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1 IlocranoBka 3aga4n

[TpsimoyrosibHasT MeTaJLInYgecKasl MJIaCTHHA C BHIPE30M HUCIOJIb3YeTCsT KaK TerJIO0TBOISIINNA d1e-
MeHT. B yriioBom Beipese miactuubl (rpasuiisl ['s u ['s) pacmosiozken HCTOYHUK Telia. Pacmnpe/ie-
nenne Temieparypsl 1'(x,y) 0O MIOMAMN ILIACTHHBI OMUCHIBAETCS ypaBHeHueM Jlammaca:

0*°T T
g9- 7 _ 1
0x? * Oy? 0 (1)
I',=28
!
['y=70 5=
=70 | v [5=25
- 0,5A >
[=28 C =45
Iy =25
- A =150 -

Puc. 1: Koudurypamus miacTuHb

Tpebyercst uaiitu pacupesenenue T(z,y).

2 IlocTpoeHue pa3HOCTHOI AalIIPOKCUMAIINI U TECTOBBIX IIPU-
MEPOB

2.1 TIlocTpoenme pa3HOCTHOI aNMPOKCUMAINN

Nnmeem 3ama9y BHIA:

Au(x, y) = —f(I, y) (2)

ulp = o(z,y) (3)

3necs Au = uy, + uy,, — omeparop Jlamnaca, ypasmenue (2) — ypasnenue Ilyaccona oTHO-
cUTeNIbHO HeusBecTHOU dyukuu u(z,y), dbyukmus f(zr,y) ussectHa, (3) — rpaHUYHbIE YCJIOBUS
nepBoro poma. B mamewm cayuae f(x,y) = 0 u ypaBuenue (2) HaspiBaercs ypasenuem Jlanaaca.
Bagada (2) , (3) maseiBaercst sadauets Jupuxse nnsi ypasenus Ilyaccona (Jlammacca).

JInst 9aucIeHHoro penenns MoCTaBIeHHol 3aaaun JIupuxae BOCHOAL3YeMCS MEMOGOM KOHEY-
nox pasnocmed. Jlnsa anmpokenmanuyu ypasHeHust (2) BO3bMEM MATHTOYETHbIH 1TA0IOH.
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(io1,15) (it1,5)

(=i, 15)

(i 1)

Puc. 2: JIBymepHast mpocTpaHCTBEHHASI CETKA U MSITHTOYETHBIN 111a0I0H
Ilo xaxkmoif U3 IPOCTPAHCTBEHHBIX IEePEMEHHBIX BBEIEM OllepaTOpbl BTOPOl Pa3sHOCTHON HMpo-
U3BOTHON

U1 —2U;j + Uit
ht

M[UN(zi,y;) =
agigi=1,.... Ny—1uj=0,...,Nomn

AolU] (20, y;) = Uij—1 —2Ui; + Uijn
2 Liy Yj) = h2
2

ﬂﬂﬂizo,...,Nl I/Ijzl,,NQ—l

B kaxkmoit BHyTpeHHell TOUYKH TPOCTPAHCTBEHHON CETKU MOCTPOUM PA3HOCTHOE yDaBHEHHe

M[U]+ As[U] = —F. (4)

F,; = f(x;,y;) — annpokcumanust npaBoil 4acTH ypasHeHus (2) B Cjlydae HEIPEPBIBHOCTH
dbyukmun f. B passépryrom Buje ypaBHenue (4) umeer BHJ

Uiirj = 2Uij + Uiy | Uijo1 = 2Uij + Uija
+ — _F;.
h2 h2 »J
1 2
HOCKOﬂbe paHdYHbIC YCJIOBUA IIEPBOTO pPOAda, TO OHH HE€ HYXKIAKTCA B alIIDOKCHUMAIIAN. B
caydae npsiMOYTOJbHOM 001aCTH TPAaHUYHbBIE YCJIOBASA MOXKHO 3alucaTh B BUJIE

U =¢i), Un, =pa(z;), 1=0,1,..., Ny,

UOJ :Xl(yj)7 UNl,j :XQ(yj)7 jzoala'--aNQ-

ITocTpoerHas auckpeTHAs 3a7ada HA3BIBAETCH NAMUMOUENHOU pasdhocmuol cremoli A 3a-
Jgadn upuxite.
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2.2 IlocTpoeHue mmepBOro TeCTOBOTO IIPUMeEPA

HeobxomMo cTpoUTh TECTOBBIE TPUMEPDBI, JJIs TOrO 9TOOBI MOXKHO OBLIO ONMEHUTH KOPPEKTHOCTH
peau3anuu MeTOJI0B pellleHnd 33aa4u. TecToBble mpuMepsl OyJeM CTPOUTDH II0 U3BECTHOMY TOU-
Homy perennio. 1o ecth 3abukcupyeM HEKOTOPYIO (DYHKINIO u(X,y) U TPAHUIIBI IPSIMOYTOIBHON
obaactu a, b. [lonyanm sBHBIM 06pa3oM dYHKIUIO HCTOYHUKA f(,Yy) U TpaHUIHbIE ycaoBus. K-
JII TOYHOE PeIllleHrne W NPUOINZKEHHOE C TPUEMJIEMON TOTHOCTHIO OJIM3KU, TO MOXKHO CUUTATH, 9TO
MEeTO/ ¥ TIporpaMMa padboTaioT KOPPEKTHO.

