA
pacnipeneneHuss K (x) mnocrosHHa. EcnM BO3MOXHBIX 3HAaueHMH § KOHeYyHOe
uHCcIo, Hanmpumep n, To GYHKIMA pacnpedeneHus F (x) npencrasiseT coBoi
CTYNEHYaTy0 KpHBYI0 C n + 1 HHTepBaJOM NOCTOSHCTBA. ECNHK e BO3MOXHBIX
3HaueHUH & UMeeTCsl CYeTHOe MHOXECTBO, TO 3TO MNOCHedHee MOXeT GbiTh U
BCHOMY TUIOTHBIM, TAK YTO MHTEPBAJIOB NOCTOAHCTBA Y GYHKIMH paclpeeeHus
OMCKPETHOM CnyuyadHOM BeNMUYMHBI MOXeT M He Obith. IlycTs miA mpumepa
BO3MOXHBIMY 3HaueHUAMH & OyAyT BCe palMOHANIBHBIE YMCNAa M TOJIBKO OHH.
ITycTb 3TH uKCNa 3aHYMepOBAaHbI KAKHM-HUGYIb CIOCOOOM: Fy #3, . . . M BEPOST-
HocTH P{£ = r; } = p, onpeneneHbl MOCPeICTBOM PaBEHCTBA Py = 1/2%. B naniem
npuMepe BCe palMOHAJIbHbIE TOUKM SABJIAIOTCA TOYKAMH Ppa3pbiBa QyHKIMH
pacnpegeneHus.

B KkauectBe Apyroro B@KHOro Kmacca CIYyYadHBIX BEITHYHH MBI BBIAEIHM
Te M3 HHX, VI KOTOPBIX CYWECTBYET HeOTpULATeNbHAsA QYHKIHA p (X), yOOB-
JIETBOPSAIOIUASA IPU JMOOBIX X PaBEHCTBY

F&) = J p@e

CilyyaiiHble BeNMUMHBI, o6Nagarmiye 3TUM CBOWCTBOM, HA3bIBAWOTCH Henpepbulg-
Hotmu, GYHKUMS D (X) Ha3bIBAETCA NAOTHOCTbI DACNPEOeneHUs 8ePOATHOCTEl.
OrMmeTuM, yTO IUIOTHOCTb paclpenesieHuss BepOATHOCTEH oBGnagaer ciexyto-
UMMM CBOHCTBAMH:
1.p(x) =0.

2. pyn m06bIX X, U X, YOOBIETBOPAET PABEHCTBY
X2

P{x, < & <x;} = [ p(x)ax.
x1
B uyaCTHOCTH, €CM p (X) HelpepbIBHA B TOYKE X, TO ¢ TOYHOCTBIO JI0 6ECKO-
HeYHo MajbiX BeICHHX mopAakoB P{x < & < x +dx} = p(x)dx.

3. fp(x)dx = 1.

BenMuMHBI, pacilpeieneRHbIe 10 HOPMATLHOMY HITH PABHOME PHOMY 3aKOHy ™),
[A10T HAM [IPUMEPbI HEIIPEPBIBHBIX CIIYYAHHBIX BEJIHYMH.

I1 pumep. PaccMorpum Grmuke HOpMaIbHBIR 3aKOH pacrpepeneHus. s
Hero MIOTHOCTD pacnpe/lenieHus Be poATHOCTEH paBHa

(x - a)?

pex)=C-e 7

*) Tax HA3bIBaeTCA 3aKoH ¢ (YHKOMe# pacripefeneHus, MUHeHHO W3MeHsOuleHcs OT
0 mo 1 B HexoTOpOM MHTepBane (g, b) ¥ paBHO# HymIO JieBee TOUKH & M eAHHHLE NIpaBee b.



§ 19. HenpepsIBHEIE ¥ DUCKpETHBIE pacIpeneieHus 125

Tocroanuoe C onpepenseTcs, HCXOAA U3 CBONCTBA 3. JIeHCTBUTENBHO,

(x —a)’
S
Cle 207 dx = 1.
. X -—a
3amMeHOH ﬂepeMeHHbIX — = Z 3T0 paBeHCTBO HpHBOH,HTCH K BHAY
g

Cofe %124z = 1.

HHTerpan, croAmuid B TIpaBOM YacTH 3TOTO PaBEHCTBE, U3BECTCH MOJ, UMEHEM
uHTerpana IlyaccoHa, npuuem

fe~* %z = /21
Taxum 06pa3om, HAXOOHM, YTO
1

C:
oN 27

M, 3HAYAT, 1A HOpMaJ'IbHOFO pacnpelxenel-m;{
(x —a)?

202

1 a—
p(x) = ——— e
o\ 27

OyHkiMA p(X) NOCTMraeT MaKCHMyma NpPH X = 4, UMeeT TOUKH Neperuba
npy x = a+0; OCb aBCUACC CIYXMT 1A Hee ACHMITOTOW MpH X ~> o0, Jns
WUIIOCTPauMM BIMAHMA NapaMerpa o Ha ¢Gopmy rpapuKa NHOTHOCTH HOp-
MAaJbHOIO pacnpeleneHHss Mbl NPHBOAMM Ha pHc. 15 rpaduxu p(x) npd
a=0mul) 0> =1/4, 2) 0 =1, 3) 0> = 4. Mbl BUAAM, YTO YeM MeHbLIe
3HaueHWe ¢, TeM KpHBafA p (X) UMeeT Gorbllee 3HaYeHHe MAKCHMyMa M MajaeT

)
0,8

0,2
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Kpyue. IT0 O3HayaeT, B YACTHOCTH, YTO BEPOATHOCTh MOMACTb B HHIEPBAI
(— «a, a) Gonpule WIA TOH CIYYaHHOH BeTHUMHBI, PACTIpeIeTIeHHOH IO HOpMalTb-
HoMy 3aKOHy (c mapameTpom a = 0), I1A KOTOPOH BeJIMYMHA ¢ MeHbllle. Mbi,
CNeTOBATENIBHO, MOXEM CUHTATh O XapaKTePHUCTHKOH pa36pocaHHOCTM 3Haue-
Hui BentmuuHbl §. Ilpu @ # 0 KpuBble IUIOTHOCTEH MMEKWT Ty Xe ¢Gopmy, HO
caBHHYTbI BrpaBo (@ > 0) wm BieBo (2 < 0) B 3aBHCHMOCTH OT 3HAKa Napa-
MeTpa a.

IToMHMO IHCKDPETHBIX M HENpPEephIBHBIX CIYYaHHBIX BEJMYHH CYIIECTBYIOT,
pasyMmeeTcsl, U JApYTHe ClyyaiiHble BelHuMHbL. KpoMe BeJMUHH, KOTOpDble BEIYT
ce6d B OMHMX MHTepBaNaX KaK HelpepbIBHBIE, 4 B JPYTMX KaK HHCKpET-
Hble, MMEIOTCS BeJIMUMHBI, He ABIAOMIMECA HH B OOHOM MHTEpBale HH IHC-
KPeTHBIMM, HH HelpepbIBHBIMH. K TakHM ClyyaHHbIM BeJIHYMHAM OT-
HOCATCS, Hanpumep, Bce Te, GYHKIHMH paclpelelleHHs KOTOPBIX HEMpPepbIBHEI,
HO IIpM 3TOM BO3pACTAaT TONBKO Ha MHOXeCTBEe NeGEroBCKOH Mepbl HYJb.
B KauecTBe NMpUMepa TaKOH CIIyYaiHOH BeTHYHHBI IIPHBEIEM BEJMUHHY, UMEK-
mwyo GyHKUMell paclipenenceHuA u3BecTHylo KpuByw Kaurtopa. HamomHum
HOCTpoeHHe 3TOH XpUBOH. BernMuMHa £ TMpHHMMAET TOJBKO 3HAUEHHA MEXIY
HyneM W exuHuue#. CiepgoBaTenbHO, ee QYHKUHMSA paciipefiefieHUs YHOOBJIETBO-
pAeT paBeHCTBAM

Fix)=0 mpu x <0, F(x)=1 npu x > L.

BuyTpu unteppana (0, 1) £ NpuHMMaeT 3HaUCHUS TONBKO B NEPBOH K NOCTEN-
Heil ero TPEeTAX, B KaXIO#H ¢ BepoATHOCThI0 1/2. Taxum oGpa3om,

F(x) = 1/2 mpu 1/3 < x < 2/3.

B untepsanax (0, 1/3) u (2/3, 1) £ cHOBa MOXeT PUHUMATh 3HAYEHUS TOIILKO
B TepBOil ¥ MOC/eAHeH TPETH KAKIOTO U3 HMX, B KAXIOH C BEPOATHOCTbIO 1/4.
JTUM ollpeeNAKNTCA IHaveHus F (X) eile B ABYX HHIepBa/Iax:

F(x)=1/4 mpu 1/9 < x <2/9,
F(x)=23/4 mpu 7/9 < x < 8§/9.

Janee B KaXIOOM M3 OCTABLUHXCA MHTEPBAIOB IIOBTOPSAETCA TO XKe MOCTPOEHHE
M 3TOT INpoLECC MpOROKaeTcA [0 OeCKOHeyHOCTH. B pesynbTare QyHKums
F (x) oxa3biBaeTCs Olpe/eleHHON Ha CyeTHOM MHOXeCTBE MHTEPBAIIOB, ABJIAN-
LIUXCA MHTEPBANTAMHM CMEXHOCTH HEKOTOPOro HMIAE He IUIOTHOrO COBEPIICHHO-
ro MHOXeCTBa Mepbl Hynb. Ha 3TOM MHOXeCTBe HOOMpenenseM ¢YHKIHI0
F (x) 1O Helpepb/BHOCTH. Besmmna £ ¢ Taknm 06pa3om ONpesiesieHHOH QyHK-
uuell paclipefieNieHus He [MCKpETHa, TaK Kak ee QYHKIHMA pacripenesicHUs He-
TpepbiBHA, HO B TO ke Bpems § He HellpepblBHA, TAK KaK ee QyHKUMA pac-
npeeneHUA He ABJAECTCA HHTETPAJIOM OT CBOCH POHIBOIHOH.
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Bce BBefeHHBIE HAMM Ofpeflie/ieHUA MepeHOCATCA JIETKO Ha CIIydYaH ycCIioB-
HRIX BepostHocTedl. Tax, Hanpumep, dyukumio F(x|B) = P{f < x|B) wmsi
6yneM Ha3bIBATh YCA08HOU diyHKyuel pacnpedenenus CITyYyaHHOH BenHuMHbI &
npu ycnoBuu B. OueBumHo, uto F(x|B) oGnapaer BcemM coWcTBamMM OObIv-
HO# GYHKIMM paclipeneneHus.

§ 20. MHoroMepHsie GQyHKIHH paclipeneneRust

Jna panbHeiilero HaM HeoBXOMMMO He TONBKO IIOHATHE CITYYaHHOH BeJIMYM-
Hbl, HO W NOHATHE CIIYYalHOTO BeKTOpa WIH, KaK YacTO roBOpAT, MHOrOMep-
HOM CITYy4yalHOM BeJTHUMHEL.

PaccMOTpHM BEepOATHOCTHOE MpocTpaHcTBO {2, &, P), ma KOTOPOM OIIpe-
OeneHsl N CTYYalHbIX BETUUMH

£17 fiw), &= fi(w), .., & = fa(w)
(dyukunu f;(w) u3mepumst). Bexrtop (¢4, 2, ..., £,) HasbBaeTcA cayuai-
HbLM 8EKTOPOM WIM N-Meproli cayuaiinoil eeauyunoll. Iycts (84, &5, ..., &,)
cnyuaiiHeii Bextop. OGo3Haum vepes {&; < x,, &, < x,, ..., &, <x,)MHo-

JKECTBO TeX 3JIeMEHTapHBIX COOBITHH w, A1 KOTOPBIX OJHOBPEMEHHO BBHINOIN-
HAIOTCA BCEe HepaBEHCTBA

fl(w)<xh fl(w)<x2)-»», fn((«'))<xn.

IMockonbKy 310 cofbITHE ABNAETCA MpOoM3BefeHHEM COObITHE { fi (W) < xi}
(1 < k < n), OHO IPUHAMIIEIKHT MHOXECTBY T ,T.e.

(5, <xy, 582<x3,..., & <x,) EF.
Taxum o6pasom, npu moboM HaGope wicen X;, X, . . . , X, OlpelesieHa
BEPOATHOCT F (X1,X2,...,xp) =P{E, <X, &, < x5, ..., %, <x,}. I1a QpyHk-

IMHA 1 aprymMeHTOB HA3bIBACTCA M-MepHOU (dyHKyuel pacnpedenerus cayuai-
noeo gexropa (£1,&,,...,§,).

B panpHeiiiieM MbI IpUGeTHEM K TeOMETPHUECKOH MIUTIOCTPAlHM M CTaHeM
paccmaTpuBarh BelMUMHBI £4, %,, . . ., £, KaK KOOPOMHATBHI TOYEK 1-MEPHOTO
eBKJIM/I0Ba fpocTpaHcTBa. OUeBHIHO, UTO HONIOKeHHe ToukU (£4, &2, ..., &,)
3ABUCUT OT ciyyas u uro ¢yHkuusa F (x,, ..., X,) NpH TaKOH MHTEpPIpeTALUH
HaeT BepOATHOCTb momajganus Touku (£, . .., £,) B n-MepHbIi Mapamiese-
munen £ < xy, £2 < x3, ..., &y < x, c peGpamu, NapasniensHIMU OCAM
KOOpOMHAT.

C nomouibio GyHKIMK paclpefeneHus JETKO BBIYMCIIUTh BEPOATHOCTD TOTO,
qro Touka (£, £,, . .., £,) OKaxercsas BHYTpH Mapanmnerenuiena

a,~<§,~<b,~ (i=1,2,...,n),
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rge a; nu bi — [IpON3BOJIbHBIE ITOCTOSHHBIE. Hepr)IHO MOACYMUTATh, UTO
P{al<21<bl, 02<E_2<b2,...,an<sn<bn}=

n .
=F(bl:b2’°-"bn)—.z pi+_§'pij$"‘+
<7

i=1

. .

+ (-1)"F(a,, as,...,4,), 1)
rfe uepe3s p;;. . ., OBO3HaueHO 3HaueHue QyHKmMu F(cy, €2, . . ., ¢p) NpH
¢; =4a;, ¢j =4, ..., Cx = d; ¥ (A OCTAJIBHBIX Cg, PABHBIX b. Mb1 ipetocTaB-
AsieM [OKAa3aTeJbCTBO 3TOH GOpMYnbl uMTaTeso. 3aMeTHUM, B YaCTHOCTH, YTO
F(xy,...,Xk_1, 1T, Xg4y» - .., Xp) IAET HAM BEPOATHOCTH TOTO, 4TO ByneT
BBINOJIHEHA CJIeAYI011asA CHCTeMa HEpaBeHCTB

B < x5, 8 <Xa, oo 8k <Xk—ts Bkt < Xgwgs o En < Xpo
Tak KakK [0 pacuMpeHHOH aKCHOMe CIIOXKEeHHA BEePOATHOCTEH

P{E] < Xiseon 92]{—1 < xk—l; Ek+1 < xk+1’ e ’En < xn} =

[
= T P <xp, LB <Xl s S g <stl £ <
s = —o0

< Xk+1s- - asﬂ < xn} = F(xl,'--- 2 Xk—1> XK+ 15 - ":xn)’
T0 F (X1, ..., Xk—1s % X1 - - - » Xpn) ABNALTCA GYHKLMEH pacrpelesieHUs
(n — 1)-MepHo# cyyailHOH BemMWHbl (£, - . . Exk—15 Ek+15 - - - » £n)- [IpO-
HOJKHB 3TOT MpoLecc Aajiee, Mbl MOXeM OIpefieuTh k-MepHble GpyHKIMH pac-
npefesieHus 10GOH FpyNIbl U3 K BEJTHUMH Eil , £,~2 e Eik no ¢popmyne

Fk(x,-‘, xiz, Cen ,x,-k = P{Eil < xil, S ,Eik < xik}

= F(cy,Care v s Cn)s

roe cg = Xg, ecmu § =4, (1 <r <k) v ¢y =+0°° B HHBIX CITYyasx. B vactHOCTH,
dbyHKIMA pacipedeNieHHs Cl1y4aliHOM BeNnMuMHbl £ ; paBHA

Fk(x) = F(clr Coyenn ,cn)s

rae Bce ¢; (i #k) paBHbI + o, acy =X.

[TogoGHO ToMy Kak NoBeleHHe OOHOMEPHOH CIIYYaWHOH BETMUMHBI MOXHO
XapaKTepu30BaTh He TONBKO TMOCPeACTBOM (YHKLMH paclpenesieHus, HO H
APYTHMH COcOBaMH, MHOrOMEpHBIE CITyuaiHble BeJTHYMHBI MOrYyT GbITh ONpe-
HeNieHbl, CKaXeM, IOCPe[ICTBOM HeOTpHUATEbHOK BIIONHE AIYIMTHBHOM dyHk-
uud MHOXectBa P{E}, ornpeneneHHON [ mobpIx OOpeneBCKHX MHOXEeCTB
N-MEPHOTO TMpPOCTPAHCTBA. ITy (YHKUHMIO MbI ONpPENeNMM KaK BEPOATHOCTb
nonagaHua TOuku (£, . . . , £,) Ha MHOXECTBO E. JTOT C1oco6 BepOATHOCTHOH
XapaKTepHCTHKH N-MePHOH CIIy4aiiHO# BeHWHBI CIle/lyeT NMpU3HATL HauGornee
eCTeCTBEHHBIM M C TOYKM 3peHUs TeOPeTHUeCKOoM Hauboree yIauHbIM.
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PaccMOTpHM N pUMEDBI.

Mpume p 1. CnyuaitHeii Bextop (£4, .. ., £,) Ha3bIBAETCA PAGHOMEDHO
pacnpedeneltblm B TMapajenenumnernie a, <§; < b (1 <i <n), ecru BEpoAT-
HOCTb NomapaHua Touku (£,, £2, . . ., £,) B JN0OGYI0 BHYTpeHHIOW 00nactb
yKa3aHHOrO TNapajuesienunesa nponopunOHaana ee oObeMy H BEpOATHOCTb
nonajaHus BHYTpb [apajsieNieNuneNia SABJIACTCA [HOCTOBEPHBIM COGBITHEM.

@yHKIMA pacnpeleneHAs HCKOMOH BEJIHYMHBI KMEET BUIL

0, ecliM X; < g; XOTA Obl IpH OIHOM 1,
Fxi,...,xy) = ﬁ Ci—a; roe ¢; = X;, eciM 4; < X; <by,
,
’=1b —-a; H ¢ = bi, €CJIH xi>bi'

MMpumep 2. [IBymepHas ciyuyaiHas enmuumHa (&, £,) pacnpelerieHa
HOpMAALHO, eCTA 1A Hee GYHKIMA pacnpelesieHHs papHa

xl x,
F(x;,x)=C [ [ e 2&Yaxdy,

rae Q(x, y) — MONOXWUTENBHO ONpefiesieHHasA KBafpaTHyHas popma.
W3BeCTHO, YTO NOJIOXKMTENIbHO ONpeliefieHHas KBaJpaTHyHas Gopma OT X u y
MOKeT OBbITh 3aIIUCaAHA B BHIE

(x —a)’ _, k-9 -b) (y - by
242 AB 2B’

o, y) =

rie A ¥ B — NONOXMTebHble YHCIIA, @ 7, @ U b — BellleCTBEHHbIE YUCIIA, NPH-
YeM 7 MONUHHAETCA yclnoBuw — 1 < r < +1.

Jlerxo BupmeTh, uTO NpH r? # 1 xaxpasi U3 CIYYaHHBIX BENMMMH £ W &,
MOYHHEHa OHOMEPHOMY HOPMaJIbHOMY 3aKOHY. JIeHCTBHTENIBHO,

Xy
Fi(x)) = P&, < x) = F(xy,+) = C [ [e & Maxdy =

X, ___(f_—az)z (1-r%) —I_[L—i_r—(x_—_a)_]z
=C [ e 24 fe ? B A dy.
Tax kak
1 [y—b X —a ]2
—_ —7r
fe ? B 4 B\ 2w,

€ R R T'HeNmeHKO
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TO

x (x-a)’ s
1 ——‘-‘——z———-(l -r)
Fi(x;)=BC/2n | e 24 dx. )

HocrosnHoe C MoxeT GbITh BbIpa>keHO uepe3 A, B U r. ITy 3aBUCHMOCTb MOXHO
Haiiti U3 ycnosusa Fy(+<°) = 1. HUmeem:

(x —a)? . z?
(1 =r%) ABC+/2m -
1 = BC+/2nfe 24° dx=————;—-fe 24z =
Vi1i-r
~ 2ABCn
1—r?
Orcroma

JiTa
27AB

Ecnu r? # 1, TO MBI NOTO¥UM
A=0,\/1-r% B=0,/1-r2.

B 3TuX HOBBIX O603HaueHHsIX OBYMEPHBIH HOpMasibHbIH 3aKOH NPHHHMAET
TaKOH BUA:

1
F(xl,xz) = — X
2m0,0,81 —r?

e 1 (x—a)? (x-a)(y-b) (yr—»)*
1 2 3 3 — 2r + 2
X f f e 2(1 —=r*) o 0,0, %2 dxdy

——00 ——o00

TeopeTHKO-BepPOATHOCTHBIR CMBICT BXOOAWMX B 3TY GOpMyny HapaMeTpoB
OyneT BBIACHEH B cledyloulell riaBe.

ITono6Ho ToMy Kak 3ro OpUIO cHejlaHO B OOHOMEPHOM cilyuyae, IJ1sl MHOIO-
MepHbIX GYHKUHIA paclpefeeHHs MOXHO YCTAHOBHTb PAN CBOHCTB. Mbl NpH-
BedeM MX GOpMYITHPOBKH, NMpeJOCTaBUB YUTATeNII0 HX NOKa3aTeabcTBA. QYHK-
LUHA paclpeeneHus

1) ectb Hey6bbiBawLaA G yHKIHUA O KAKOOMY apryMeHTY,

2) HelpepbIBHA ClIEBa [0 KaXKIOMY apryMeHTy,

3) ymoBNeTBOPSAET COOTHOLUEHUAM

F(+°°9+°°-9+°°) = la
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lim F(xy,X3,...,%,) =0 (1 <k<n

X ~r =

TIpd TPOM3BOJIbHBIX 3HAUYEHUAX OCTAJIbHBIX apLYMEHTOB.

B ooHOMepHOM Cryyae Mbl BHIEJH, YTO MepeunHCrieHHble CBOHCTBA HeOGX0oaM-
Mbl M IJOCTaTOYHBI, 4TOObl GyHKuUMA F (x) Obuta GyHKIMed paclipefesieHus
HeKOTOpOH CTyyalHOH BeJHUMHBI. B MHOroMepHom ciyuae; OKa3bIBaeTCs,
3THX CBOWCTB yxe HefoctatoyHo. Ins 1oro yrobel oyHkmusa F(xy, ..., Xn)
Bbina QpyHKIMEH pacrpeeneHus, TOMUMO fle peuHCIIeHHBIX TpeX CBOMCTB, HYXHO
no6GaBHUTB ewge cregyoulee:

4) npu mobbix 2; u b; (I =1,2,...,n) Beipaxerue (1) He OTPULATENIBHO.

Uro 310 Tpe6oBaHHE MOXeT GbITb He BBINOIHEHO, HECMOTPA Ha HAJHUME Y
yuxumn F(xy, . .., X,) CBOACTB 1 — 3, NOKa3bIBaeT CrenyIOWMHA NpUMED.
Mycts

[O, ec x <O, wu x+y <1, mmn y <0,

F(x,y) = |
1 B OCTasrbHOM YaCTH IJIOCKOCTH.

12 QyHKUMA YIOBIETBOPAET TpeGOBaHUAM | — 3, HO 114 Hee
F(1,1)=F(,1/2)-FQ1/2,1)+F(1/2,1/2) = -1, 3)

H, CTIe[IOBATENbHO, YeTBEpTOE TpeBoBaHKe He BBINOIHEHO.

Oynkumsa F(x, y) He MoxeT ObITb GYHKIMeH pacnpenereHHs, TaK Kak
pasHocTs (3) cornacHo cooTHouueHuio (1) paBHa BepOATHOCTH TNONAgaHMA
touxu (§,,&,) B npamoyromphuk 1/2 < §, < 1,1/2 < §, < 1.

Ecnu cywectByer takas GyHKuMs p(Xi,Xz,...,X,), UYTO TpH IHGBIX
Xy, X2,...,X, UMEET MECTO PaBEHCTBO

X, X,

*n
Fxy,x0,...,x)= [ [ ... [ pzi,24,...,2,)dz,. .. dzy dz,,

— o0 — oo Py )

TO 3Ta QYHKIUHA Ha3bIBaeTCA MAOTHOCTbIO PACNDE0eNEeHUS 8EPOATHOCTell CllyYai-

Horo BekTopa (§;.£2,.. ., &,). Jlerko BUAETh, YTO IUIOTHOCTb PAcHpeneeHUs
obnapaeT cedy I0LLMMU CBONCTBAMHU

1) p(xy, X2, ...,%,)=20.