B kawecTBe mepBOTO TECTOBOTO MpWMepa BO3BMEM 3aJady, B KOTOPOW pellieHne OymeT Tpe/-
CTaBJIATH OO0l cobeTBeHHYIO DYHKIMIO 3aaun [Typma-/Inysuia

8 . mx . wy
u(z,y) = — - sin—-sin —=.
Haiiném npasyio qacth ypasHenus (2):

, 8 TC . TY
U, = P . ZCOSZSIHZ

” 8 7  wx .| my

um = —P . ESIDZSIHZ
, T . X Y
uy = F : ZSIHZCOSZ

Y 8 m  wx . my

uyy = —; . ESIDZSHIZ

flz,y) = —Au(x,y) = sin%lj sin %y

[IycTs Hama obsiacTb OyIeT HpecTaBadTh coboit KBajpar 8 X 8 ¢ Bbipe3oM 4 X 4. Torna
IPAHUYHBIE YCIOBHS

u(0,y) =0, 0<y<4
u(r,4) =0, 0<z<4
u(d,y) =0, 4<y<8
w(z,8) =0, 4<x<8
u(8,y) =0, 0<y<8
u(z,0)=0, 0<z<8
N zajaua upunumaer Bu;
(P 24— sinTsinT,  0<z<8 0<y<8§
u(0,y) =0, 0<y<4
u(z,4) =0, 0<z<4
Ju(4,y) =0, 4<y<8 (5)
u(z,8) =0, 4<x<8
u(8,y) =0, 0<y<8
| u(z,0) =0, 0<z<8

2.3 IlocTpoenme BTOPOTrO TECTOBOTO MpUMeEPA

B kadecTBe BTOPOro TECTOBOIO IpUMepa BO3BMEM 3aJ1a9y, B KOTOPOI pelieHue 6yaeT UMeTh BHL

u(x,y) = e * - sin (my)

Haiiém npaByio gacth ypaBeHeHust (2):
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u, = —e ¥ -sin (my)
u,, = e *-sin(my)

w, =m-e *-cos(my)
"

Uy, = —7?2 . e - sin (7y)

f(xvy) = —AU<I,y) =e ¥ -sin (ﬂ-y>(ﬂ-2 - 1)
Hama obsiactb Oyjier npejcrapiadarb coboit kBajpar 2 X 2 ¢ Beipe3oM 1 X 1. Torja rpanunynbie
YCJIOBHSA

u(0,y) = sin (7y), 0<y<l1
u(z,1) =0, 0<z<1
u(1,y) = e~ ! - sin (my), 1<y<?2
u(r,2) =0, 1<z<?2
u(2,y) = e ?-sin(my), 0<y<2
u(z,0) =0, 0<x<2
Bajaua npuHUMaeT BU/I:
(3273—1-%:6_9”-8111(%@(1—7?2), 0<zr<2 0O0<y<?2
u(0,y) = sin (7y), 0<y<l1
u(z,1) =0, 0<x <1
u(l,y) = e ! - sin (1y), 1<y<?2 (6)
u(z,2) =0, 1<z<?2
u(2,y) = e 2 - sin (my), 0<y<2
u(z,0) =0, 0<a<?2

3 UrepaiuonHbie MeToabl pelieHud 3ajgadu /Iupuxiie

Kak ciemnyer u3 passépuyToit 3ammcu ypasuenust (4), mpu 6oabmmx Ny u Ny MATpHUIIA TOJTY Ia0-
meiicss CHcTeMbl THHEHHBIX aIre0pandecKuX ypaBHEHUN ABIIeTCs CUIbHO pa3pexkerHoii. [ToaTomy
cJIeJlyeT UCIHOJIb30BATH UTEPAITMOHHBIE METO/IbI.

Jlnst pertenus 3aaa49u Oy1eM HCIIOAb30BaTh MeTO, Jeitaesrsa. Tak Kak MeTOI IBISeTCS HESTBHBIM,
TO TeJ1eCO0Opa3HO HYMEpOBaTh TOYKU CETKH TaK, YTOOBI MATPHUIIA CUCTEMbBI CETOYHBIX YpaBHEHUI
uMesia Haubostee TpocTo# BuA. OJHUM M3 TAKUX CIIOCOOOB ABJSETCS HYMepPalHs TOYEK 10 PIIaM,
HAYNHAS ¢ BHIODAHHON YTVIOBOI MpurpaHudHoil TOUkW. Ecau 3a HaYATO OPUHATH TOUKY (T1,Y1)
M 3aHyMepOBaTh, HAIPUMED TaK, KAK CXeMaTHIHO M300DasKeHO B BUJE MATpHILI Ha puc. 3 (1o
POPU30HTAJIBHBIM DsiJIaM), TO JABYMEPHAsI 331293 MOKeT PACCMATPUBATHCS KaK OJTHOMEDHAs.

[[@e. ®©. ©. ©. 0. 70. 28. 28. 28. 28. 26.5]
[ ©. 0. 0. a. 0. 70. 35 36 a7 38 25. 1]
[ ©. 0. 0. a. 0. 70. 3 32 13 U 25. 1]
[@. ©. ©. @©. ©. 70. 27 28 29 30  25. ]
[@. ©. ©. ©. ©. 70. 23 24 25 26 25, ]
[76. 7VB. 70. 70. 70. 70. 19 20 21 22 25. 1]
[28. 1 11 12 13 14 15 16 11 18 25, ]
[28. 1 2 3 4 5 6 7 8 9 25. ]
[26.5 25. 25. 25. 25. 25. 25. 25. 25. 25. 25. ]]

Puc. 3: Hymeparmusga y3/10B ceTKH



Jlng mocTpoeHns MeToJa 3eiifiesisi IPUMeM 38 OCHOBY HYMEDAIIWIO, MPUBEJICHAYIO Ha PUC. 3.
Toraa 1pu BeIMUCIEHUT OYepeIHoro npubanxkenud U; j snavenns ¢ unjgexkcamu ¢ +1u j —1 OyayT
H3BeCTHHIMY (Y7Ke BHIYHUCJICHbBI UJIH SBJISTIOTCS TDAHUYIHBIMEU YCJIOBHSIMHA), & 3HAYEHUST ¢ WHIEKCAMHE
t1—1 u j+1 6epém ¢ mpeapLayieit ureparuu. [IosToMy nMeeM cJieIyIoNTy o 3aluch MeTo 1a 3eii e s :

(k+1) (k+1) (k) (k+1) (k+1)
U2+1j — 2Ui,j 4= Ui—l, U” 1 2U + U ]+1 - _F..

2 2 %)
hy hs

[Mpumem hy = hy = h. Torna pacuérnas gpopmy/ia st TPOrpaMMUpOBaHus Oy1eT UMETh BU/I;

k+1 1 k+1 (k 1 k) k
U = - (Bsh? + UG + UG + U, + 08)

B kadecTBe KpuTepus OKOHYaHHS OyIeT MCIIOJIb30BaHA (bopMyﬂa

HU(k—i—l) . U(l~c)H1 <e

[Mukabr OyayT OpraHu30BaHbl TAKUM 00pPa30M, YTO BBIPE3 IJIACTUHBI OYJIET MPOIMYyCKATHC.

3.1 PemeHnue nepBoro TeCToBOro mpumMmepa

[TpescraBien rpaduk 9UCAEHHOTO PeleHust mepBoro recroBoro npumepa (5), h = 0.5. C nomomnipio
MeToa 3efifens pemenne ¢ TOUHOCThIO € = 1072 HaiiaeHo 3a 34 nreparyn.

Puc. 5: Tpéxmepubiii rpaduk YUCICHHOTO PEIIeHUs IIePBOIO TECTOBOIO IIpUMepa
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[Ipencrapiaen rpaduk TOYHOTO PEIIeHUs 1O TeM Ke y3JaM, 9TO U IPHOINKEHHOoe.
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Puc. 6: Tpéxmepubiii rpaduk TOYHOTO PEIieHus MepBOTO TECTOBOIO IIPUMEPA

Busyanbuo perrenus coBnagaioT. IToctpoum rpaduk morpennocT TpudInKEHHOTO PeITeHNs:

Puc. 7: Tpéxmepubiii rpaduk TOrpeniHocTd YUC/JICHHOIO PEIEeHUs IePBOr0 TEeCTOBOTO IIPUMepa,

Oba pemrenusd ¢ IpueMJIEMOl TOYHOCTBIO OJIM3KH, TIOITOMY MOYKHO T'OBOPUTH O KOPPEKTHOCTH
PA3HOCTHON CXEMbl U PEAJU3ANNE METO/1a, e 1eIs.



3.2 PemeHue BTOporo TecToBoro rmpmuMepa

[pexcrasnen rpadbuk mpubIMKEHHOIO pereHust BTOporo TectoBoro npumepa (6), h = 0.1. C
IIOMOIIBIO METO/1a Seiliesrd pellleHne ¢ TOYHOCTBIo € = 1072 Haiigeno 3a 49 mrepanuil.

I02
0.0
--02

Puc. 8: Temneparypuas kapra npuOIuzKEHHOTO PEIeHnsi BTOPOro TECTOBOTO MPUMepa

~o0.0

-—0.4

Puc. 9: Tpéxmepubiii rpaduk npubInKEHHOTO PelieHrs BTOPOTO TeCTOBOrO IpUMepa

[Ipencrapiaen rpacpuk TOYHOTO PEIICHUS.