2) BepoATHoCTb Momajanusa Toukd ( &y, &,,..., §,) B KaKywo-Hubyas

obnacte G paBHa

J.. . pxq,...,x,)dx, ... dx,.

G
B yacTHOCTH, ecnut yHKIMSA (X1, X2, . . . , X,) HeNPepbIBHA B TOUKE (Xg,...,X,),
TO BEpOATHOCTb fMoNafaHHUA TOYKH (§,.%,,....§,) B Napaulenenunen
X Sk <xptdxg (k=1,2,...,n) ¢ TOYHOCTpIO 10 BECKOHEYHO MATIBIX BBIC-

S%
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LHMX NOPAAKOB paBHA

p(xy, Xy, ..., x,)dxdx, ... dx,.

Il p u M e p 3.B KauecTBe NpHUMepa n-MepHOH CITy4yailHOMN BETMYHHBI, UMEOLLE A
INIOTHOCTb, NMPHBENEM BENHYMHY, PABHOMEPHO pacHpenelieHHyl0 B n-MEPHOH
obnacu G. Ecnu uepes V' o6o3HawiM n-MepHblit 06beM ofitacth G, To MWIOT-
HOCTb paclipefierieH:s GyIeT paBHa

0, ecmt (xq,X3,...,%X,)E G,
p(Xy, Xz, ..., X,)=
1/V, ecnmu (xq, X2,-..,%X,)EG.

Mpumep 4. IlioTHOCTs ABYMEPHOro HOPMAIBHOTO 3aKOHa faetcsa ¢op-
MYJIOH

7
L 0,0, 02

1 Sp—— [(x—a)’ 2, (x=a)(y-b) +(y—b)’»]
X, = e 2(1-*7'2)
p( y) 27701 o)) 1 —I'2

3aMCTHM, YTO IUIOTHOCTh HOPMANBHOIO pacmpefesieHss COXpPAaHACT NMOCTOAH-
HO€ 3HAUCHME Ha IJIJIMIICAX

(x—a)? 2r(x—a)(y—b) +(y—b)’

=A%, 4
o} 01072 U% @

rae A — MOCTOSIHHOE, Ha 3TOM OCHOBaHHMM JUIMIICHI (4) HOCAT HasBaHUE 344uUnN-
€08 PaBHbIX 8EPOATHOCTEN

Haitnem BeposTHOCT, NMomamanus ToukH (§1,%;) BHyTpb Jumnca (4). Io
ompe/ieNIeHU 0 IWIOTHOCTH

PON=[J plx, y)dxdy, (5)
G(\)

rnae uepesz G(A) oBosHaueHa 06NIacTb, OrpaHHYeHHas /UIHIcoM (4). s BbiuKC-
JIeHUs 3TOrO MHTErpasia BBejieM NOJNpHbIE KOOPIHHATBI

x—a=pcosf, y—b=psinf.
Hurerpan (5) npH 3TOM NPUHAMAET BU
1 2enjs J1- _PL 5t
P()\)=Zrm Of ({ e 2 -pdpdd,
rAe A1 KPaTKocTH 0603HaueHO

, 1 [cosze cos(?sin(?;sinw]
5 .

5t = —2r

T
1 —r a} 010, o2
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HHterpupoBaHse o p ngaet:

HHTerpupoBaHde Mo § MOXHO BBINOJIHMTD O IPaBHIIaM MHTETPUPOBAHHUA
TPUTOHOMETPHUYECKHU X (PYHKUHIA, HO B 3TOM HET HEOOXOJHUMOCTH, TaK KaK OHO
aBTOMAaTHYeCKH INpPOH3BOJUTICA C [OMOILBI0 BEPOATHOCTHBIX COOOPaXKEHHH.
JleHcTBUTENBHO,

P+e)=1 1 }ﬂ dé
+ oo) = -_—— —
2m0,0V1 —r2 y s?
O1crona
2w df

J '—2'=2770102 \/1—)’2
0 s

H, CTAIO OBITH,
pa— Rl —
P(N)=1-e 2(1-r’)_

HopmanbHoe pacripefieniene UIpaeT MCKITIOYHTENIBHO GOMbLUYIO POJb B pa3iuy-
HBIX INpUKIIafHBIX Bompocax. PacnpeneneHHe MHOrMX NpPaKTHYECKU BKHBIX
CITy4alHbIX BeJIMYMH OKa3bIBaeTCA MOAYMHEHHBIM HOPMaIbHOMY 3aKOHY pacmpe-
nenenus. Tak, HampuMep, OrpOMHas NPaKTHKa apTHIUIEPHHCKKX CTpenbl, Npous-
BEJICHHAasd B PAasJIMYHBIX YCIOBHMAX, NOKAa3ana, 4TO paccedBaHue CHapsAaoOB Ha
ITIOCKOCTH NpH cTpeibbe U3 OJHOTO OPYyOMs Ha OoNpefeNeHHOM MpHLene 1o auH-
HAeTCA HOPMATBHOMY 3aKOHY. B rnaBe 8 Mbl yBHAMM, YTO 3Ta ~yHHBepCalb-
HOCTD”’ HOPMaTBHOI'O 3aKOHa OGBACHAETCA TEM, UTO BCAKAA CIyyalHas BelMYH-
Ha, ABJAIOIIAACA CYMMOHN OueHb OOJIBIIOrO uMCciia HE3aBHCHMBIX ClYyYalHbIX
BENHUMH, KaKIasA M3 KOTOPbiX OKa3blBaeT JIMIb HE3HAUUTEJIbHOE BIIMAHHE Ha
CYMMY, paclipeeNnieHa MOYTH 0 HOPMalbHOMY 3aKOHY.

BaxHelillee NOHATHE TEOPHH BEPOATHOCTEH - HE3aBUCUMOCTb COOBITHH —
COXpaHseT CBOE 3HaYeHHEe M I C1yvyalHbiX BeNMUMH. B cooTBeTCTBMM C ompene-
JIEHHEM HE3aBHCHMOCTH COOBITHH MbI CKaX€M, YTO CAYYAUHblEe GeAUYUUHbI

£1,%2, ... ,&, He3agucumMsl, eCIM W1s NI0GOH rpy bl g,.) ’Ei; e n- ’Eik ITUX
BENUYMH UMEET MECTO PaBEHCTBO
P&, <xi, &, <xi,. . & <xp} =

=p{g, <x;}PlE, <x.} .. Pl <x,}

TIpH NIPOH3BONBHBIX X; , X; , . .., X;, M wbom k(1 <k <n). B vactHoctu, s

k
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NPOU3BOJIBHBIX Xy, X3, . . ., X, BBINOJIIHACTCA pPaBEHCTBO

P{El<x1,‘<’2 <X2,...,En<xn} =
=P(El<xl} P{Ez<x2} P{E,,<x,,}

HITH B TepMHHAX GYHKIMH pacnpeieseH1s
Fxy,x2,..., %)= F1x1)Fa(x2) ... Fp(x,),

rae Fy(xy) o3HauaeT GYHKUHIO pacnpeeNe s BelTHUHHbI £y .

Jlerxo BHIETH, 4TO BepHO M o6paTHOe NpeIokeHHe: eclnu GYHKIHUA pacrpe:
peneHus F (X, X3,...,X,) CHCTeMbl CIy4YaHHBIX BellMUMH £1,&2, ..., &,
HUMeeT BUI

F(xl,X2, s vxn)=Fl(x1 )F2(x2)‘ . Fn(xn),
rae GyHKUMH Fp (X)) yAOBNETBOPAOT COOTHOLIEHHAM
Fr(#)=1 (k=1,2,...,n),

TO BeJIMYMHBI &1, &,, .. ., £, HE3aBUCUMB! U GyHKUMM Fy (x1), F,(x2), .
.. v Fp (x,,) ABasoTcA MX GyHKUMAMH pacnpeeNeH s .

ITpoBepKy 3TOro npenIoXeHUs Mbl MPeAOCTABIIAEM YHTATEINIO.

Ipumep 5. PaccMoTpuM n-MepHy CIyvyalHYI0 BEJTMYMHY, KOMIIOHEHTbI
Kotopo#t £,,&2,...,&, ABAAKICA B3aMMHO HE3aBMCHMBIMHM  CJ1yYaHHBIMH
BeTMYMHAMH, paclipeielleHHbIMU 0 HOPMATTBHBIM 3aKOHaM

. _(z-—ak)’
Frlxg) = [ e 20k dz.

1
ok\/2—1r —

B paccmarpuBaeMoM NpHMepe GyHKUMA paclpenelleHUs paBHA

_ 2
_r on , Tk - Ez__g%)_
= 2 -
F(xy, X3,...,x,)=(2m) Il ot [ e 20, dz.
k=1 _o
Eciiv He3aBHcHMBbIE cryyailHble BeMHUMHBL £1, &2, . .., £, HMET  IUIOTHOCTH

pachpelenesua py(x), p2 (x), . .. ,Pn(Xn), TO n-MepHas BeNM'MHA (&, &2, . . -
..., &) HMeeT IWIOTHOCTb paclpenesieHus, paBHyo

p(X1, X2, ..., X,) = pi(X1) p2(X2) .. . Pn(Xp)-
[Ipume p6. Ecnu Bennuunsl & ,&,,. .. ,§, HE3aBUCHMBI M MMEIOT  IUTOT-
HOCTH pacrnpeneneHus
_ (x—ag)?
pr(x)=———ce 20, (1<k<n),

O \V2m
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TO N-MepHas IIOTHOCTh PacnpeeneHusa BeHunHb! (§y, &2, .. . ,,) paBHa
_r 1z (xn—ak)?
em~7 —3 F
p(Xy,x3,...,X,)= ————¢ k=1 0 6)
0102 ...0,

[Ipr n =2 31a dopMyna npHHUMaET BH[
Cume)? Gn-a)?

p(xl,x2)=-—-———-—e 20: 20;
270, 0y

CpaBHeHHe 3TOH QYHKUHMM C IUIOTHOCTBI [BYMEPHOIO HOPMABHOIO 33aKOHa
(npuMep 4) noka3spiBaeT, YTO [JIA HE3ABMCHMBIX CIIyUaHHBIX BENHYMH £ H £,
napameTrp 7 paseH O.

Ilpu n = 3 dopmyna (6) MoxeT ObITb HCTONIKOBaHA KaK IUIOTHOCTh pacrpefe-
JIeHHA BEPOATHOCTEH KOMMOHEHT £;,§2,§3 CKOPOCTH MOJIEKYIbl N0 OCAM
KOOpAMHaT (pacmpeneneHne MakcBenna), eCliM TONbKO NMPEANONOKHTh, YTO

1

- 2_
01 =02 = 03% s
hm

rge m -— Macca MOJIEKYJIbI, a h — KOHCTaHTa.

§ 21. OyHKIUHH OT CITy4alHBIX BETMYHH

CBepOeHMsi, NOJTyYeHHbIE HaMu O GYHKLHMAX pacnpefenieHHs, IO3BONAOT HaM
OpPUCTYIHTh K peELIeHHI0 Ccledylolled 3agaun: nmo GYHKIMH paclpeleieHus
F(xy,%2,...,X,) COBOKYMHOCTH CllyYaiHbIX BEIHMMH §,, §,,...,E, OIpe-
penuTh GyHKuHio pacnpeneneusa &(yy, ¥z, ..., Vg) BENHUHH Ny = f1 (81, §2, - - -

. 7En),n2 =f2(51, e ’sn)7 s :nk =fk(§1:- ccs sn) _

OGuiiee pelueHHe 3TOH 3afaud BecbMa NPOCTO, HO TpebyeT pacilMpeHHS NOHs-
THA WHTerpana. UtoGbl He OTBIIEKAThCH B CTOPOHY YMCTO aHATHTHYECKHX BOMNpPO-
COB, Mbl OTPaHHYMMCS PacCMOTPEHHEM Ba)KHEHILIMX YaCTHBIX CIIyuaeB: MHCKPET-
HbIX M HeNpepbIBHbIX CIIyuaiHbIX BEJIHMUMH. B cnemylowwem maparpade OynyT
M3710KeHbl OMNpefeNeHHe U OCHOBHbIe CBOMcTBa MHTerpana CTHATbECA; TaM Mbl
AaguM oOLiylo 3aIiCh BKHERLM X pe3yIbTaToB HacTOALLEro naparpada.