~0.0

-1.0

Puc. 10: Tpéxmepuplii rpapuk TOYHOIO pelieHusi BTOPOr'0 TECTOBOTO IIPUMepa,

[TocTpoum rpaduk MOrpentHocTu TPuOJINKEHHOTO PEITeHHs :



Puc. 11: Tpéxmepublii rpaduk TOTpernrHocTH TPUOJINKEHHOTO PEIeHns] BTOPOro TeCTOBOTO TPU-
Mepa

MoxHO cjiesiaTh BHIBOJI, aHAJIOTHYHBIN BBIBOLY U3 IIyHKTa 3.1.

3.3 Penienne ncxoaHoOI 3aga4n

Pemars mocTaBieHHYI0 337]a1y METOJOM 3eliiesis OyaeM aHAJIOTTIHBIM 00pa30M, YTO U TECTOBBIE
npumepbl. Haxonurh norpentnocts 0yaem 1o npasuity Pynre.

[peacrapien rpaduk npubIHKEHHOTO periennst 3aga4qu u3 ycaosua (1), h = 1. C nomoripio
MeToa 3elifess peleHne ¢ TOYHOCTHIO ¢ = 107! maitneno 3a 3697 nreparuit.

- 70

Puc. 12: TemnepaTtypHas KapTa IYUCJICHHOTO PEITeHUs 33/ 1a91
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Puc. 13: Tpéxmepublii rpaduk npubJHKEHHOTO PENIeHUA 331290

XOopoIo BUJAEH MaKCUMyM peIIeHus Ha TPAHUIE, HA KOTOPO#l PACIIOIOKEH MCTOTHUKA TETLIa.
Buamo yosiBanue TeMieparypbl OT STHX PAHUI] K JIPYTEM I'PaHHIIAM 00JIaCTH.

PacnonoxkuM mecTouHUK Temsia Ha rpaHunax ['s, [ 1 mocMoTpuM Ha TOJTYUUBINEECS pelreHne
IPU TAKUX YCJIOBUSIX.

k0]

®
-50
-0
-2
0
10

Puc. 14: Yucnennoe perenne 3a1a49u ¢ U3MEHEHHBIMU TPAHUYHBIMU yCJIOBUSIMHU

CHoBa BUJIEH MAKCUMyM Ha IPAHUINAX, HA KOTOPBIX PACIOJIOKEH UCTOYHUK, U YOBIBAHUE TEM-
epaTypsl 0 Mepe yAAJeHNd OT 3THX TDaHUII.

11



[Ipencrapaen TpEXMepHBIH IpabuK TOrPEITHOCTH TPUOINKEHHOTO PEIIeHUsT UCXOTHOM 3aa4n.

L —e
— ] V]
OneHka MOTPENTHOCTH NPON3Be/IeHa Ha OCHOBe Tpapuia Pyrre €)', =

i P=2

Ple3IE]
o
N
o

0.15
0.10

0.05

0.00

Puc. 15: TpéxmepHblii rpaduK MOrperrHoCTd TPUOJTHKEHHOTO PellleHus 33191

Bpemsa HaxoxKAeHHs pelleHnsd JaHHOH 3aJa9d ¢ TOYHOCTBIo € = 107! — oko0 5 MuHYT. DTO
OYeHb JJINTEIbHBIH ITPOMEKYTOK BPEMEHH 1 X0UeTCsI HAWTHU pereHue ropasao osictpee. s aToro

Oy/1eM MOJB30BATHCA 00Jiee OBICTPBIME TTPOEKIUOHHBIMU METOJIAMU IUCJIEHHOTO PEIIeHUs] CeTOY-
HOTO ypaBHeHud Jlamnaca.
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4 IlpoeknmoHHBbIE MeTOAbI pelieHus 3aAa4un /lupuxie

Mur pemaem CJIAY Ax = b, mpuaém, nexoma m3 cxemnl, A € R™" u A = AT > 0. ITosromy
JIJIg TOTO YTOOBI YCKOPHTH HAXOXKJEHHe DellleHUus MCXOMHOM 3aadd MOYKeM HPUMEHSTh MeTOJ
conpskénnbx rpaauentos (CG).

Meroj, y00eH TeMm, 94T0 HeT HeOODXOJAMMOCTH siIBHO (opMHpOBaTh Marpuily cucrembl A. Jljs
TOTO, 9TOOBI PEATU30BATH METO/I, JOCTATOYHO YMETh BLIYUCAATH POU3BEICHIE MATPHUITH CHCTEMbI
Ha TTPOM3BOJIBHBIN MACCUB, MOJIB3YACh (hopMyIamMu U3 JIEBOl YaCTH CHCTEMbI

B Ui,Lj - 2Ui,j + Ui+1,j i Uz’,jfl - QUi,j + UiJH
h2 h3

B cnyvae 0THOpOIHBIX TPAHUYHBIX YCJIOBHH BCE JIOBOJIBHO MPOCTO: B KaKJIOM BHYTPEHHEM y3J1€
3HAYEHHE KOOPAUHATHI BEKTOPA b BHIUHUCIAECTCS MO TPaBOil YaCcTH IPUBEIEHHON CHCTEMBI, 3SHAUCHUE

=F

1,

KOOp/IMHATHI BeKTOpa Axr — 1o JieBoit gacTu.

B ciaydyae HEOIHOPOAHBIX I'DAHUYHBIX YCJAOBUI, HEHYJIEBble TPAHUYHBLIE YCJOBHSA TEPEHOCIT-
cd B IIpaBble YaCTH YpaBHEHUil, TAKIM 00pa3oM U3MeHseTcs BBIYUCJIeHHe KOODIMHAT BeKTopa b.
YpaBHEHHUs CACTEMBI, COOTBETCTBYIOIINE BCEM NMPUTI'DAHUYHBIM Y3JaM CJleBa U CIIPaBa, UMeIOT BU/T

Oy 4 Uy, Uy —2Us, + Ui 0,y
_( 1,}]12 24  YLj-1 h;,] 1,]+1) — P+ 9(0,y5)
1 2
(UN1—2,j —2Un,-1;  Uny—1j-1 —2UNn,—15 + UN1—1,j+1)
- 2 + 2
hi h3

j: ,...,N2—2.

YPpaBHEHUS CHCTEMBI, COOTBETCTBYIONINE BCeM NMPUTPAHUIHBIM Yy3J1aM CHHU3Y W CBEPXY, IMEIOT
BT

Ui11—2Uin +Uipin . —2U;1 +Usa g(z;,0)
— B + B = E,l 19
hi h3 h3
Ui—i,No—1 — 2Ui,N2—1 + Ui+1,N2—1 Ui,NQ—Z - 2U¢,N2—1 9(%', Y)
- 02 * 2 o
1 2 2
1=2,...,Ny — 2.

= Fin,—1 +

B y3ie cerku (x1,%;) ypaBHeHHEe NPUHAMAET BH/I

—2U;1+ U —2U114+ U 0, ,0
_( 1,1 2,1 I 1,1 1,2) :F1,1+g( yl) 9(5151 )

_|_
hi h3 hi h3

B ysaax cetku (T1,Yn,—1), (Tny—1,Y1)s (TN, -1, YN,—1) YPABHEHHS MEHSIOTCSI AHAJIOTHIHBIM 00-
pasoM.

[Tocsie M3MeHeHNUsI MPaBOil YACTH CUCTEMBI, €6 MOYKHO DEIaTh KaK CHCTEMY JJis OJHOPOIHOMH
3a/1a4H.

[TpuBeAéM aJIrOpUTM METOAA CONMPSIZKEHHBIX TDAINEHTOB:

13



Merop conpsizkennbix rpaguenTos (CG)

1: 1o ::b—A.TO; Po ‘= To
2: for j=0,1,2,... do

3 &= Tpyp))

4: Tjy1 = Tj + Qp;

5: ri1 =1 — aAp;

6 =

7 Pjt+1 = Tjy1 + Op;

8: if gocrurmyra 3amanHasg TouHOCTH then
9: BBIATH W3 IAKIA

10: end if

11: end for

B kauectBe KpuTepusi OKOHIaHHsI OyAeT UCIIOJIb30BaHa (popmy.ia

“U(k—H) . U(k)”1 <e

B kagectBe HayasbHOro npubamzkennsd Uy Bo BceX clydasX, KaK U IPU PEIICHUH HTEPAIUOH-
HBIMH MEeTOaMU, BO3bBMEM HYJIEBON BEKTOD.

Pemenuns meTo oM cOnpsaKeHHbIX I'PAANEHTOB IMOJTYY€Hbl U OHU COBHAAIOT C TEMU PEIICHUSIMU,
KOTOPBIE MOJIyIeHbl MeTooM 3eiiaess. [IpuBeaém cBOIHYIO TabJIHILy PE3yIbTATOB:

‘ Sanada ‘ h ‘ € ‘ Meron 3eiinensa ‘ Meton CG ‘

| (5) 051072 34 | 2 |
| (6) |01]1072| 49 |26 |
1) | 1107t 3697 | 213 |

Buuo, ato npumenenne Meroa CG MO3BOIHIO YCKOPUTH HAXOXKICHHE PEITeHHsT /I UCXOHO
3amaan B 17 pa3 (Mo KOJMYeCTBY HTEpalmii).