PaccMoTpuM cHavana cnyuait, korga n-MepHslit Bektop (§,,...,§,) HMeeT
IUIOTHOCTb pachpefesieHUsa BepOATHOCTEH P (Xy, X2, .. ., X,). V3 npeapigyiero
BHJIHO, YTO HCKOMasA QyHKUMSA pacnpeliefieHHA ONpeeNiAeTca PaBeHCTBOM

®(yl;y2:- . :yk)=f. .. fp(xl,xz,. . .xn)dxldX2 .. .dxn,
D

NpHyeM 0GN1acTb MHTEIPHPOBaHust D onpeneNifeTCcs HepaBeHCTBaMU
filey, Xz, o, x)<y; (i=1,2,...,k).
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B ciyyae AMCKpETHBIX Cly4yaWHbIX BeJIMUMH pellieHHe, OUYeBHOHO, [aeTcs
C TIOMOILBI0 N-MEPHOR CYMMBI, TAKXX€e pacIpocTpaHeHHoOR Ha oftacTs D.

Mer npuMeHMM Teniepb TOJIbKO YTO CHEIaHHOE HaMM obliee 3ameyaHHe OTHOCH-
TE/IBHO PelueHUA TOCTaBJIEHHOW HamM oblued 3aJaud K HECKOJIBKMM BaKHBIM
YaCTHBIM CITy4asaM.

OyHxkuUUA pacnpeneneHus cyMmsl. Ilycts Ttpebyerca HailtH
¢ yHKUHIO pacTpenenieHHsT CYMMBI

n=k tE+... +§,

€CIH p (X1, X3,...,X,) — IDIOTHOCTb paclpeleNeHAs BePOATHOCTEH BeKTOpa
(51,82,...,8,). HckoMan GyHKUMA paBHZ BepOATHOCTH NONAMAHMA TOUKH
(¢1.%2,...,&,) B nonynpocTpaHcTBO &y +§3 +...+E, <Xxu, CIIEOBaTeNbHO,
dx)=[... [ p(x1,x2,...,x,)dx,dx, . ..dx,.
Zxp<x

Paccmotpum noppoGhee ciyuait n = 2. Ipempinyman dopmysa npuHUMaeT
B 3TOM CilyYyae TaKoM BUL:

)= [ pGa,xa)dxde =f [ p(er, x;)dxydx,. )

x;tx, <x ~ o0

Ecnn Benuuubl §; ¥ £, HE3IABUCHMBI, TO P (X1, X2 )= p1 (1) P2 (X2) ¥ paBencr-
Bo (1) MoxeT 6bITb 3aMMCaHO B TAKOM BHJE

®(x)= fdx; | py(y)pa(ea)dxs = [dx, | pi(xi)palz — x1)dz =

— 00 — oo

= [ de S Py Pa(z - x1)dxy) @

B obuieM cityuae popmyna (1) maer:

P(x) = fx dx, fp(z, xy — 2)dz. 3)

— 00

Tlocnennue paBeHCTBAa [OOKa3bIBaWT, YTO €CIIH MHOTOMEPHOE pacCHpeaesieHHe
CJlara€MblX HMeEET IUIOTHOCTb paclpeacsieHHA BepOHTHOCTeﬁ, T0 HX CyMMa
TAKXE UMEET IUIOTHOCTb pacnpeaeriCHus. 3Ta IWIOTHOCTH B CJ1yyac HE3aBHCUMBIX
claraéMbliX MOXeET OBbITh 3aITMCaHa B BUE

px)=[pi(x - 2)p(2) dz. (4)

PaccmoTpum npumepsr.
Mpumep 1. [lycts &, ¥ £, HezaBUCHMBI M PaBHOMEPHO pacIpefeseHbl
B uHTepBae (g, b). HaliT moTHOCTh pacnpenienieHMst cymMbl = §; +§;.
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TInoTHOCTH pacnpe/ielieHHsa BePOATHOCTEH £ U £, PaBHBI

0, ecnd x<a umH x>b,

p1(x)=p,(x)= l ecn a< x <b.

b-da

Mo ¢opmyne (4) HaxoouMm, 4ro

1 b
S pa(x — z)dz.

b
I’n(x)=afpx(2)p2(x—z)dz=b —

U3 toro, uto npx x < 24

x-z<2-z<a,

anpu x> 2b
x—-z>20-2z>0D,

| 3aKJII0YAEM, YTO NIpH x<2aux>2b
Pp(x)=0.

Iycts Teneps 2a < x <2b. NMomuHTerpaibHas GYHKUHA OTIHYHA OT HYNIA TOJIb-
KO MpH TeX 3HaYeHHUAX Z , KOTOPbIe YIOBJIETBOPAIOT HEPaBEHCTBaM

a<x-z<b

HITH, YTO TO XK€ CaMO¢€, HCpaBEHCTBAM

x-b<z<x-a.

Tax xak x > 24, 10 X — 4> a. OyeBHIHO, 4T0 X — a < b npu x <a + b. Cnemosa-
TesibHO, ecmu 2a< x < a+ b, 10

( _7—11 dz  x-2a
PR e T o

Touno Tax e npu a+b < x<2b

() = b dz N 2b—x
P ) G Tl
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CoGpaB BMecTe OJIyUYeHHbIE pe3yNbTaThl, HAXOIHM, UTO

0 npuy x<2a u x> 2b,

X u a<x<a+b 5)

——— npu 2a<x<a+b, (
pa)=1® -

2b - x

(b——-)-z—-npn athb<x <2b
- a

OyHKIMA Dp(X) HOCHT Ha3BaHMe 3axoHa pacnpedeienus CuMncoMa.

Brlunc/ieHHs B pacCMOTpEHHOM MpHUMeEpe 3HAYMTESIbHO YMPOLIANTCA, eCld
BOCIOJIb30BaThCs TeOMETPHUECKHMH coobpaxerusamiu. M3o6pasum, kak o6pIuHo,
£, M £, KaK NpAMOYroJibHple KOOPHIMHATHI Ha IIoCcKOCTH. Torga BepoATHOCTh
HepaBeHcTBa £y t§; <x nph 2¢ <X <g + b paBHa BEpOATHOCTH NONALaHUsA
B IBaX[Obl 3aLITPMXOBAHHBIA IMPAMOYIOJIbHBIA TpeyronbHMK (pHc. 16). JT1a
BEPOATHOCTb, KaK JIETKO NMOICUMT4Th, PaBHA
(x — 2a)*

2(a -b)?
IIpu @ + b < x < 2b BepoATHOCTb HepaBeHCTBa £t §; < X paBHa BEPOATHOCTH
nofanaHUsA BO BCIO 3aLUTPHXOBaHHYI0 GUIypy. 3Ta BEpOATHOCTb paBHa
Fe)= 1 (2b - x)?
x)=1l—-— .
m 2(b - a)?
IuddepeHurpoBanHe 110 X NPUBOIHUT Hac k dopmyre (5).
B cBA3M ¢ pacCMOTpeHHbIM NPUMEPOM HHTEPECHO 3aMETHTh CIIEAYIOLLIEE.
O6wmue Bonpocel reometpunt npusesit H.HM. JloGaueBckoro x Heo6X0MMMOCTH
pellieHHs Clenylollel 3agaud: HMeeTCA Ipynna W3 7 B3aHMHO HE3aBHCHMBIX

Fpx) =

CNYYalHBIX BEJIMUMH §1,£2,...,E, HAHTH pacnpelelicHHE BEPOATHOCTEH HX
cpeHero apudmMeTHYeCKOTO.
E, J1a 3amava Geula UM pellte-

Ha TONBKO IJIf cliyvas, KOrga
BCE OIIMOKM paBHOMEPHO
pacipenelieHsl B MHTepBaje
(-1, 1). Ipu 3tom oka3a-
710Cb, YTO BEPOATHOCTh OMIKbKe
cpeaHero apugMeTHUECKOTO 3a-
KJIIOYAaThCA B Ipefieflax OT —X

\ [0 X paBHa
1
Ppx)= X

E,+E,°T (@+b<x<2b)

! E N =T H2a<zcasd) -1
" [n—nx-2r]"
a b & X B(=1) e
Puc. 16 e)i(n-n)
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Bce uensle r or r = 0 go

rae CyMMHpPOBaHHE pACHpOCTPEHACTCA Ha

]

IIpumep 2. IBymepHas ciydaliHasg BeTMuMHA (¢1,%2) pacnpepenena To

HOpMAIbHOMY 3aKOHY

1

plx.y)= 2710,0,4/1 — r?
2 N2

[ 1 Cx—@ ,, G- -b) (-5 )y

l—Z(l—rz) B 0,0, o3

Haiit dyHKuMIO pacnipefienieHusa cyMmMel n=§; t £
CornacHo dopmyite (3)
1 ((z - a)?

1
P ] feXp{' 2(1 - r?)
(z-aYx—z-b) (x~z~b)2)}
— ] dz.

—_— r —— e >
0102 [o7}

O603HauwM T KPATKOCTH X ~ @ — b uepe3 UV U Z — a uepes3 u; Torma
1
) R —
n 21010, \/1 -r

1 (u2 , u(v— u) +(u-u)2)ldu.

X ex
p 0%

o}

X

Xfexp[——~-~-—— — —2r
l 2(1 —r*) \o? 010, 03 J
Tak xak |
uw? u@v-u) (-u? 0} +2ro 0, +03 , 01+r02+v2_
— T * T T U 72 T euy 5T
- 0% 0,0, g2 0102 010, (023

[ NOR+2ro,00 +0f U 0, +ro, ]2

- p3
0102 0, Voi +2ro0; +03

Vo2 +2roy0, + 03

v? (01 +rog)?
5 I~ 2 )7
[0} (051 +270102 + 03 0102
v 0, + 10, ]2 vi(l —r?)
. + ,
0, Vol +t2ro,0, +03 & +2r0,0, + 5
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TO, BBeOA 0003HaueHHe

1 [ Vo? +2roy0, + 03 v 01 + 710, ]
u b

[:: —_ ——
V1-r? 010, 0, 02 +2ro 0, + 03
Mbl TIpHBEJIEM BBIDOKEHHE I Po(X) K BHIY
2

v |
(9.4 — 2
p{ 2(0} +2roy0, + 03)f !

pox)= -t L 2 [ 2 dl
21/o? +2ro, 0, + 02
Tak kak 2
v=x-a—bu fe 2 dt=+/2m,
TO
1 _ (x—a-b)?
pn(x)= e 2(af+2rala2+a:)

V2n (0% +2roy0, +02)

B uacTHOCTH, ecliM clyyaiiHble BeJIUUUHBI §1 U £, HesaBucHMbI, TO0 7 =0 U dop-
MyJa Uist Pn(X) TpUHUMAET BH/L

i B (x—a—b)?
Pr(X) = —m=—————e 2o} +03)
V2n(oy + 03)

Hamu nonyueH, Takum o6pa3oM, cleQyouMid pe3ynbTaT: CYMMa HOPMATbHO
pacnpedeneHHbIX CAYNAIHbIX 8EAUNUH PAcnpedenenHa no HOPMATbHOMY 3AKOHY.

WHTEpECHO 3aMETHTb, YTO KOI/a Cl1araeMbie HE3aBUCHMbI, UMEET MECTO ‘H
obpatHoe mpelokenne (teopema I. Kpamepa): ecu cymma dsyx
HE3aBUCUMBLX CAYNAIIHbIX 8eAUNUN pACNpeOeneHd NO HOPMAlbHOMY 3AKOHY,
TO Kawdoe CAazaeMoe TAKKE PacnpedeneHo no HOPMatbHOMY 3aKOHY. Mbl e
OCTaHaBJIMBaeMCsl Ha [I0Ka3aTellbCTBE 3TOTO NPEIOKEHH s, TaK KakK OHO TpebyeT
foJlee CII0XHOro MaTeMaTHUECKOI o anmnapaTa .

Mpumep3. Pacnpepnenenue x2. Mycts &1,%2,--.,§, — HE3aBUCH-
Mbl€ CllyuaiiHbie BETMUMHbI, PacNpe/ieNieHHbIe [0 O/IHOMY H TOMY K€ HOPMaTbHO-
My 3aKOHY C lapamMeTpamMM 4 H 0.