5 3akKJ/IroueHune

MBI paceMOTpesin HEKOTOPBIe MeTOIBI /IS pellierns 3a1a4u JJupuxie B 061acTi cJI0KHOM (DOPMBL.
B mesom, a1 Takux 3a/1a4 0U€Hb XOPOIIO MOAXOIUT UTEePANMOHHLIH MeTo 3eiitens. OaHAKO, KO-
rj1a Tpedyercd MoJyYuTh YeTKHUIl MOPTPET PelieHus, Mbl YMEHbIIIaeM IIar U CTAJIKUBAEMCS C TeM,
9TO MeTO[ 3eii1esi HAUMHAeT CXOJUTCS OYeHb MeJJIEHHO. B TakoM ciydae sl YCKOPeHWs Ha-
XOXKJIeHUS PellleHns MPUMeHIIOT IPYrue MeTOAbl — IpoeKInuoHHble. OIUH U3 CAaMbIX 3HAMEHUTBIX
IPOEKIIMOHHBIX METO/IOB — METOJI CONPSAKEeHHBIX rpaueHToB. OH OTJINYHO pellaeT HAILy 3a/1ady,
HAMHOTO OBICTPee, YeM 9TO JeTaeT UTePAIMoOHHbIH MeTo. OTHA HTepaIus TPOEeKITNOHHOTO MeTOIa
1O BBIYUC/IUTEIbHONR TPYJIOEMKOCTU HPUOJIU3UTEIbHO CPABHUMA C UTepallieil 110 NTeparmoOHHOMY
METO/Ty, YTO JAéT dBHOE NMPEUMYIIECTBO NPHU BLIOOPE METOJA /I PEIeHus CJAOKHON 3a/adu, B
KOTOPOI BOZHUKAET MATPHUIA CUCTEMBI OOJIBIION pa3MepHOCTH.
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[NpunoxxeHune

VoOoNOTUVTA WNPR

27.
28.
29.
30.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44,
45,
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.

import numpy as np
from matplotlib import pyplot as plt
import seaborn as sns

# Memod 3etlidens
# 1-vii mecmoBeili npumep

-8
4
=4

N W >
1

. def F(x, y): # npaBaa uvacme

return np.sin(np.pi * x * 0.25) * np.sin(np.pi * y * 0.25)

. def seidel(eps = 10 ** (-2), h = 0.5):

vert_1 = int(C / h - 1.0)

vert_2 = int(B / h)

start_1 =1

start_2 = int(0.5 * (A / h) + 1)

T = np.zeros((int((B + C) / h + 1), int(A // h + 1)))

T_ = np.copy(T) # T_ - mampuya-cocmosHue Ha npedsidyweli umepayuu

it = 1

while True:

for i in reversed(range(T_.shape[@] - 1 - vert_1, T_.shape[0] - 1)):
for j in range(start_1, T_.shape[1] - 1):
T[il[j] = ©.25 * (h ** 2 * F(jJ * h, (B +C - 1) * h) + T[i][]j - 1] + T[i + 1][]] +

T_[i][J + 1] + T_[1 - 1]1[3D)

for i in reversed(range(l, vert_ 2 + 1)):
for j in range(start_2, T_.shape[1l] - 1):
T[i][j] = @.25 * (h ** 2 * F(j * h, (B + C - i) * h) + T[i][]j - 1] + T[i + 1][3] +
T_[i][J + 1] + T_[i - 1]1[3D)

if np.linalg.norm(np.subtract(T, T_), ord = 1) < eps:
break

else:
it += 1
T_ = np.copy(T)

print('KonuyectBo uTepauni ', it)
return T

# 2-ol0 mecmoBeili npumep
# 30ecb mampuya T uHuyuanusupyemca He HyneBol mampuuyeli, a mampuuel-KoHpuaypayueli NaacmuHsl

A=2
B =1
c=1

def F(x, y): # npaBas yacme
return np.exp(-x) * np.sin(np.pi * y) * (np.pi ** 2 - 1)

def g(y): # 2paHu4yHbie ycnoBus
return np.sin(np.pi * y)

def initial(h = 0.1):

size_ 1 = int((B + C) / h + 1)

size 2 = int(A / h + 1)

mtx = np.zeros((size_1, size_2))

for i in reversed(range(int(B / h + 1), size 1 - 1)):
mtx[i][e] = g(i * h)

for j in range(l, int((A / 2) / h + 1)):
mtx[int(B / h)][j] = @

for i in reversed(range(l, int(B / h))):
mtx[i][int((A / 2) / h)] = g(i * h) / np.exp(1)
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65.
66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.
98.
99.

100.
101.
102.

for j in range(int((A / 2) / h + 1), size 2 - 1):
mtx[@][j] - ©
for i in range(l, size_1 - 1):
mtx[i][size_2 - 1] = g(i * h) / np.exp(2)
for j in range(l, size 2 - 1):
mtx[size_1 -1][7] 0
return mtx

# ucxod0Haa 3adava
# usmeHeHue 6 ¢yHkyuu initial, omcymcmByem F(x, y)

A = 150
B 75
C =45

Gamma_1 Gamma_4 28 # epaHu4Hblie ycnoBus
Gamma_2 Gamma_3 70
Gamma_5 Gamma_6 25

def initial(h = 1):
size 1 = int((B + C) / h + 1)
size 2 = int(A / h + 1)
mtx = np.zeros((size_1, size_2))
mtx[size_1 - 2 : int(B / h) : -1, @] = Gamma_1
mtx[int(B / h), : int((A / 2) / h + 1)] = Gamma_2
mtx[int(B / h - 1) : : -1, int((A / 2) / h)] Gamma_3
mtx[0, int((A / 2) / h + 1) : size 2 - 1] Gamma_4
mtx[1 : size 1, size 2 - 1] Gamma_5
mtx[size 1 - 1, 1 : size 2 - 1] Gamma_6
mtx[size_1 - 1, 0] mtx[0, size 2 - 1] (Gamma_1 + Gamma_6) / 2
return mtx

# Memoo CG
# 1-v6ii mecmoBuili npumep

A =28
B
C
h

(R

103.

104.
105.
106.
107.

vert_1 = int(C / h - 1.) # cdBuzu
vert_2 = int(B / h)

start_1 1

start_2 = int(0.5 * (A / h) + 1.)

108.

109.
110.

def F(x, y):
return np.sin(np.pi * x * 0.25) * np.sin(np.pi * y * 0.25)

111.

112.
113.
114.
115.
116.

def A_(P): # mampuya cucmembl, YMHOXeHHAs Ha mampuuyy-Bekmop P (A*P)
P_ = np.zeros((int((B + C) / h + 1), int(A / h + 1)))
for i in reversed(range(P.shape[0] - 1 - vert_1, P.shape[0] - 1)):
for j in range(start_1, P.shape[1l] - 1):

P_Li][3] = (-1) * (h ** (-2)) * (P[i - 1][J] + P[i + 1][J] + P[i][J + 1] + P[i][]J - 1]

- 4 * P[i][3D)

117.

118.
119.
120.

for 1 in reversed(range(l, vert_2 + 1)):
for j in range(start_2, P.shape[1l] - 1):

P_[11[3] = (-1) * (h ** (-2)) * (P[i - 1]1[3] + P[i + 1][3] + P[i][j + 1] + P[i][j - 1]

- 4 * P[iI[3D)

121.

122.

return P_

123.

124.
125.
126.
127.
128.

def b(): # Bexkmop b
mtx = np.zeros((int((B + C) / h + 1), int(A / h + 1)))
for 1 in reversed(range(mtx.shape[0] - 1 - vert_1, mtx.shape[0] - 1)):
for j in range(start_1, mtx.shape[1] - 1):
mtx[1][]] F(i * h, j * h)

129.

130.
131.
132.

for 1 in reversed(range(l, vert_2 + 1)):
for j in range(start_2, mtx.shape[1l] - 1):
mtx[1i][7] F(i * h, j * h)
17




133.

134. return mtx

135.

136. def CG(eps = 10 ** (-2)):

137. T = np.zeros((int((B + C) / h + 1), int(A / h + 1)))
138. T_ = np.copy(T)

139. re = b()

140. p = np.copy(re)

141. it 1

142. while True:

143. tmp = A_(p)

144. alp = np.sum(re * re) / np.sum(tmp * p)
145. T=T_+ alp *p

146. r re - alp * tmp

147. bett = np.sum(r * r) / np.sum(re * ro)
148. p r + bett * p

149.

150. if np.linalg.norm(np.subtract(T, T_), ord = 1) eps:
151. break

152. else:

153. it += 1

154. T_ = np.copy(T)

155. re = np.copy(r)

156.

157. print('KonnyecTtBo uTepauuinn ', it)

158.

159. return T

160.

161. # 2-ouU mecmoGBulli npumep

162. # u3meHeHus: mampuya T uHuyuanusupyemca He HyneBol mampuuel, a mampuyeli-KoHpu2ypayuel NnaacmuHsl,
163. # nocKonbKy nosABaawmca HeHyneBvie epaHuyHble ycnoBua, mo u3smeHaemcA GyHKyuA b()

164.
165.
166.
167.
168. .1

169. vert_1 = int(C / h - 1.)

170. vert_2 = int(B / h)

171. start_1 1

172. start_2 = int(0.5 * (A / h) + 1.)

SO wW>
ORr KL N

173.

174. def g(y):

175. return np.sin(np.pi * y)

176.

177. def F(x, y):

178. return np.exp(-x) * np.sin(np.pi * y) * (np.pi ** 2 - 1)
179.

180. def initial(h = 0.1):

181. size 1 = int((B + C) / h + 1)

182. size 2 = int(A / h + 1)

183. mtx = np.zeros((size_1, size_2))

184. for i in reversed(range(int(B / h + 1), size 1 - 1)):
185. mtx[i][@] = g(i * h)

186. for j in range(1, int((A / 2) / h + 1)):

187. mtx[int(B / h)][j] = @

188. for 1 in reversed(range(l, int(B / h))):

189. mtx[i][int((A / 2) / h)] = g(i * h) / np.exp(1)
190. for j in range(int((A / 2) / h + 1), size_ 2 - 1):

191. mtx[0]1[j] = ©

192. for i1 in range(l, size 1 - 1):

193. mtx[i][size_2 - 1] g(i * h) / np.exp(2)

194. for j in range(l, size 2 - 1):

195. mtx[size_1 -1][37] 0

196. return mtx

197.