@OyHKUMA paclipefieNIeHU s1 BEJTHUMHbI

1 n
x*=-—5 Z (- a)p

g® k=1

HOCHT Ha3BaHHe X -pacnpedeneHus.
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J10 pachpepene e MrpaeT BAXKHYIO POJlb B Pa3IMYHbIX BONPOCaX CTATUCTUKH.
Mbl BBIMHCIHM Ceiiyac BYHKIMIO PACTpe[eNieHHs BenHuMHbl § = x/\/n. OHa
OKDKETCSI HE3aBUCUMOW OT @ U O.
OueBHIIHO, YTO IS OTPHILATENbHBIX 3HAUCHUH apryMeHTa GYHKIUA pacnpere-
newms $(y) Bennwmnbl ¢ paBHa 0; A MONOXMTENBHBIX 3HAUEHUH Y Y HKUMSA
& (y) paBHa BEpOATHOCTH NONAfaHus TOUKH (£q, . .., £, ) BHYTpb 1Iapa

n
T (xx—-a)Y=y*-n- ot
=1

Taxum oOpasomM,

=

s
v ®

1 dxldxz...dxn.

1 \n -
® = {... —— i
»= L. ( \/2_”\) e

TlepefineM UIA BHIUMCIIEHAS 3TOTO HHTErpana K c(epuyeCKUM KOODPOMHaAM, T.€.
cHelaem 3aMeHy

xy =pcosf,cosf, ...cos0,_,,
X, =pcosf,cosf, ...sinf,_,,

B pesysbrare 3T0H 3aMeHBI

S o R
*(»= el 4 p"TID®,...60,_,)X
—nj2 —nj2 © «2ny ! n—1)
wWho_ptp
Xdpd0, 1 ...d0y =C, § e 2= dp,
0

rjge nmocCrosaHHas

i wf2 7rf/2
C,=—— f D(610 _1)d0 _1...d01
§ (\/2—77)n—11/2 —nf2 " "

3aBHUCHT TOJIBKO OT n.
3Ty OCTOAHHY 10 JIEr KO BbIUYMCIIUTB, NIOJIb3YsICh PABEHCTBOM

22 n

¢(+°°):1:Cnfe-p pnnldpzcnr(z).zn/’l—l‘
Q
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OT1crona HaXOOUM, UTO
1 )’\/; —p? /2
B(Y)= g ——— n=le dp.
»n= ST Of p p
[lnoTHOCTL pachpefeneH|s ClyyaiHo#i BelHuMHsl § pu y = 0 paBHa
\2n (y\/n> 1 _ayrp
e
F(n/2) V2

OTC}OHH, B YaCTHOCTH, TpU n = 1 Mb1 MMONTyYMM, €CTECTBEHHO, INTIOTHOCTDb pacmpe-
NEJICHUA, PABHYI0 yHBOCHHOﬁ IUTOTHOCTH HCXOAHOI'0 HOpMAJIbHOIO 3aKOHa

e(N=VZme 1 (y>0).

ITpu n= 3 MbI NoNy4yaem M3BECTHLIA 3aKOH MakcBera

(6)

o(y)=

36 2
= —3y/2
p(y)= —=y2e” 2
VT
W3 dopmynbr (6) nerko BbIBECTH IIOTHOCTb pacrpefe/ieHUsi BelIMIMHBI X .
91a wiotHocTb paBHa 0 mpux < 0, ampu x>0

xn/2=1 ,—x/2

o
Pn(X) =g .
220 (n)2)
Pacnpeuenemm BEJIMUHUH, TE€CHO CBA3aHHLIX C X2 M YaCcTO MUCIOJIb3YEMbIX Ha
NpaKTHKe, CBEJEM B CleNyIOUlyl0 Tabnuuy:

Tabnuuoall

BenmuuHa [InoTHOCTH pacmpenerneHun mpu x > 0

1 n xn/2—le—x/2

X = I (f—a) ——
o k=1 F 221 (nj2)
n/2
_1_ = _1_ g &, - a)? (n/2) n/2—1 ——nt/2
n no =1 k F("/Z)
1 n 2 2
x= / L (g, —a)? e X1 p—x /2
0 k=g K 2"2r (@y2)

NG (x\/z>"—‘ s

rn/2) Wil

V2
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Hpumep 4 OyHkuuA pacupegeneHus vacrtHoro. Ilycm
IUIOTHOCTH pacnpefie/ieHUA BepOATHOCTeH BeauyuHel (£, 1) paBHa p(x, y). Tpe-
6yerca HallTH DyHKUMIO pacTipenesnieHus yactHoro § = £ /1.

CornacHo onpeneneHuto

Fe(x) = P{t/n < x}.

Ecnu £ u n n306paxkaloT KOOPAMHATHI TOYKH HA IUTOCKOCTH, TO Fy (X) paBHa
BEPOATHOCTH TOIO, YTO Touka (£, n) MomajaeTr B OGNACTh, KOOPAUHATHI TOUEK

P

i

WW Uil

F“Fn.
1 N

Puc. 17

KOTOpO#l y[OBeTBOPAIOT HepaseHCIBY £/n < x. Ha puc., 17 371a oGnacTs 3a-
IITPHXOBAHA.
CornacHo oBueit popmysie BCKOMAA BEPOATHOCTh pABHA

o0 zZx 0 had
Fe(x)=[ [ p(r.z)dydz + [ [ p(y 2)dydz (M
0 — 00 — % Zx

Orcrona BrITeKaeT, 4TO €Y £ U M HE3ABMCHUMBL, 4 Py (X) M Py (X) — MX HNOTHO-
CTH pacnipegerneHus, 10

o0 1]
Fe(x)= [ Fi(x2)p(2)dz+ [ (1 —F(xz))py(z)dz a"
0 P

Tpomud depenuuponas (7) , HaXoxuM, 41O
o 0

pr(x) = [zp(zx,2)dz - [ zp(zx,z)dz, 8)
0 — o0
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B vacTHOCTH, eclii £ H 1) He3aBHCHMBI, TO

o o
ps(x)= [zp,(zx)P2(2)dz — [ zp\(2x)P2(2)dz. &)
o — oo

Dpumep 5. CayuaitHas BennunHa (£,7n) pachipeneneHa o HOPMaNbHOMY
3aKOHY

1 ( 1 x? xy y?
p(x, v)= ex —— = —2r—+— .

PiT 2 2 2
2no,0, V112 ] 2(1 —r7)loj 0,02 03

Haiitu byHxuuio pacnpesenenus yactioro § = £/n.
Mo dpopmyne (8)

1
pe(x) = X
27m6,0,V 1 =12

['} ;_’ | [ 22 [o§x2_2r0102x+0f]}d
X - Z eXpi\— - 4
AR WS TP ) 030}

1 = ' z? 03x2=2ro,0,x + 0}
S S O ALY
70,0, 1-r2 o 2(1-r") 0103

[lpousseneM NoJ MHTErPAJIOM 3aMeHY, TTIOTIOXKHB

z? 03x* —2ro,0,x +0}

2(1 —r?) ool

Bripaxenue mis py (x) NpH 3TOM NPHHUMAET TAKOA BH[:

2 Lad 2

0,02 I—r _ 0102 1 —r
e “du=

: < 5
m(o3x*—2roj0x +a}) m(03x*—2ro,0,x +0})

. pe(x)=

eCJIM, B YaCTHOCTH, BEJIHYHHBI £ W 7) HE3aBHCHMBI, TO

0,02

x) = - -
Pe n(o? +03x?)
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IInoTHOCTL pacnpedeneHHs BelHuMHbI § Has3biBaeTCs 3aKoHOM Kowu.
Npumep 6. Pacnpenmenenue CrtbioneHTa. Haiith pynkuuio

pacripeneneHusa yactHoro § =£/n, rae £ M 1 — He3aBUCHMbIe BEJTHYMHBI, IpHYEM
¢ pacnpeneneHo 0 HOpMATBHOMY 3aKOHY

n —hx
pe(x)=v —e 7,
2m
an=x/vn (cm. npumep 3),

- (n/2) NG
Cornacuo dopmyne (8')

o T _nz’x* 5o (. p\n-1 _nz’
p;(x)=f2\/;*e 2 ( ) e %dz-=
m
0

pp(x) =

F(n/2) \\/2
1 = (z/n\"t — 2l
= f( \/—> e 2%
Var(n/2) o \V2 :
CpenaB 3aMeHy
2
u = (x* +1),
HAXOJIUM, 4TO
_nt1 r n+l
(x2 + l) 2 ® pn-—1 2 _nt1
pe(x)= ———— fu ¥ e7Udu=—"—(x*+1) 2
Var@n/2) o V' al(n/2)
I110THOCTb pacnpeneneHus BepoATHOCTE
n+1
r .
2 _hn i1
p(x) = ————— (1+x?) 2

Va(n/2)
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HOCHT HasBaHHe 3akoHa CTtbhrwaeHTa (CTblogeHT — ACEBOIOHUM aHIIIHH-
ckoro cratuctHka [occera, BiepBble HallleflIEro 3TOT 3aKOH 3MIIHpHYECKUM
nyTeM).

[pu n= 1 3akoH CThlofeHTa NpeBpailiaeTcs B 3akoH Koun.

Mpumep 7. MoBopor ocedt koopauHar. Ilo pyHkuuu pac-
Tpefie/leHUA [BYMEpHOH cilyvaiiHoH Benmuuubl (£, n) HaliTh QYHKuUMIO pac-
ApefesleHUsl BEITHUHH

$'=Eco’sa+nsina, )

n'=—fsina+ncosa,

O6o3HaynM uepes F(x,y) M ®(x,y) $yHKUMH paclpefiesleHHs BeTHYHH
(¢, m) u (¢',n'). Ecmn mbl cTanem uso6paxats (§, n) u (§',n') kak nps-
MOYTOJIpHbIE KOOpPIMHATHI TOYKU Ha ILJIOCKOCTH, TO JIEFKO BUAETH, YTO CHCTeMa
oceit £'0On' nonyyaercs u3 cuctembr £ On MyTeM NOBOpOTAa MOCIEHeH Ha
yron a. Mpr orpanmunmes ciayyaem 0 < a < 7/2, IpefoCTaBUB YHTATENI0 BHIBOJ
aHasI0TUYHBIX GOPMYJT LIS OCTAJIBHBIX 3HAYEHHH .

O603HauMM uepe3 p (x, ,y)’ IUIOTHOCTb pacilpefenieHus BekTopa (£, 1) W
yepes 7 (x, y) — BexkTopa (¢, 7). U3 (9) Haxopgum, yto

£ =£cosa—nsina,

n' =Esina+ncosa

H, ClIeJ0BaTeJIbHO,

m(x, y) = p(x cosa —ysina, xsina+ycosa). - (10)

370 paBeHCTBO JaeT BO3MOXHOCTb INOMYYUTh (POPMYIy, CBH3BIBAIOLIYIO
dyuxumu pacnipenenenus BextopoB (§, n) u (¢, n'). Ilpu passickanuu dop-
MYJIsl CIefyeT YYUTHIBATh TEOMETPHUYECK YI0 KApPTHHY.

1 pumep 8. JlBymepHas ciyvaitHas BenuyuHa (£, ) pacfipenesieHa no

HOpMaﬂbHOMy 3aKOHY
1 x* xy ¥
e | e e D —t —

20-rHL o 0,0, 0% I

[

1
p(x,y)=———————~ expl
200N 11

HaitTu rUIOTHOCTL pacripeneneHUs CIyYaHbIX BeTMUMH
f'=fcosa+nsina,

’_ .
n'=—fsina+ncosa,
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CornacHo paBeHctBy (10)

m(x', y")=p(x'cosa—y'sina, x'sina+y’ cosa)=

| ” 1 12 I
exp{ — —————[Ax"?—2Bx'y' +C ,
- xp{ 2(1_r2)[ y oyl

rae o003HAUEHOo

cosla , cosa sina sin*a
+

= — —r ,
o} 0,0, o3
cos & sin o sina — cos?a cos & sin «
B = 5 —r - 3 ,
g1 0102 02
22 . 2
sin®a cosasina  cos’a
C = ;T t 2r + 2
g1 0y 02 02

M3 monyuenHoi ¢opmMysibl Mbl 3aKIlI04aeM, 4TO TOBOPOT OCei TMepeBOIKT HOp-
MaJIbHOE paclpelesieHde B HOpMaibHOe.
3amMeTHM, 4TO eclH Yron « BrIGpaH TaK, 4To

5 2ro, 0,
tg2a = —————,
o} — 0}
0 B=0H
1 - A.\": _ Byl?
n(x' y)= e 200=r%) T 201 =77

2m0,0, vV 1=-r?

9T0 paBeHCTBO O3HAYAET, YTO N0GasA HOPMAIBHO pacTipenelleHHAs! IBY MepHast
ClyyaHHas BeJMUHHA MyTem NMOBOPOTA OCell KOOPAMHAT MOXeT GbITb NpHBe/eHa
K CHCTeMe JBYX HODMAIbHO PACrpe/lefieHHbIX H € 3aB M CH M bl X CIIyyailHbIX
BENIMUHH. JTOT pe3ysbTaT MOXET ObITh MepeHeceH HA N-MepHBIE CiyyaHHble
BEJIHYHHBL.

MoxHo foxa3ath GOliee CHIIbHOE MpeIoXKeHHe, HCUepIIbIBAIOLIe XapaKTepH-
3ylollee HOpMasibHOe pacnpeneneHue BepositThocTed. [1ycTh Ha ITOCKOCTH UMeeT-
CA HeBBIPpOXIAEHHOE (T.e. HeCOCPeOTOUEHHOE HA OJHOM IPAMOI) pac-
Nipefienenne BepoOATHOCTEA. JLIA TOr0 yTo6hI 5TO pacpeneleHue GbUIO HOPMATIb-
HpIM, HEOGXOOMMO M [OCTATOYHO, YTOGbl ABYMS  pa3fiMUHBIMHU CIOCOGAMU
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MOXHO GbUIO Ha TUIOCKOCTH BbIGpaTh OcH koopauHar £,0&, u 1,0 1, Takue,
yTO0 KOOpnauHaThl £, M §,, TAK Xe KaK 7m; M 7y, pACCMATPUBAaEMbIE KaK CIIy-
yafHple BEITMYMHBI C 3afaHHBIM paclipeleJieHHeM BEepOATHOCTeH, ObUTH 6bl
HEe3aBHCHMBI.

§ 22. Harerpan Crunrseca

JlanbHeflee HM3NOXeEHHEe CYILECTBEHHO HCHONb3yeT TNOHATHE HMHTErpana
Crunteeca. lna oGneryeHus M3yyeHus NMOCTIeOYIOIIMX NaparpagoB Msl MpHBO-
IMM 3fech OIpefelieHHe M OCHOBHBbIe CBOWCTBa WHTerpana CTunTeeca, He OCTa-
HaBJIMBAfACH IPH 3TOM Ha AOK a3aTeJIbCTBAX.

lpegnonoxum, uro B MHTepBane (a, b) ompeneneHsl GyHkuua f(x) H
Hey6biBajonas ¢yuxuus F(x) ¢ orpaHumueHHOR Bapuaimeid. Ilpn s3toM Mer g
ollpeesieHHOCTH By/eM Ipednonarars, 410 ¢yHkima F (X) HelpepbIBHA CiieBa.
Ecni 4 u b KOHeuHBI, TO PA3AENUM UHTepBal (@, b) ToukaMu a = x, < x; <
< x; < ... < X, = b Ha KOHEYHOE YHCIIO YACTHYHBIX HHTEPBAOB (X;, X;4+1) H
o6pazyeM CYMMY

n
F(x)F&) — Fxizn)l,
i=1

rae X; — IpOM3BOJIBHOE UKCIIO, BbIOpaHHOe B cerMeHTte (X;_;, X;). CraHem
Tenepb YBelMUMBATh YHCIIO TOYEK NOJpa3fesieHHs, OJHOBPEMEHHO NMpHOIHKas
IUTHHY MaKCHMAJIBHOIO K3 YaCTHYHBIX WHTepBaTOB K Hymo. Ecnu mpu stom
HallMCAHHAS BbIILIE CYyMMa CTPEMHTCA K ONlpenesleHHOMY Npefeny

J= lim T (F(Z)IFE)-Fxi_)l, M
n> e (=1

TO 3TOT NpeyieN Ha3biBaeTcA HHTerpanoM Crmntheca OT GyHKIWK f (X) C mHTer-
pupylomei ¢yHkuue# F(x) H 0603Hauae I CHMBOIIOM

b
J = [ f(x)dF(x). 2

a
HecobcTBennpii nHTerpan CTwitheca, KOrga IpOMEXYTOK MHTerpHpOBaHHA
GecKoHeueH, onpeflenAeTCA OObIYHBIM NyTEM: PAaCCMATPHUBAETCA HKHTErpal Mo

MpOU3BOJNIBHOMY KOHEYHOMY HHTepBany (@, b); BeNuuMHBI 4 ¥ b IpPOM3BOIb-
HBIM 0Bpa3oM 3acT4BIIAT CTPEMHTBCA K —oo M too: eClIH IPH ITOM CYLLECT-
BYeT Npenen

b
lim [ f(x)dF(x),
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TO 3TOT MNpefell Ha3pBaeTcA UHTerpajioM CTunTheca oT GyHKIMH f (x) Mo dyHK-
M F (x) B npoMexyTke (—oo, o) 1 0603HaYaeTCA

J F(x)dF(x).

MoxHo nokasaTe, 4To ecn¥ GyHKUMA f(X) HelpepblBHAa M OrpaHMyeHa, TO
npenen cymMmsr (1) cyuiecTByeT, Kak B cllyyae KOHEUHbIX, TaK M B cilyvae Gec-
KOHEUHBIX IIpefieNIOB HHTErpHPOBAHHS.

B HexoTOophIX cryvaAx uHTerpal CTHNTheca CyLLECTBYET W I HeOrpaHWyeH-
HbIX GyHkumid f(x). JInsa Teopuu BepOATHOCTEH PacCMOTpeHHe TAKHX MHTErpa-
JIOB MpENCTaBJIAET 3HAYMTEIIbHBIA HHTepec (MaTreMaTHYecKoe OXXKHIaHHe, MHCIep-
CHs, MOMEHTHI H TIp.) .

3aMeTHM, YTO BCIOZly B JAJIbHEHILIEM Mbl CHUTAEM, HTO UKTe2pAs OT Henpepbls-
Holt diynxyuu f(X) cywecrtsyer 10204 u TOALKO TO204, KO20d CYujecreyer
unrezpan ot | f(x)| ¢ roit xe untezpupyroweii gynrxyuei F (x).

Iia uened TEOpHMM BEPOATHOCTEH BaXHO PpaclpOCTPaHHTb OIMpenereH e
uuterpana CTHITbeCa Ha TOT Clyvai, korga GyHKuua f(X) MOXeT HMETb KO-
HEYHOE WIIM CYETHOE MHOXXECTBO TOYeK pa3pbiBa. MoxHo pokasars (cMm. B.U.I'nu-
BeHko, Muterpan Crunreeca, c1p. 116), uTO Besikas orpaHHMyeHHas YHKIMA,
HMEIOIaA KOHEYHOE HITM CYETHOE MHOXKECTBO TOYEK pasphbiBa, B YaCTHOCTH,
BcAKaA QYHKIMA OrPaHMYeHHOM BAPHALMH, HHTErpUpyeMa IIpH 110601 HHTerpH-
pytowied GYHKUMM OrpaiHyeHHOH Bapuauud. Ilpu 3TOM TpeByeTcs HECKOBKO
BHJION3MEHMTb CaMO OMpefelieHne HTerpana CTUITbeca, KMEHHO, Npy 0Bpa3oBa-
Huu npepena (1) Hago pacCMAaTpUBaTh TONBKO TaKHeE TOCIEI0BATENIBHOCTH NOJI-
pa3/iefieHHd HHTepBajla WHTETPHPOBAHHMA Ha YacTH, YTO KaXKHad TOYKA paspbl-
Ba f(X) BXOOMT B YHCJIO TOYEK [eJleHMs BCex MOpa3/ielleHHil, 32 KCKITIoueHHeM,
ObITh MOXET, KOHEYHOIO YUCIIA HX.

3aMeTHM, YTO TIPH YCTAHOBJIEHMH TIPENENIOB HHTEIPHPOBAHHA BaXHO YKa3bl-
BaTh, BKIIIOYAETCA B TIPOMEXYTOK HHTErpHpOBAaHHA WIH HET TOT MIIM MHOHU €ro
KOHell,. JlelCTBHTENBHO, H3 OMNpepieleHHA UHTerpana CTUITbECA MbI MOJIyYaeM
creflyiolee paBeHCTBO (CHMBOJI g0 O3Hauael, YTO @ BKIIKYEHO B MPOMEXY-
TOK MHTErPUPOBAHHA, @ CHMBOIT 4 + 0 — YTO @ HMCKIII0YEHO M3 Hero) :

b n
J F®)dF(x)= tm X f(X)[FC)—F(_1)]=
-1

a—-0 n— oo j

= lim T fGOIFE)-Fe_)}+  lim  f(F)[FE,) —

n—ro j=3 X, X, T a

b
~F(xo)l= [ f(x)dF(x)+ f(@)[F(a+0)—F(a)].

a+0
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Taxum oBGpa3oM, ecnu f(a ) # 0 u dynxuus F (x) nuMeeT cCKayox NMpu xXx=a, T0

b b
S f@dFx)~ [ f@)dFE)=f@)[F@+0)-F(a-0)].

a—-0 a+0

9710 0BCTOATENBCTBO YKa3biBAET Ha TO, YTO HHTerpan CTwiTheca, pACTIpOCTpaHe -
HbIH Ha MPOMEXYTOK, CBOJAILMNCA K OHON TOUKe, MOXeET HABaTh OTIAMYHBIA OT
Hyns pe3ynbTaT. Mpl ycioBUMCA B JaibHel1leM, eclTH He GyIeT caeiaHo 0coBoi
OTOBODKH, [IPaBbI KOHEW MpOMEXYTKa UCKIIIYaTh, a IEBBIX BKIIIOYAaTh B HHTep-
BaJl HHTErpHpOBaHUA. 3TO YCIOBHe NO3BOJIsAET HAlMCATh ClleyIollee PpaBeHCTBO:

b
JdF(x)= F(b) — F(a).

a

B camMoM perne, o OMpencICHUIO,

b n

JdF(x) = lim X [F(x;)-F(x;,)] =
a n—>e =1
= lim [F(x,)~F(xo)] = F(b) — F(a)

(HanoMHuM, uTo F'(X), IO ONpe/leneHHIo, HelipepbIBHA CIEBA ¥ JIJIA Hee, CleNOBa-
TenbHO, F(b) = lim F(b - ¢)).

s> 0

B yacTHOCTH, ecnut F(x) ecTb yHKUHNA paclipefieiieHusl  CJIyyaiHOH  BeHMUM-
Hbl £, TO

b
[ dF(x) = F(b) — F(a) = P{la < £ < b},

a

b
[ dF(x) = F(b) = P{ < b}.

— oo

Ecmu F(x) HMeeT MpOU3BONHY 10 U ABNAETCA MHTErpajioM OT Hee, TO M3 TOTIO,
Y10 MO HOPMYITe KOHEYHbIX NPHPALLEHHH

F(x;) = F(xi_1) =p(X)(xi - Xi- 1),
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roe x;_ < x; < X;, cnegyeT paBeHCTBO

b n
JI®)dF(x)= lim  Z f(x)[F(x;)-F(xi_1)]=

a n—oo ;=1

n b
= lim X f(X)p(X);—-x_y) = [ f(x)p(x)dx.

n-—»oo j=1 a

MpI BHIMM, 4TO B 3TOM cilyyae HHTerpan CTHnTheca CBOOUTCA K OGbIKHOBEHHOMY
HHTerpaiuy.

Ecin F(X) mmeer ckauOK B TOUKEe X = ¢, TO, BbIGpaB NOLpasfeneHus Tax,
YTO TIpH HEKOTOPhIX 3HAYEHUAX MHIAEKCA Xi < ¢ < Xg41 » UMEEM:

b k
JI@dFe)= lim X f(X)[FC;) - Flxioy)] +

o i o=
a n— i=1

+ F(OF k1) = Flxp)] + lim T FO)IFe) - Flxiy)] =

n— o j=k+ 2

c b
= [f(x)dFXx)+ [ f)dF@)+f(c)[F(c+0)—F(c-0)].

c+0

B uyactHocTH, ecnu usmeHeHue GyHKIMM F (X) IPOUCXOOHMT TOJBKO B TOYKAX
Cy, Cay.is Cps ovey TO

f(en)[F(cn +0) - F(c, — 0)]
1

"8

b
[ fX)dF(x) =

u uHTer pan CTUIThECA CBOOMTCA K pALY.

ITepeuncnum OcCHOBHbIE CBO/CTBA MHTerpana CTHITbeCa, KOTOpble HAaM NIOTpe-
Gysorcs B mansHeiuieM. JloKa3atenscTBa 3THX CBOMCTB JIErKO MOTYT GbITb Mpo-
BeJieHbl UMTATeNleM, HCXOMA U3 ONpeenieHns HHTerpana CTHITbECA H TIONIb3YACh
PacCy keHUSIMHU, HCIIONIB3YEMbIMU B TEOPUH OGBIYHOTO HHTETpAIA.