198. def b():

199. mtx = np.zeros((int((B + C) / h + 1), int(A / h + 1)))
200. for i in reversed(range(mtx.shape[@®] - 1 - vert_1, mtx.shape[0] - 1)):
201. for j in range(start_1, mtx.shape[1] - 1):

202. if j start_1:
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203. mtx[i][]] F(j *h, i *h) +g(i*h)/h?**2

204. elif j mtx.shape[1] - 2:

205. mtx[i][]] F(J * h, i * h) + np.exp(-2) * g(i * h) / h ** 2

206. else:

207. mtx[i][]] F(j * h, i * h)

208.

209. for 1 in reversed(range(l, vert_2 + 1)):

210. for j in range(start_2, mtx.shape[1l] - 1):

211. if j start_2:

212. mtx[i][]] F(jJ * h, i * h) + np.exp(-1) * g(i * h) / h ** 2

213. elif j mtx.shape[1] - 2:

214. mtx[i][]] F(j * h, i * h) + np.exp(-2) * g(i * h) / h ** 2

215. else:

216. mtx[i][]] F(j * h, i * h)

217.

218. return mtx

219.

220. # ucxolHaA 3adaya

221. # u3smeHeHue B8 ¢yHKkyuu initial, omcymcmByem F(x, y), u3meHHue 6 ¢yHKuyuu b(), nockonoKy Bce
2paHuyHele ycnoBusa HeHyneBvie

222.

223, A 150

224, B 75

225. C 45

226. Gamma_1 Gamma_4 28 # epaHu4Hbie ycnoBus

227. Gamma_2 Gamma_3 70

228. Gamma_5 Gamma_6 25

229. h 1

230.

231. vert_ 1 = int(C / h - 1.)

232. vert_2 = int(B / h)

233. start 1 - 1

234. start_2 = int(0.5 * (A / h) + 1.)

235.

236. def initial():

237. size 1 = int((B+ C) / h + 1)

238. size 2 = int(A / h + 1)

239. mtx = np.zeros((size_1, size_2))

240. mtx[size_ 1 - 2 : int(B / h) : -1, 9] Gamma_1

241. mtx[int(B / h), : int((A / 2) / h + 1)] = Gamma_2

242. mtx[int(B / h - 1) : : -1, int((A / 2) / h)] Gamma_3

243. mtx[0, int((A / 2) / h + 1) : size_2 - 1] = Gamma_4

244. mtx[1 : size_1, size_2 - 1] = Gamma_5

245. mtx[size_1 - 1, 1 : size_2 - 1] = Gamma_6

246. mtx[size_1 - 1, 0] = mtx[0, size_2 - 1] (Gamma_1 + Gamma_6) / 2

247. return mtx

248.

249, def b():

250. mtx = np.zeros((int((B + C) / h + 1), int(A / h + 1)))

251. for i in reversed(range(mtx.shape[@] - 1 - vert_1, mtx.shape[0] - 1)):

252. for j in range(start_1, mtx.shape[1] - 1):

253. if j start_1 and i mtx.shape[0] - 2:

254, mtx[i][]] (Gamma_1 + Gamma_6) / h ** 2

255. elif j start_1 and 1 mtx.shape[0] - vert_1 - 1:

256. mtx[i][]] (Gamma_1 + Gamma_2) / h ** 2

257. elif j mtx.shape[1] - 2 and 1 mtx.shape[0] - 2:

258. mtx[i][]] (Gamma_6 + Gamma_5) / h ** 2

259. elif i mtx.shape[0] - 2:

260. mtx[i][j] = Gamma_6 / h ** 2

261. elif i mtx.shape[@] - vert_1 - 1 and j start_2:

262. mtx[i][j] = Gamma_2 / h ** 2

263. elif j start_1:

264. mtx[i][j] = Gamma_1l / h ** 2

265. elif j mtx.shape[1] - 2:

266. mtx[i][j] = Gamma_5 / h ** 2

267. else:

268. mtx[i][]j] = ©

269.

270. for i1 in reversed(range(l, vert_2 + 1)):

271. for j in range(start_2, mtx.shape[1l] - 1):
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272. if j start_2 and 1 1:

273. mtx[i][]] (Gamma_3 + Gamma_4) / h ** 2
274. elif j mtx.shape[1l] - 2 and i 1:

275. mtx[i][]] (Gamma_4 + Gamma_5) / h ** 2
276. elif i 1:

277. mtx[i][j] = Gamma_4 / h ** 2

278. elif j start_2:

279. mtx[i][j] = Gamma_3 / h ** 2

280. elif j mtx.shape[1] - 2:

281. mtx[i][j] = Gamma_5 / h ** 2

282. else:

283. mtx[i][j] = ©

284.

285. return mtx
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