ILlpua<c, <3 <..<cp<b

b no Citl
Jfx)dFx)= Z I f(x)dF(x) [a=co. b=cpeq].
i=0 :

a ¢
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2. [ocTOAHHBIH MHOXMTEIb BBIHOCHTCA 33 3HAK MHTErpana

b b
Jcf(x)dF(x) = c [ f(x)dF(x).

a

3. Uuterpan o1 cyMMmb! GYHKIHIA paBeH CYMME UX HHTErpalIOB
b n n b

J 2 fix)dF(x) = I [ fi(x)dF(x).

a i=1 i=1 4

4. Eom f(x) > 0ub>a,10

b
[ f(x)dF(x) > 0.

5. Ecnu Fy (x) u F, (x) — MOHOTOHHBIE PYHKIMH C OrpaHHYeHHBIM H3MEHe-
HHEM, & C| M C; — NPOM3BOJIbHBIE IOCTOSHHBIE, TO

b b b
J e Fix) +eaF(x)] = ¢y [ f(x)dFy(x) + ¢z [ f(x)dF(x).

6. Eciu F(x) = [ g)dG(u), roe ¢ — NocrosiHHOE, g (4) — HellpepbIBHAs

c

byrkuua u G (u) — HeyGbBarolas GyHKIUHA C OrpaHHYEHHBIM H3MEHEHHEM, TO

b b
JF(x)dF(x) = [ f(x)g(x)dG(x).

a a

Hcnonb3oBaB MoHATHe MHTerpata CTUNThECA, MBI MOKEM HAIMCaTh OGLIHe
dopmy bl B QYHKIMH paclipefielieHus1 Cy MMBI

F) = [Fi(x — 2)dF(z) = [ Fy(x ~ 2)dF,(z)

]
OBYX HC3aBUCHMBIX CJIaraeMbIX, a TaK)Xe YaCTHOro —
2

o 0
F(x) = [ Fi(xz)dF;(z) + [ [1—F(x2)]dFy(z)
0 — e

He3aBHCHMBIX CHY4YalHBIX BenwuMH £, ¥ £, B IpenmonoXKeHHH, YTO
p {52 = 0} =0.
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Ynpaxcuenun

1. Joxa3aTb, 4To ecnu £ (x) — DYHKUHKA pacTpenesieHus, TO Hpy 1060oM 4 # 0 GyHKUHH

, x+h I x+h
o(x) = — [ F(x)dx, Y(x)=— [ F(x)dx
h 2h
x x—h

TaKXKe ABNAIOTCA QYHKUHAMH pacip efleeHus.

2. CnyyaitHas BenuyuHa £ uMeeT F (x) cBoelt dyHKuHel paclipefeneHus (p(x) — mnor-
HOCThb paclipeneneHus). Haitth ¢yHkumio pachpefieieHus (IUIOTHOCTh paclipenelieHHs)
CNIy4aiHOK BETHUMHBI:

a) n=at +b, @ u b — BellleCTBEHHbIE YHCTIA;
6)n=t' P{E=0=0;

B) n=1g§;

r) n=cosk;

mn = f(£), roe f(X) — HelpepblBHas MOHOTOHHAs (GYHKUMS 6€3 NPOMEXYTKOB
NOCTOSHCTBA.

3. U3 touku (0, @) npoBefeHa NpsAmMas o[ yrjioM ¢ K ocu Oy.

Haittn ¢yHKumMio pacnpeneneHHss abcuMcChl TOYKH IepeceYeHHS STOH NpPAMOM c OChIO
Ox, ecnu

a) Yroy p paBHOMepHO pacnpefelieH B ipoMexyTke (0, m/2),

6) yron y paBHOMepHO paclipeflclieH B HpOMeXYTke (—n/2, n/2),

4. Ha okpyXHOCTh paguyca R c LeHTpOM B Hayajie KOOp/IMHAT Hayfayy GpollieHa ToYyKa
[MHBIMH CNTOBaMHM, MOJIAPHLIK YrON TOYKH TONafaHHsi paBHOMepHO paclpenesieH B NIpoMe-
XYyTKe (—w, ) ]. HaltTH NnOTHOCTS pacnpeneaeHus

a) abCUMCChl TOYKH NMONafaHuA,

6) IUIMHBI XOpAbl, COeHHAIOLIECH TOYKY NMOMNAlAHHs ¢ TOYKOHK (-R,0).

5. Ha oTpe3ox ocH opauHat Mexay Toukamu (0, 0) u (0, R) Haypnauy GpollleHa Touka
[T.e. opAMHaTa 3TON TOYKH paBHOMEpHO pachpefiencHa B NpoMmexyTke (0, R)]. Yepe3s Tou-
Ky NoNlafiaHus NpoBefieHa XOpAa OKpyXHoctH x? +y? = R?, nepneHOuKynspHas K ocu Oy,
HaitTn paciipenenesue IIHHbLE 3TOH XOpABI. )

6. JluaMeTp Kpyra W3MepeH NpubmmkeHHo. CuKTasi, 4TO ero BeJMYMHA paBHOMEpHO pac-
nmpedeneHa B oTpe3ke (a, b), HalkTH pacnipeneneHye NIOWIAAM KpYyTa.

7. [InoTHOCTL pacnipenencHus cyyakHoOk BelTMUMHBEI £ aHa paBeHCTBOM

a
p(x) = ——.

— X
e X te
Hayty:
a) MOCTOSAHHYIO @

6) BepOATHOCTL TOTO, YTO B JIBYX HC3aBUCHMbLIX HaGJLIONCHUAX £ INpUMeT 3HAUCHHA,
MeHbLme 1.

8. OyHKUUSA pacTipefieieHUs CriyyaltHoTo BeKTopa (£, n) UMeeT BUL:

a) F(x,») = FL(x)F,(y) + F,(x);
6) F(x, )=F,(x) F,(¥) + Fy(x) + F,(»).
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MoryTt nu GyHKUMH F, (x) ¥ F, (x) GbITb NpOHMIBONBHBLIMU? 3aBHCHMBbI WM He3aBUCHMBI
KOMIOHEHThI BekTopa (¢, 1) ?

9. Ha otpesok (0, ¢) Baynady GpoilieHbI ABE TOYKH | T.e. HX aBGCLUCCHI pABHOMEPHO pac-
npenenelbl B oTpedke (0,a)]. Hadith QpyHKuMIO paclpenefeHns pacCTOAHUA MeXIy HHUMHU.

10. Ha otpesok (0,a) GpoieHo 7 Toyek. CyMTas1, 4TO TOMKH pa3bpocaHbl CryyaitHo
[T.e. KaxOasd M3 HUX PacloIOXeHa He3aBUCMMO OT ApYTHX M paclipedefieHa paBHOMEpHO
B (0,2)}, HaltTu:

a) MIOTHOCTb paclipefeneHus abcuncchl k-H creBa TOUKH;

6) COBMECTHYIO MINOTHOCTD paclipelleneHus abcurcec k-it 1 m-# Toyek cnesa (k < m).

11. Hag cnyyaitHoRt BenMYMHOM § ¢ HellpepbIBHO} (YHKIMelt pacTipenereHus IpOU3Be-
OE€HO A He3aBHUCHUMBIX HCIBLITAHWH, B pe3ynbTaTe KOTOPLIX Gbinu HaGaIONeHB! Cledyioulye

3HaYeHMA BENTHYMHBI £ X, , X, ..., Xp. HaltTh GyHKUMHU pacTipeneneHus cnyyaitHbIX BETHUMH:
a) np, = max (x;, X,, ..., Xp);
6) & = min (x,, x,, ..., Xp);

B) k-ro Mo BeJIMYKHE pe3y/ibTaTa HaGNIONEeHNUS ;
) COBMECTHOTO pachpeesleHHs k-r0 ¥ /m-T0 IO BeJIMYMHE pe3ynbTATOB HAGIIONCHHUA,

12. Oynkuus pacfipepefieHus cnyvaitHoro BexTopa (&,. £,. ..., £,) paBHa F (x;, X,, ...
., Xp). B pe3ynpTare HCOLITAHMA KOMIIOHEHTbl BEKTOpa [MONYYHNIH 3HAYCHHUSA
(z,, 24, Zp). Haiitn QpyHKLVIO paclipeneneHns ciy4yalHoH BeMYMHbL:
a)np = max(z,, z,, ..., Zp);
6) tp = min(z,, z,, ..., Zp).

13. CnyuyaiHasg Be/MuMHA ¢ HMeeT HellpepbiBHYIO (GYHKUHIO paclpeneneHus F (x).
Kax pacnpefeneHa cnyyvaitHasg BenwunHa n= F () ?

14. CnyvualiHblc BeNHWUMHBI £ H 1 HE3aBMCHUMBbI; MX MJIOTHOCTH paclpelefieHus Ollpene-
JIAIOTCA pABEHCTBAMH

pex) = ppx) =0 Tmpn x < 0,

Bx Y,~Bx

pe(x) = clxae" , Pplx) = ¢,x’e nmpy x > 0.
Haittu:

a) TMOCTOSHHBIE C, U C,;

6) MIOTHOCTb pacnpedeneHUs CYMMBI £ + 1.

15. Haittd ¢yHKUHMIO pacipeleneHHs CYMMbl He3aBMCHMBbIX CIIYYaHHBIX BeNMYMH § H
n, MepBas U3 KOTOpLIX paBHOMEPHO pachpeldesieHa B cerMeHTe (—/, ), a BTopas umecT
dbyHKUM pacnipenenenus F (x).

16. [InoTHOCTL pacnpeneneHusa cnyyaftHoTo BeKTOpa (£, 7, §) paBHa

6
—_——  mpux>0,y >0,z >0,
p.y.z) = Q+x+y+2)*

0 B OCT&IbHBIX Ciyyasix,

Halttu pachipellenieHMe BenWunHel £ + n+ §.
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17. Ha#ttu pacrnipegeneHue CyMMbl He3aBUCHMBIX CIY4aHHbIX BeJMUYUH £, U E,, eci UX
pacnpeneneH1s 3aaHbl yClIOBUAMH:

1
a) Fi(x) = F,(x) = % + - arctgx;

6) papHOMepHO paclipedesieHbl COOTBETCTBEHHO B HHTepBanax (—5, 1); (1, 5);

1x|
B) p,(x) = p,(x) = =—e ©
2a

18. [1n0THOCTL paclipeieeHUA He3aBUCHUMBIX Cy4YaiHbIX BEJIMYUH § U n paBHa:

0 npu x < 0,

a) pg(x) = ppx) =-
: ! lae_ax npy x > 0(a > 0);

IO mpu x < 0, x > a.

6) pg(x) = Pn(-\') =l
l/a npu 0 < x € a.

HaltT NNOTHOCTD pacnpeic/ieHUA BeNMYHHEI ¢ = /7.

19. Hattru GpyHKUMIO pacnipeneieHUA NpOM3Be ACHHS He3aBUCHMbIX COMHOXHTeNeH £ U 1
no ux GyHKUUAM pachpedenchus F, (x) u F, (x).

20. Cnyvaiiible BelTMMMHBE £ U 1 He3aBUCHUMBI U pachpene/ieHbl:

a) paBHOMepHO B HHTepBajle (—a, ).

6) HopManeHo ¢ mapamerpamu @ =0, o= |.

Haiiti GyHKUMIO pacTipe/leieHUS UX MPOU3BEACIIHSL.

21. CTopoHbl £ U 1 TpeyronbHHKA MpelCTaBNAT co60# He3aBUCHMble ClyYalHble Benu-
unHbl. Ilo ux ¢yvexuusam pacnpeneneHus Fg(xin Fp(x) HatTH QYHKUMIO pacTipefleNeHUs
TpeTbeH CTOPOHBL. CCIH YT0/1 MeXAY CTOPOHAMHU £ M n paBeH NOCTOSIHHOMY YMCITY a.

22. lloxasaTh, YTO CCIM BENMYMHBL § M 7 He3aBUCHMBl W HX TIIOTHOCTD pachpeneneHus
paBHa

0 upn x < 0,
pg(x) = pp(x) = l

e™™ mpu x >0

TO BEJIMUMHBI £ + 1 U £ /7N TAKKe HE3aBUCUMBI.
23. Iloka3aTb, YTO €CIIM BCITMYMHLI § M 1 He3aBMUCUMBbI U HOpManbHO pacitpeaeneHsl ¢ na-
pamerpamu @, =a, =0, 0, =0, = 0, TO BeJIHYHHBI

te=gent, b= g/n

TaxK>Xe HE3aBUCHMBI.
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24, IoxasaThb, YTO CCIHM BeNMUYHHBI £ M 7 HE3ABMUCHMMB! ¥ paclpefeneHsbl [0 3aKoHy x?
C mapameTpaMu m U #, TO BCJIMUHHBL § =& /n U § = £ + n He3aBUCUMBI.

25. Cnyvaittble BENHYMHBL & |, &,, ..., £, HE3aBUCHMbI U HMEIOT OJIHY U TY Xe MJIOTHOCTD
pacnpeneneHus
(x - a)?
1 _”—2 2
o
p(x) = ———e
o 2w
n m
Ha#TH nOByMepHYI0 MIOTHOCTh paclpedc/ieHHd BEJIHYHH 7 = z kg M ¢ = z Ex
k=1 k=1
(m < n).
26. Jloxka3sats, uTo niobas G yHKUUA pacipenesieHds o6rnanaet cieny OIUMMU CBOHCTBaMH,
o0 o0
1 1
lim x f?dF(z) =0, lim x f 7dF(z) =0,
X x—>+0 5
X 1 X 1
lim x [ —dF(z)=0, lim x [ —dF(z)=0.
Xor—0 g X =0 e

27. Hag cnyvajtHo#t BenmuuMHOM £. MMeloled HeNpephiBHYI0 (PYHKLUHUIO paclpeneneHUs
F (x), npoBeOeHsl IBe cepUU HC3ABUCHMBIX MCMbITAHUHA, B pe3ysbTaTe KOTOpbIX § NMpHHAIA
3HayCHUA, pacroJioxX eliibie B MOpAAKE BO3PACTaAHUA B KaXK/ION CepHu:

x, < x, < ..< xpm, ¥, <y, < .. <JyN.

1

Uemy papHa BCPOSITHOCTD HCPABEHCTB
Yu < Xma1 < Vu+d,

roe m ¥ u 3agasHpleyncna (0 < m < M, 0 < u < N)?

28. CayuaiiHasg BenMuYHHA £ dMCceT HellpepblBHYIO (DYHKUMIO pacOpepencHus F (x).
B pe3ynsTate /1 He3aBMCHMBIX HAaGNIOMCHMM Hall § MoJIyueHbl clienyloluMe 3HaueHus
x, < X, < .. < Xp, ynopsfoueHHble MO BelWYMHe. HaiiTH NIOTHOCTh paclipefefieHHs
BEJIHYHHbI

F(xp) - F(x;)

29. CnyyaiHble BeJTMYMHBI £ U 1 HC3aBUCHMBI H OIMHAK 080 paclpeelieHbl ¢ NIOTHOCTBIO
pacTipgaesIcHUS
C
PE(x) = pplx) = —— .

1+x*?

Hattty nocToAHHY0 C M 10K43aTh, 4TO BCJIHYMHA £ [N paclipedesieHa o 3aKkoHy Kowm.
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30. Cnyualitbie BelMuMHbl £ M 7 HE3ABHCHMBI, UX TLIOTHOCTH paclipelelicHHA COOTBeT-
CTBEHHO PaBHbI

pg(x) = (Ix] < 1)

7y 1 —x?

[0 mpu x < 0
pp(x) =

l)ce“xz/2 mpu x > 0.

Jloka3aTe, 4TO BeJIMUMHA £ 1] HOPMAJIBHO paclpe/elieHa.
31.MlycTe £ ¥ ¢ He3aBUCHMEI M UMEIOT IJIOTHOCTH pachipe/ie/ieHUA

pg(x) = pglx) =

_Ax

[0 npu x < 0,
l)\e npu x > 0.

£
Jloka3aTb, 4TO OTHOILIEHHE n = ——— paclpclefeHo paBHOMepHO Ha oTpeske (0, 1).
£+n
32. CnyuaiHble BeNMUUHBI £ M 71 HE3ABHCHMbI U PABHOMEpPHO paclpefic/icHbl Ha OTpe3-
Ke (—1,1). BBMHCAHUTL BepOATHOCTbL TOTO, YTO KOpHHM ypaBHeHMA Xx* + Ex + n = ( Be-
11e CTBEHHBI.
(3anaum 29-32) coobiweHsl MHe M.W. Anpenko.)



IF'TABA 3§

YHMCJIOBBIE XAPAKTEPUCTHKH
CIIYYAHHBIX BEJIMYMUH

B npeapimyumient rnaBe Mbl BUETH, UTO HauGosee MOJIHAA XapaKTepHUCTUKA
clyvalHOH BeIMUMHBI JaeTcAd ee QYHKLMEH paclpenesneHUsa. JlelcTBHTENBHO,
dyHKUKA paclipeneneéHUs OJHOBPeMEHHO YKa3bpIBaeT HA TO, KAKHe 3HAUEHUA MO-
3KeT NPUHUMATD ClTyyalHasA BEJIMUMHA H ¢ KAKMMHU BepOoATHOCTAMM. OgHako B ps-
Oe cryyaeB O C1YYaKHOU BesIMuMHe TpeGyeTcs 3HaTh rOpa3fo MeHslle, TpeGyeTcs
MOJy4YdTh O HEH NHUIIb HEKOTOpOe CYMMapHOe MNpeacTasieHHe. ILis Teopuu
BEPOATHOCTEN U €€ IPUWIOKeHUH GOJIBUIYI0 POJIb HTPAIOT HEKOTOpPBIE NOCTOSIHHbIE
yHcra, NoJiyyaeMele 1O ONpefejeHHbIM TpaBH/iaM M3 QYHKUMH paclipe geneHUs
cl1yyadHbIX BeJHuMH. Cpedu 3TUX MNOCTOSAHHBIX, CIYXAWIMX [JA IOJyu4eHHn
obuled KOJMYECTBEHHOM XapaKTepHCTHKH CIYyYaHHBIX BeJIMYKH, OCOBeHHO
BA>KHbI MaTeMaTHYeCKOe OXHUIaHHe, AUCMIEPCHA M MOMEHTbI Pa3MYHBIX IO-
PAOKOB.

§ 23. MaremarMyecKoe OXXHIaHHe

HauHeM H3/710%KeHHe ¢ pACCMOTPEHHA CIIeAY ILIErO CXeMaTHYeCKOro NpuMepa:
NpeanoIoXHM, UTO TpH CTpefibGe H3 HEKOTOPOTO Opy/aus ITsl IO paxeHUs HEKO-
TOpo# UenH Tpebyercss OOMH CHApsnd ¢ BEpOATHOCTBIO Py, ABAa CHapAda — C Be-
POATHOCTBIO P3, TPU CHapAAa — ¢ BEpOATHOCTBIO pj M T.0. Kpome Toro, nasect-
HO, 4TO A CHApAJOB 3aBEIOMO [OCTaTOWHO [JIA MOpPaXKeHHs JTOH WelH. Takum
06pa3oM, H3BECTHO, 4TO

py tpy t ... tp, =1

CnpanmBaeTcs, CKONMBKO B CpeiHeM MOTpebyeTcA CHapANOB [MIA IO paKeHHs
YKa3aHHOH LeNH.

i oTBeTa Ha MOCTaBeHHBIH BoNpoc GydeM paccyxnarb Tax. Ilpenmono-
XHM, YTO TPOM3BOOMTCA OYeHb GOMBIIOE YKCIO CTPENbO B YKa3aHHBIX BBILIE
ycnoBuax. Torga Ha ocHOBaHMM TeopeMbl BepHYNITH Mbl MOXeM yTBepXIaTh,
YTO OTHOCHTETbHOe YMCIO CTpenbl, B KOTOPBIX IS MOpaXeHUs Lelid MoTpe6o-
BaJICA TOJIBKO OJHH CHApsi/l, NpUOIH3HTENIBHO paBHO p;. TOuHO Tak *e JBa cHa-
pana norpebosanock NpuGanantensio B 100 p, % crpens6 U 1.4. TakuM 0Gpa-
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30M, "B cpefjHeM”’ Ha MOpa)keHUe OTHOW Ues M NNOTpebyeTcA MPUOIH3UTeNbHO
1.py +2.p2 + ... +n-p,

CHapsAIOB.

AHaTIOrHuHble 3a[aud 110 NOJICYETY CpeHero 3HaYeHUs CIIyYalHOM BeJHYHHBI
BO3HHKAIOT B CaMblX pa3sHOOGpa3HbIX 3ajayax. BoT moyemy B TeOpum BeposTHO-
CTeH BBOOAT B pacCMOTPeHHe 0co60e NMOCTOAHHOE, HOCSIIEe HA3BAHUE M A T e-
MaTHYeCKOTO OXMKIOaHWA Mbl cHavala pagum onpenenenye s
JUCKpPETHBIX CITYYaiHbIX BeIMYMH, OTIIPABIAACh OT TOJIBKO YTO PACCMOTPEHHOTO
npUMepa.

Ilycro

Xy, Xz, ..., X

0603HaYaT BO3MOXKHbIE 3HAUCHUA TUCKPETHOH CITyyailHOM BeSTMuMHBI § , a

Py, P2, ..., Pn, ...

-~ COOTBECTCTBYOUINE HM BEPOATHOCTH.

oo

Ecnu PAn > XyuDp CXOOUTCA a6 COJI 10 THO, TO ero CyMMa Ha3pIBaeT1CA
n=1

MaTeMAaTUYecKuM OxuUoaruem crlyyailHOR BeruunHbl £ U 0603Havaerca ME.
IUisi HempephIBHBIX CIyYalHBIX BEIMYMH eCTECTBEHHBIM GymeT cllefyoLiee
Olipe[IefIeHNE: eCMU CNyyaiiHas BeIMYMHA § HeNpepbBHA U p(X) — ee IUIOTHOCTb

pachpefeneHus, T0 MaTeMaTHYeCKHM OXKHOAHUEM BeJIMUMHbI § Ha3bIBaercs
HHTerpan

f xp (x)dx 1)
B TeX Cllyyvyasax, Korga CYWIeCTBYST mﬂerpan

Jixlp(x)dx.

Iis MpOM3BONBHON CnyyaiiHON BenMuMHbl £ ¢ QyHKuUMel pacTlpeneneHHs
F'(x) maTemMaTHyeCKHUM OXHIaHHEM Ha3bIBAETCA HHTETpal

fxdF(x). (2)

Hone3ysce onpenenenxem uHTerpajia CTHITBECA, Mbl MOXeM OaTh MpOCTOe
reOMEeTPHYECKOE UCTOJIKOBaHHe NMOHATHIO MaTeMaTHYECKOTO OXMIAHMA: MaTe-
MAarHyecKoe OKMAaHHe PABHO PA3HOCTH IUTOWAMEeH, 3aKIIIOUEHHBIX MEXIY OChIO
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opouHaT, npsMoll ¥ = 1 ¥ kpuBoit ¥ = F(x) B unTepBane (0, +o) u Mexay
ocblo abcuuce, KpHBOH Y = F (X) M OCblo OpOMHAT B MpOMeXyTke (—oo, 0).
Ha puc. 18 cootBeTcTBYIOIME IUIOIIANH 3ALITPUXOBAaHbl M YKA3aHO ¢ KAKHUM
3HAKOM cJleflyeT B3fiTb B CyMMe Kaxaylo K3 Iuomaned. 3aMeTHM KCTATH, YTO
TeOMETPHUECKAs WITIOCT palls T03BOJIsAeT MaTeMaTHYECKOe OJKMIaHKe 3alUCaTh
B TAKOM BH[E:

0 o0
Mt =—fF(x)dx + [ (1 — F(x))dx. 3)
—= 0

CoenaHHOe 3aMeuaHHe MO3BOJIAET BO MHOTMX Cl1yYasX HaxXO[MTh MaTeMaTH-

YeCcKOe OXKMIaHMe NMOUTH Ge3 BhluMcieHMH. Tak, mns  clIy4yalHOM BeJTHYMHBI,
y

y=1

y=F(@

Puc. 18

pacnpefiefieHHOH MO 3aKOHY, YKa3aHHOMY B KOHue § 19, MaTeMaTHuecKOe OXH-
OaHHe paBHO TOJIOBHHE.

3aMeTHM, YTO CpeoH pacCMOTpPEHHBIX HaMM paHee CIIy4aWHbIX BEJIHYHMH, CIy-
yailHas BEJIMYHHA, paclpelerieHHas No 3akoHy Komm (mpumep 5 § 21), He ume-